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PREFACE. 


THE  present  treatise  Is  an  attempt  to  place  before 
the  reader  an  elementary  account  of  the  principles 
which  underlie  the  operations  and  the  use  of  the  Alter- 
nating-Current Transformer.  It  frequently  happens 
that  whilst  practical  students  arc  in  possession  of  clear 
ideas  on  the  fundamental  phenomena  exhibited  in  the 
application  and  generation  of  continuous  or  steady 
electric  currents,  the  endeavour  to  cope  with  similar 
problems  concerning  periodic  currents  finds  them  in 
want  of  some  special  assistance  to  enable  them  to  deal 
with  the  peculiar  difficulties  which  surround  such  study. 
Particularly  is  this  the  case  now  that  periodic  or  alter- 
nating currents  are  largely  employed  in  electric  illumi- 
nation, and  the  necessity  arises  for  all  students  of 
electro-technics  to  be  prepared  to  deal  with  and  appre- 
ciate the  particular  questions  which  thus  arise:  The 
practical  employment  of  periodic  currents  and  their 
inductive  transformation  is  becoming  so  important  that 
it  seemed  probable  ser\'ice  would  be  rendered  to  those 
dealing  with  these  matters  by  placing  together  the  main 
outlines  of  the  theory  and  of  the  applications  of  electric- 
current  induction.  The  work  here  presented  is  an 
attempt,  no  doubt  very  imperfect,  to  realise  this  aim. 
In  the  first  volume  the  General  Phenomena  and  Effects 


VI. 


Preface. 


of  Electric -Current  Induction,  Periodic  Currents,  and 
Electro-Magnetic  Induction  are  considered,  together  with 
so  much  collateral  matter  as  is  necessary  to  a  clear  com- 
prehension of  the  subject.  In  the  second  volume  it  is 
proposed  to  consider  the  subjects  of  Practical  Measure- 
ments, the  Construction,  Design,  and  use  of  Induction 
Transformers,  and  the  applications  in  Lighting,  Welding, 
and  other  Technical  Work. 

The  subject  of  alternate-current  generators  is  not 
included  in  this  scheme,  partly  because  it  has  to  a  con- 
siderable extent  been  dealt  with  in  existing  treatises, 
but  chiefly  because  the  discussion  of  the  inductive 
transformation  of  electric  currents  affords  matter  more 
than  sufficient  to  occupy  the  limits  of  an  elementary 
treatise.  In  dealing  with  the  subject  the  desire  of  the 
author  has  been  to  collect  out  of  the  technical  journals 
and  the  published  transactions  of  Societies  the  con- 
tributions of  various  writers  who  have  especially  added 
matter  to  our  knowledge  in  this  department  having 
a  practical  bearing,  and  to  place  it  together  in  such  a 
form  as  to  be  more  easily  assimilated  by  students  who 
have  not  the  facilities  to  do  this  for  themselves.  The 
study  and  employment  of  periodic  electric  currents  have 
forced  the  attention  both  of  experimentalists  and  of 
theorists  to  electrical  phenomena,  which  are  in  them- 
selves of  the  highest  degree  of  importance,  and  this 
attention  hcLS  been  rewarded  by  a  marked  advance  in 
the  knowledge  of  learners  of  all  ranks.  In  his  intro- 
ductory address  to  the  British  Association  at  Mon- 
treal, Lord  Rayleigh  remarked  that  "  the  introduction 
of  powerful  alternate-current  machines  by  Siemens, 
Gordon,  Ferranti,  and  others  is  likely  to  have  a  salutary 
effect  in  educating  practical  electricians,  whose  ideas  do 
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The  p^es  of  this  book  will  bear  CTkfcace  ia  sane 
voy  si^^t  <iegree  of  the  eactest  to  vhxh  dtts  is  the 
case  and  oi  die  namfs  fii  thrmr  to  vhon  it  is  ovc^ 
At  the  head  of  this  laag  fine  of  iBastriovs  ionrestjgators 
stand  the  pre-damcot  names  of  Faraday  and  Hcncy. 
On  the  bmndatkn-stooes  of  tnith  laid  down  by  them 
all  sohseqaent  builders  ba^-c  been  cootent  to  icsL  The 
**  Electrical  RcseardMS*  of  the  one  have  been  the  gxiidc 
of  the  expenaentalist  no  less  than  the  instnictor  of  the 
student,  since  their  orderiy  and  detailed  statement  alike 
of  trinmphant  discoverv^  and  of  suggestive  Culurr.  make 
tfaetn  independent  of  an)-  commentator.  The  "  Scientific 
Writings"  of  Henry*  deserve  hardly  less  careful  study, 
for  in  tbem  we  have  not  only  the  lucid  explanations  of 
the  disoovcrer,  but  the  suggestions  and  ideas  of  a  tnost 
profound  and  in^^endve  mind,  and  which  indicate  that 
Henrj*  had  early  touched  le%-els  of  discovery  only  just 
recently  becoming  fully  «x>rked.  Latest  amoogst  these 
workers  may  be  enrolled  the  name  of  Dr.  Herta,  and  the 
author  takes  this  opportimit>-  of  expressing  to  Mr.  Dc 
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Miliibed  by  tlw  Sauthsoniu  iBstitutkxu 
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Tunzclmann  his  thanks  for  permission  to  appropriate 
en  bloc  the  excellent  account  of  Hertz's  researches,  from 
his  pen,  which  appeared  in  the  pages  of  THE  ELEC- 
TRICIAN. This  forms  by  itself  one  section  in  Chapter  V., 
and  will  it  is  hoped  be  sufficient  to  enable  this  valuable 
work  to  be  appreciated.  It  is  evident  without  remark 
that  the  limits  of  an  elementary  treatise  prevent  any- 
thing of  the  character  of  exhaustive  treatment  in  any 
of  the  subjects  which  are  touched  upon,  even  if  this  was 
possible  in  the  case  of  a  science  exhibiting  such  a  rapid 
rate  of  growth  as  that  of  Electro- Magnetism.  Students 
having  the  necessary  acquirements  will  naturally  seek 
for  this  more  complete  treatment  in  the  writings  of 
well-known  mathematical  physicists.  The  pages  of 
back  volumes  of  The  Electrician  are  a  mine  in 
which  the  diligent  reader  can  delve  for  a  part  of  this 
more  copious  treatment ;  and  it  is  perhaps  to  be  re- 
gretted that  the  valuable  contributions  of  Mr.  Oliver 
Ileaviside  to  the  electrical  branch  of  theoretical  science 
are  not  yet  classified  and  condensed  into  a  form  more 
accessible  and  handy  than  the  volumes  of  a  journal. 

For  others,  content  to  possess  themselves  of  a  more 
elementary"  knowledge  of  the  chief  phenomena  of 
electro- magnetic  induction,  the  following  pages  may 
serve  as  a  guide. 

Some  portions  of  the  book  have  already  appeared  as 
contributions  to  THE  ELECTRICIAN,  but  these  have  been 
extended  and  carefully  revised  before  being  again  here 
presented  to  the  reader. 

J.  A.  F. 


London,  18S9. 
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§  1.  Introductory. — The  29tli  day  of  August,  1831,  was  an 
important  day  in  the  calendar  of  electrical  discovery.  On  that 
day  Faraday,  in  the  prime  of  his  powers,  set  himself  to  com- 
mence his  "  Electrical  Researches."  Looking  on  the  group  of 
electric  phenomena  with  an  eye  eager  to  see  physical  analogies, 
and  confident  that  where  these  exist  they  may  prove  suggestive 
for  further  research,  he  asked  himself,  in  the  first  place,  if  it 
were  possible  there  was  any  effect  in  the  case  of  electric 
currents  analogous  to  that  known  as  electrostatic  induction. 
An  insulated  conductor  possessing  an  electric  charge  when 
introduced  into  a  closed  chamber  having  conducting  walls  calls 
forth  upon  them  an  equal  charge  of  an  opposite  sign.  This 
induced  electrification  is  invariably  present,  no  matter  how  far 
ofF  the  walls  of  the  enclosing  chamber  may  be,  and  all  sur- 
rounding conductors  share  in  the  duty  of  carrj-ing  a  portion  of 
the  induced  charge.  At  a  later  date,  when  Faraday  viewed 
this  phenomenon  of  electrostatic  induction  by  the  aid  of  the 
education  he  had  received  in  dealing  with  magnetic  lines  of 
force,  he  was  able  to  imagine  certain  lines  of  electrostatic  force 
proceeding  in  all  directions  from  the  surface  of  a  charged  body. 
Wherever  they  tenninated,  whether  on  neighbouring  con- 
ductors or  on  walls  of  an  enclosing  chamber,  they  developed  on 
these  "  corresponding  points  "  a  charge  equal  and  opposite  to 
that  of  the  siirface  at  the  point  from  which  they  took  their 
rise.  Eleven  years  previously  Prof.  H.  C.  (Ersted  had  mado 
Copenhagen  famous  as  the  birth-place  of  the  discovery  that  an 
electric  current  passing  through  a  metallic  wire  magnetises  it 
circularly  and  creates  round  it  a  mngnctic  field,  the  direction 


S  INTOODUCTORT. 

of  the  lines  of  magnetic  force  being  closed  curves  surronndlng 
the  axis  of  the  wire.  Faraday  placed  these  two  phenomena 
Bide  by  side  before  his  mental  vision,  and  he  asked  himself 
whether  it  was  possible  that  the  magnetic  field  of  force  gene- 
rated round  a  current-carrying  conductor  could  develop  in  an 
adjacent  circuit  an  induced  current  just  as  the  charged  body 
calls  forth  an  induced  electrostatic  cltarc/e  on  the  neighbouring 
conductors. 

In  1825,  in  the  month  of  November,  Faraday  stretched 
alongside  of  a  wire  connected  with  a  galvanometer  another 
through  which  an  electric  current  was  flowing,  but  both  then 
and  on  December  2nd,  1825,  and  on  April  22ud,  1828,  he  had 
to  record  of  his  experiment  that  it  gave  "  no  result."  A  very 
little  step  in  experimental  research  often  separates  failure  from 
success.  A  reversal  of  operations,  a  change  of  some  dimension, 
an  alteration  of  some  proportion,  is  often  nil  that  is  needed  to 
stop  from  the  region  of  failure  into  the  field  of  discovery  and 
achievement.  In  this  case  it  was  the  apparently  trivial  one  of 
starting  the  electric  cun-ent  in  one  wire  before  completing  tho 
circuit  of  the  galvanometer. 

The  one  thing,  it  seemed,  that  this  preliminary  work  did  dis- 
prove was  the  notion  that  a  continuous  steady  cuiTent  in  one 
conductor  could  generate  a  continuous  cuiTcnt  in  another 
adjacent  conductor  relatively  at  rest  to  the  first.  It  is  possiblo 
that  some  cojiception  of  the  above  nature  had  been  dominant 
in  the  mind  of  Faraday  before  these  trials  had  convinced  him 
that  the  effect,  if  existing  at  all,  was  not  detectable  with  his 
apparatus.*  We  cannot  describe  the  experimental  results  of 
the  autimm  months  of  1831  better  than  they  have  been  given 
in  Faraday's  own  words  in  the  laboratory  note-books  of  the 
Royal  Institution.f  His  first  experiment,  detailed  in  tho 
second  paragraph,  records  the  epoch-making  discovery  by 
wliich  he  will  be  for  ever  kno^vn.  He  wTote:  "I  have  had  on 
iron  ring  made  (soft  iron),  iron  rotmd  and  |in.  thick,  and  ring 


•It  doa«  not  follow  that  contiDUOUB-curront  induction  is  «bs<ilutely 
untrue.  It  might  be  possible  to  realise  it  with  enonnousl.v  strung  inducing 
onrreots  and  Tory  delicate  galvanomctric  methods. 

t&e  Dr.  Benee  Jones'i  "Life  of  Faraday,"  Vol  IT.,  p.  2. 


6'm.  in  external  diameter.     Woand  i 


eoikof  eoppcr  ronad 


ooe4MJf  of  it,  the  coils  being  sepanted  bj  twine  and  calico  j 
there  were  three  lengths  of  vire,  each  aboat  34ft.  lon^  and 


tbejr  ooold  be  eonneeied 


ki^tlk  or  naed  as  aepaiate 


lengths.  Br  trials  with  a  tIoagl^  each  was  iasakted  from  tha 
other.  Will  call  this  side  of  the  ring  A.  On  the  other  sde^ 
bat  sepanited  br  an  interral,  was  vomnd  vire  in  two  piwe% 
together  amounting  to  about  60ft.  in  length,  the  directua 
bcBg  88  with  fonner  coils.  This  side  call  &  Chaiged  a 
hattcrjr  of  ten  pairs  of  plates  4in.  square.  Itfade  the  coil  B 
aida  ose  eotl,  and  connected  its  eitremitiea  bj  a  oopper  wire 
paanng  to  a  distance  and  jvst  orer  a  magnetio  needle  (3ft. 
from  wire  ring),  then  connected  the  ends  of  one  of  the  pccces 
on  A  side  with  batterj ;  immediatel;  a  sensible  cfiiict  npoa 
needle.  It  oscillated,  .and  settled  at  last  in  wiginal  position. 
On  breaking  connection  of  A  side  with  batteiy,  again  a  dis- 
turbance of  the  needle." 

On  September  24th  he  resumed  his  attack.  He  prepared  an 
iron  cjlinder  and  wound  on  it  a  helix  of  insulated  wire.  The 
ends  of  the  helix  were  connected  with  a  galranometcr.  The 
iron  was  then  placed  between  the  poles  of  bar  magnets.  Every 
time  the  magnet  poles  were  brought  in  contact  vrith  the  ends 
of  the  iron  crlinder  the  galvanometer  indicated  a  current, 
the  effect  bein^,  as  in  former  cases,  not  permanent,  but  a  mere 
taomentaiy  push  or  poll. 

Bat  the  full  meaning  of  this  hardlj  appeared  dear,  and  on 
October  1st  he  once  more  laid  siege  to  the  fbrtreas.  Preparing 
a  battery  of  100  pairs  of  plates,  each  4in.  sqtiare,  and  charged 
with  a  muture  of  nitric  and  sulphuric  acids,  he  arranged  to 
•end  the  current  from  this  through  a  wire  of  copper  203ft.  long 
wound  round  a  block  of  wood.  Round  the  same  block,  and 
wound  parallel  to  the  first,  was  a  second  wire,  of  equal  length  to 
the  first,  insulated  from  it.  This  second  vriro  he  joined  up  to 
the  terminals  of  his  galvanometer,  and  then  when  the  battery 
connection  was  tiuide  or  broien  with  the  first  wire  he  noticed  a 
small  but  sudden  jerk  of  the  needle,  one  way  when  the  current 
mode,  the  other  way  when  it  was  brc>ken.  The  cine  to 
the  real  phenomenon  was  now  in  his  hand,  and  guided  by  it  ho 
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stepped  over  a  scries  of  confirmatory  experiments,  and  entered 
lis  a  triumphant  conqueror  into  the  stronghold  wherein  the 
whole  truth  lay  hid. 

Writing  on  November  29th  to  his  friend,  Mr.  R.  PhiUips,  he 
says  : — "  Now,  the  pith  of  all  this  I  must  give  you  very  briefly. 
When  an  electric  cun'ent  is  passed  through  one  of  two 
pumllol  wires  it  causes  at  first  a  current  in  the  same  direction 
through  the  other,  but  this  induced  current  does  not  last  a 
moment,  notwithstanding  the  inducing  current  (from  the  voltaic 
battery)  is  continued.  All  seems  unchanged  except  that  the 
principal  current  continiics  its  course.  But  when  the  current 
is  stopped,  then  a  return  current  occurs  in  the  wire  under 
induction  of  about  the  same  intensity  and  momentary  duration, 
but  in  the  opposite  direction  to  that  first  formed.  Electricity 
in  currents,  therefore,  exerts  an  inductive  action  Lke  ordinary 
electricity,  but  subject  to  peculiar  laws.  The  effects  are  a 
current  in  the  same  direction  wlien  the  induction  is  estab- 
lished, a  reverse  current  when  the  induction  ceases,  and  a 
peculiar  ttale  in  the  interim." 

The  path  for  valuable  discovery  now  lay  open.  Fully 
familiar  with  the  work  of  Ampfero  and  Arago,  Faraday  knew 
that  a  closed  circuit  conveying  an  electric  current  affects  all 
surrounding  space  with  magnetic  force,  and  that  in  particular 
a  small  closed  circular  current  can,  as  far  as  magnetic  action 
is  concerned,  be  exactly  replaced  by  a  very  thin  disc  of  steel, 
whose  edge  coincides  with  the  line  of  the  closed  current, 
and  which  is  magnetised  everywhere  in  a  direction  perpen- 
dicular to  its  surface.  Such  a  normally  magnetised  disc  is 
called  a  magnetic  shell.  It  follows  tjiat  a  helix  of  wire,  which 
may  be  regarded  as  a  number  of  closely  approximate  circular 
ciuTCuts  nearly  in  the  same  plane,  would  be  magnetically 
equivalent  to  a  number  of  magnetic  shells  piled  one  above  the 
other,  with  similar  polar  faces  turned  the  same  way.  But  such 
an  arrangement  of  shells  would  form  a  cylindrical  magnet,  and 
therefore  a  helix  of  wire  or  solenoid  in  which  a  current  is  flowing 
is  for  all  external  space  the  magnetic  equivalent  of  a  cylinder  of 
steel  of  the  same  dimensions  magnetised  uniformly  in  a  longi- 
tudinal direction.  It  rcmainctl,  therefore,  to  test  this  hypothesis. 


PtTBM>rCTOBT, 


The  fifth  daj  of  his  experiments  vms  October  17th,  and  on  that 
day  be  thus  notes  in  the  laboratory  book  the  results : — "  A 
cylindrical  bar  ntagnet  fin.  in  diameter  and  6 1  in.  in  length  had 
one  end  jost  inserted  into  the  end  of  a  helix  of  wire  220ft.  lon^. 
It  was  then  quickly  thrust  in  the  trhole  length  and  the  g&lyano- 
meter  needle  moved;  then  pulled  out  again,  and  again  the 
needle  moved,  but  in  the  opposite  direction.  This  effect  was 
repeated  every  time  the  magnet  was  put  in  or  out,  and  there- 
fere  a  wave  of  electricity  was  so  produced  from  mere  approxi- 
mation of  a  magnet." 

Exactly  twenty  years  afterwards,  in  the  28th  and  29th  series 
of  his  "  Researches,"  Faraday  illuminated,  by  the  exactness  and 
clearness  of  his  experimental  method,  the  whole  behaviour  of 
magnets  towards  closed  conducting  circuits.  It  is  probable 
that  even  at  this  time  he  had  learned  to  think  of  a  magnet  as 
carrying  with  it,  as  part  of  itself,  a  whole  system  of  lines  of 
Eoagnotic  force,  which  emanate  from  it  and  surround  it.  The 
system  of  lines  of  force  moves  with  the  magnet  wherever  it  goes. 
Regarding  the  production  of  a  current  in  the  helix  by  a  magnet 
thrust  into  it,  Faraday  pictured  to  himself  the  advancing  magnet 
as  pushing  its  lines  of  magnetic  force  across  the  coils  of  wire  of 
the  helix,  and  "  cutting  "  or  intersecting  them  in  its  progress 
towards  its  final  position  in  the  coil.  The  conclusion  to  which 
ho  was  led  by  this  reflection  seemed  to  bo  that  the  very  essence 
of  the  effect  was  the  movement  across  one  another  of  a  line  of 
force  and  a  portion  of  a  conducting  circuit.  If  this  was  so, 
then  the  result  could  be  obtained  by  a  more  simple  and  obvious 
method.  ITio  ninth  day,  October  28th,  saw  these  ideas  put  to 
further  crucial  test.  Taking  the  great  permanent  horse-shoe 
magnet  of  the  Royal  Society,  he  placed  a  copper  disc  so  that  it 
was  free  to  revolve  on  an  axis  placed  in  the  line  of  the  poles. 
Soft  iron  pole  pieces  were  then  adjusted  to  create  a  powerful 
magnetic  field,  the  lines  of  force  of  which  passed  through 
the  disc  at  right  angles  to  its  surface.  The  wires  of  the 
galvanometer  were  made  to  press  against  the  disc,  one  near 
the  axis,  and  the  other  near  the  edge.  When  the  disc  remained 
stationary,  no  current  whatever  was  manifested,  but  on  causing 
the  disc  to  revolve  on  its  axis  a  permanent  and  steady  current 
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travcnied  tlm  galvanometer.  This  experiment  was  conclusive. 
The  of«nition  tnkitig  place  during  the  revolution  of  the  disc 
could  1)0  viewed  ns  consisting  simply  in  the  continual  movement 
of  nny  radial  section  of  the  disc  across  a  stream  of  lines  of  mag- 
netic force  flowing  at  right  angles  to  its  surface.  The  continuous 
eunwit  resultc^l  from  the  fact  that  the  motion  of  that  radial 
section  of  the  disc  waa  always  tho  same  rolntively  to  the  stream 
of  force.  On  November  4th  Faraday  reduced  the  conception  to 
its  utmodt  simplicity.  Taking  in  his  hand  the  mere  closed 
pilvuiioniL'tur  wires  he  passed  a  portion  of  the  loop  between  the 
poles  of  his  large  permanent  magnet  in  such  a  way  that  the 
direction  of  that  part  of  tho  loop  between  the  poles  was  at  right 
Angles  to  the  ilirection  of  tho  magnetic  force,  and  the  direction 
of  tho  movement  was  at  right  angles  to  the  direction  of  the  force 
and  that  ]x>rtion  of  tho  conductor.  The  galvanometer  deflected 
and  showed  the  presence  of  a  momentary  current  at  the  instant 
when  tho  intersection  took  place. 


{9.  In  ten  days  of  splendid  and  conclusive  experiment  in 
the  autumn  of  1831,  Faraday  had  therefore  not  only  dis- 
covenxi  the  law  of  induction  of  currents,  but  the  facts  of 
nwgnvto^lcctricity  ns  well ;  and  more,  for  he  bad  not  merelj 
«c«Qmul»ted  a  nwaB  of  experimental  results,  but  bad  reduced 
tlM  vbofe  T»ItMble  store  of  knowledge  to  one  fundamental 
principle  of  exquisite  simplicitr,  n«mely,  that  the  p«ssage  of  a 
Km  d  BMgnetic  tore*  amm  a  line  of  a  coodocting  circuit 
{•MKlw  in  tbal  porticQ  of  the  eitcoit  an  eleetroowtiTe  force, 
or  fore*  aettxng  dBUfariei^,  or  tending  to  aet  eleettiettj,  in 
motion. 

TW  attbetqnent  work  of  aU  espetimentaliBts  and  -*«*'"— r- 
tkiaaa  bas  bMB  to  wotk  oot  th*  appUcatkias  of  tUs  priuei|ile 
Vk  cotttttkaa  fcnw ;  hat  no  eoo  fcaa  smeo  added  a&r  eesential 
i^nmj  ol  tikct  viiich  m  aot  implMitlT  eoataimed  in  tlie  aeriea 
ot  discvvwwa  bj  wbwh,  fat  tUa  Aoit  apan»  Fandaj  stepped 
froB  iapp7  coqjaetittM  into  paMwiw  of  hetM,  wkiA  ka«» 
fnrtd  man  ftrttte  ia  brreacbia^  practiKal  cooocqaeaoes  Aan 
a^yot  t&gM«Ueb»««a  kia  seatM*  baatowal  apon  thaaodd. 
Ibmkj^  tteoNtkal  iti»B^  komm^  «a  <ka  1 
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went,  in  process  of  time,  some  modification.  He  apparently 
distinguiahed  at  first  between  the  induction  of  currents  b; 
a  current,  which  he  called  volta-eUclric  induction,  and  the  pro- 
duction of  currentii  hy  a  conductor  moving  iu  a  magnetic  field, 
which  he  called  ma'jntto-tlectrie  induction.  That  which  seemed 
to  impress  him  most  forcibly  was,  however,  the  fact  that  it  was 
only  the  beginning  and  ending  of  the  inducing  current  which 
had  any  effect  upon  the  other  circuit.  He  considered  that, 
since  the  mere  cessation  of  the  inducing  current  was  accom- 
panied by  a  wave  of  induced  current,  that  could  only  be 
because  the  induced  current  circuit  was,  meantime,  in  a 
peculiar  condition,  to  which  he  gave  the  name  of  the  eUctro- 
tonie  ttatt^  the  annulment  of  which  gave  rise  to  a  current  in 
the  circuit.  The  same  state  he  considered  to  be  foimd  in 
a  wire  or  circuit  at  rest  in  a  magnetic  field.  The  circuit  was 
in  the  electro-tonic  state  whilst  in  the  field,  but  withdrawing 
the  circuit  or  removing  the  magnetic  field  annulled  the  electro- 
tonic  state  and  gave  rise  to  a  current.  To  use  his  own  words 
at  a  later  date  (Ser.  XXVIII.,  §3172,  "Exp.  Researches"), 
"  Mere  motion  would  not  generate  a  relation  which  had  not 
a  foundation  in  the  existence  of  some  previous  state ; "  and 
(Ser.  XXIX.,  §3269,  ibid.)  "Again  and  again  the  idea  of  an 
electro-tonic  state  has  been  forced  upon  my  mind."  The  mere 
motion  of  an  external  body,  such  as  a  copper  wire,  in  a  mag- 
netic field  cannot,  he  considers,  be  the  sole  cause  of  the 
current,  unless  there  is  a  previous  peculiar  state  aa  regards 
the  wire  which,  when  motion  is  superadded,  produces  the 
current.  When,  however,  subsequent  thought  and  diverse 
experiment  had  clarified  his  ideas  and  adjusted  facta  in  proper 
relation,  he  came  to  see  that  that  which  he  had  denominated 
the  electro-tcnie  ttate  is  really  the  amount  of  electro-magnetic 
momentum  wliich  the  circuit  possessea  in  virtue  of  its  being  in 
a  magnetic  field.  In  modem  language,  it  is  the  equivalent  of 
that  which  is  now  called  tlie  number  of  line*  of  magnetic  force 
passing  thruugh  the  circuit.  Every  line  of  magnetic  force  ia 
a  closed  loop  or  continuous  line,  and  if  we  set-out  at  any  point 
on  a  line  of  magnetic  force  and  travel  forwards  along  that  line 
we  shall  come  back  to  that  same  point  again.     If  this  line  of 


8 


IJTTBODUCTOBT. 


force  is  originated  by  a  permanent  magnet  or  an  electro-magnet, 
then  part  of  our  journey  will  be  performed  through  the  iron  or 
Bteel  and  part  through  the  air  or  other  diamagnetio  surround- 
ing it.  If,  then,  a  closed  conducting  circuit  is  so  situated  that 
the  line  of  force  considered  passes  through  it  or  is  linked  with 
it,  the  Une  of  force  and  the  closed  circuit  form,  as  it  wore,  two 
links  of  a  chain,  and  cannot  be  separated  except  by  pulling 
one  through  the  other  {lee  figure).  When  they  are  so  pulled 
through  one  another,  the  line  of  force  "  cuts "  and  is  cut  by 
the  circuit.  The  number  of  lines  of  force,  therefore,  which  at 
any  instant  are  linked  with  a  given  circuit  represent  poten- 
tially the  greatest  amount  of  "  cutting  "  possible.  The  exist- 
ence of  lines  of  magnetic  force  linked  with  the  circuit  is  an 
essential  antecedent  to  the  appearance  of  a  curreut  of  Luductioa 


in  that  circuit  when  removed  from  the  mngnctic  field.  At 
a  later  stage  of  his  investigations,  Faraday  was  able  to  modify 
his  earlier  notions  of  the  electro-tonic  state,  and  learut  to  look 
on  the  induced  curreut  appearing  under  these  circumstances  as 
due  not  to  a  state  of  things  in  the  circuit,  but  to  a  condition 
of  things  outside  the  circuit,  or,  more  precisely,  to  the  relation 
in  which  the  circuit  stands  to  the  magnetic  field  of  force 
around  it. 

In  the  28th  and  29th  series  of  his  "Experimental  Re- 
searches" Faraday  exhausted  all  possible  means  of  experi- 
ment in  proving  that  this  conception  of  the  linking  or  un- 
linking of  loojfs  of  force  and  loops  of  conduct  iug  circuits  was 
an  unerring  guide  to  the  solution  of  all  problems  of  electro- 
magnetic induction.  The  circuit  being  given,  he  was  able  to 
show  by  a  course  of  rigid  demonstration  that  the  process  of 
linking  with  it  a  loop  of  magnetic  force  was  always  accompanied 
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bj  the  passage  of  a  ■wave  of  current  round  tljo  circuit  in  one 
direction,  and  the  unlinking  was  invariably  associated  with  the 
flow  of  an  opposite  pulsation  of  electricity.  Moreover,  and 
most  important  of  all,  he  built  up  a  quantitative  conception 
around  the  term  "a  line  of  magnetic  force,"  so  that  it  came  to 
him  to  mean  not  merely  a  geometrical  line  or  a  direction,  but  a 
definite  physical  magnitude,  which  represented  the  product  of 
a  certain  area  of  space,  and  a  certain  mean  intensity  of  mag- 
netic force  over  that  area.*  Armed  with  this  idea,  ho  proceeded 
to  show  that  the  quantity  of  electricity  represented  by  each 
current  of  induction  is  the  numerical  equivalent  of  the  "number 
of  lines  of  force  "  which  are  linked  or  unlinked  with  the  circuit 
by  any  operation.  He  found  that  this  hypothesis  uevei"  failed 
to  enable  him  to  render  a  satisfactory  and  a  logical  explanation 
of  all  his  results,  and  with  this  clue  in  hand  he  could  find  liis 
way  about  amidst  the  entanglements  of  csperimental  inquiiy, 
and  return  always  from  each  fresh  excui-siou  after  fact  with  new 
confirmation  of  its  consistency,  and  with  fresh  power  to  predict 
results  of  other  experiments. 

So  strong  became  at  last  his  conviction  that  these  lines  of  force 
could  hardly  have  such  powers  if  they  were  mere  geometrical 
conceptions,  like  lines  of  latitude  and  longitude,  that  he  gives 
expression  to  it  by  speaking  of  them  as  physical  lines  of  force. 
He  intends  to  imply  that  he  thinks  "  a  line  of  force  "  must  bo 
taken  to  be  a  definite  something  going  on  in  a  certain  region  of 
space,  and  that  whatever  may  be  its  real  nature,  wo  must  accord 
to  it  a  definite  physical  character  in  some  sort  or  sense,  as  much 
as  we  do  an  electric  current  of  unit  strength  flowing  along  a 
prescribed  circuit.  Faraday  was  not  a  profes-scd  mathematician, 
and  it  was  perhaps  fortimato  that  his  inability  to  employ  the 
mechanical  aid  of  symbolic  reasoning  forced  him  to  make  clear 
to  liimself  each  step  by  experimental  demonstration.  He  was 
thereby  compelled  to  keep  to  the  main  track  of  discovery  and 
prevented  from  deviating  into  the  more  abstract  lines  of  thought. 


•  Fondajr'i  notion  of  "  >  line  of  foreo  "  wiw  al  first  merely  »  geom«trieft) 
oonccption,  represeotin^r  a  certain  line  ol  Action,  but  hiii  ultimate  atfplica- 
tir-ms  of  the  term  eliowed  that  ha  h»d  come  to  thiulc  of  it  as  a  aur/aee 
%n;<fjral. 
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The  special  abilities  of  Thomson  and  Helmholtz,  and  subse- 
quently those  of  Clerk  JIaxwell,  were,  however,  directed  to  the 
complete  elucidation  of  these  conceptions  of  Faraday,  and  the 
great  treatise  of  Maxwell,  as  ho  himself  has  stjited,  was  under- 
taken mainly  with  tlic  hope  of  making  these  ideas  the  basis  of  a 
mathematical  method.  The  one  cardinal  principle  which  may 
be  said  to  bo  at  the  basis  of  the  mode  of  viewing  electrical  and 
magnetic  phenomena  introduced  by  these  investigatora  is  the 
denial  of  action  at  finite  distances,  and  accounting  for  the 
phenomena  by  the  assumption  of  the  existence  of  a  medium 
which  is  the  active  agent  in  the  transmission  of  energy  from 
one  place  to  another,  and  which  is  itself  capable  of  storing  up 
energy  in  a  potential  and  kinetic  form. 

The  mathematical  methods  and  hypotheses  of  the  French 
school  of  physicists,  represented  chiefly  by  Ampere,  Arago, 
Poissou  and  Coulomb,  consisted  in  the  assumption  that  material 
particles  in  special  sUitcs,  called  electric  and  magnetic,  could 
act  on  one  another  at  tiuito  distances  without  any  intervening 
mechanism  according  to  certain  laws  of  force  varying  with  the 
distance.  Faraday  may  bo  said  to  have  raised  the  standanl  of 
revolt  against  this  notion,  and  indeed  he  was  able  to  quote  ia 
his  support  the  great  authority  of  Newton  in  rejecting  the  idea 
that  matter  could  act  on  matter  across  intervening  distance 
without  aid  from  any  mechanism.  He  never  considers  bodies 
as  existing  with  nothing  between  them  but  their  distance,  and 
acting  on  one  another  according  to  some  function  of  that  dis- 
tance. He  conceives  all  space  as  a  held  of  force,  the  lines  of 
force  being  in  general  curved,  and  those  due  to  any  body  ex- 
tending from  it  on  all  sides,  their  direction  being  modified  by 
the  presence  of  other  bodies.  A  magnet,  an  electritied  conductor, 
or  a  wire  conveying  an  electric  current,  are  tlius  the  focus  and 
originators  of  a  system  of  radiations  of  force  lines  or  loops, 
which  are  to  be  thought  of  as  part  and  parcel  of  it.  Tliis  force 
system  is  capable  of  deformation  or  change  by  the  presence  of 
other  bodies,  but  it  moves  with  tlio  magnet,  electrified  body,  or 
current-carrying  wire.  These  force  radiations  penetrate  sur- 
rounding bodies,  and  the  apparent  actions  between  bodies  at  a 
distance  are  ia  reality  actions  duo  to  immediate  action  of  the 


XSntOOCCIOKT.  11 

field  of  foRse  ot  one  body  npoa  the  oUier  at  tite  ^Jkoe  vbere  it 
is.  Tbea  rises  for  scdutioa  tlie  important  problem — What  arc 
these  lines  ot  f oroe  t  Faiadsy  answered  the  question  by  saying 
that  thej  ocusist  in  some  sort  of  <q>entioD  or  actioa  going  on  in 
a  mediia^  slang  certain  lines  or  axe^  and  Maxrell  added  to  this 
the  suggestion  that  the  electzomagnetio  medium  must  be  iden- 
tical vith  the  medium  postolated  to  aoooont  for  the  ^leBomena 
of  light. 

The  question  which  yet  remains  unanswered  is — What  it 
that  action  or  operation  along  certain  lines  in  this  medium 
iriiich  canses  a  line  of  f<xve  to  exist  t  Tlie  future  oi  etectrio 
and  magnetic  investigation  will  perfaa^n  conduct  us  step  by 
step  to  the  solution  of  this  supremdy  in^ortant  problem. 
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EUCCTIIO-MAGNETIC  INDUCTION. 

I  It  ll|P(Mtlo   Force   and   Magnetic  Induction. — A   small 
Tatoul    lu'cdlu    froply    suspended   at   its   centre    of 
itjr,  when  placed  nt  any  part  of  the  earth's  surface  except 
lit   over    thu    ti.'iTivstrliil    inngnetio    poles,    sets    itself   in    a 
certain   azimuth   and   positiou.     It  is  found  that  there   in  a 
iH'rtnin  dirootion  in  the  needio  round  which  it  can  bo  revolved 
without  uhanging  tlio    ttt  of  that  lino    when   the  needle   is 
loft  free  to  obey  the  terrestrial  magnetic  force.     The  direction 
.  of  thix   line  in  the  ni.>o<l]o  is  called  its  tnaynttic  an*.     If  this 
'  DitHllo  is  plttotHl  in  tho  ueighboiirhood  of  a  magnet  or  a  con- 
ductor conveying  an  oloctric  ctirrcnt,  it  will  be  found  that  when 
1  Jhwtjr  su«i>eudcil  oa  l<efare  tho  magnetic  axis  takes  a  certain 
l^iJUrMtion.     This  direction  is  called  the  direction  of  the  matptetie 
I  at  that  potut  iu  the  air.    It  the  needle  be  earned  about  in 
)  neighbourhood  of  nagnets  or  coodocton  conveying  electric 
eumratai  this  dirvctioo-tBipoeing  iaducnce  is  found  to  affect  it 
I  vaiioia  poMtiona     Tha  ngiaa  nmid  thesa  actira  agents  is 
aswyiHwJfcWL    LH  Ika  «ipiarii«  aaedle  be  earned 
:  a  fath  nwTi«g  1»  smIi  a  mmnat  that  aach  anali  aiep  aC 
MOtioD  t>  ia  tha  dinelaM  «l  ita  aagMtie  axia^  tha  cntn 
ot  thii  McdW  viQ  naea  oM  a  ttaa  vhtek  has  the  pnp«tty  that 
M^aMI  aa  laj  peiat  ia  hi  tha  dScartwiioC  tha  niapialiic 
aft  Ihaft  pohu;  anth  a  Itea  is  ealM  a  Jhm  ^ai^^Hlkr 
TV  «ho)a  of  a  aMSBMae  fidd  aar  U  haighiiil  to 
,  filM  «y>  wth  ehm^  tfaankwl  eottiMaaa  fiMa  a( 
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broken  in  the  middle,  the  ends  present  equal  And  oppositely 
named  magnetic  poles.  It  these  poles,  when  placed  at  a  unit 
of  distance  apart  in  air,  attract  with  a  unit  of  force,  they  are 
said  to  be  unit  magnetic  poles. 

A  unit  north-seeking  magnetic  pole  placed  in  a  magnetic 
field,  the  other  polo  being  so  far  removed  as  not  to  be  affected, 
will  tend  to  move  along  the  lines  of  force ;  and  the  direction  in 
wliich  a  free  north  pole  tends  to  move  in  a  magnetic  field  is 
called  the  positive  direction  of  the  lines  of  marpietic force* 

The  force,  measured  dynamically,  which  acts  on  sucli  a  free 
unit  pole  is  called  the  numerical  value  of  the  magnetic  force  at 
that  point,  or  otherwise  the  strength  of  the  magnetic  field. 

If  a  piece  of  unmagnctiaed  iron,  steel  or  other  paramagnetic 
metal  is  placed  in  a  magnetic  field  it  is  traversed  by  lines  of 
magnetic  force,  and  it  acquires  magnetic  polarity  and  exhibits 
magnetic  qualities  whilst  in  the  field.  This  effect  is  called 
magnetisation  by  induction.  If  a  very  small  [jortion  of  the 
paramagnetic  metal  could  be  cut  out  and  retain  the  same 
magnetic  condition  it  has  in  situ,  it  would  bo  found  to  possess  a 
certain  magnetic  axis.  The  direction  of  this  axis  is  called  the 
direction  of  the  magnetisation  of  that  element  or  small  portion 
at  that  part  of  the  mass  so  examined.  An  electro-magnet  is  a 
term  applied  to  denote  a  mass  of  iron  which  is  magnetised  by 
induction,  the  field  being  created  by  a  conductor  conveying 
a  current.  Let  an  electro-magnet  or  moss  of  soft  iron  under 
induction  be  8\ipposed  to  have  a  very  narrow  cut  or  crevasse 
made  across  it  perpendicularly  to  the  direction  of  its  induced 
magnetisation  at  that  plMe,  and  suppose  a  free  unit  pole  is 
placed  in  this  air  gap  or  cut,  the  force  which  acts  upon  this 
free  unit  polo  placed  in  the  gap  will  be  one  compounded  of  tlio 
force  duo  to  the  field  and  that  due  to  the  distribution  of  free 
magnetism  which  makes  its  appearance  on  the  faces  of  the  cut 
or  air  gap.     This  actual  force  on  the  unit  pole  so  situated  is 

*  If  a  abort  piece  nf  ateel  could  be  obtained  having  a  mai^netic  [xile  only 
at  one  end,  such  would  be  called  a  free  mu/inetie  pole.  If  placed  in  a  mag- 
netic field  it  would  bo  accelerated  along  the  lines  of  magnetic  force  juat  as 
a  heavy  body  is  accelerated  along  the  earth's  lines  nf  gravitational  force. 
The  strength  of  the  magnetic  field  is  analogous  to  the  accelerati  :in  of 
ftravity  (denoted  by  g),  and  the  strength  of  the  magnetic  priio  would  corru- 
B[iond  to  the  mass  of  the  falling  body.  The  impressed  force  is  numerically 
c<iual  to  the  product  of  the  strengths  of  the  polo  and  the  field. 
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called  the  magnetic  induction  in  that  space.  If  such  transverse 
cavities  are  made  in  tlie  iron  under  iud\iction  in  other  places  we 
can  similarly  measure  the  magnetic  induction  at  those  places. 

The  magnetic  induction  is  a  quantity  which  has  at  all 
points  in  the  interior  of  a  magnet  a  certain  direction  and 
magnitude,  and  the  direction  of  this  magnetic  induction  may 
be  delineated  by  lines  of  magnetic  induction  drawn  in  similar 
fashion  to  the  lines  of  magnetic  force. 

It  should  be  borne  in  mind  that  in  the  air  space  outside  a 
magnet  or  a  mass  of  iron  under  induction,  the  magnetic  force 
and  magnetic  induction  have  the  same  direction  and  mean  the 
same  thing,  but  inside  a  magnet  or  mass  of  iron  under  induc- 
tion, they  must  be  distinguished.  The  magnetic  force  outside 
the  magnet  may  be  called  the  magnetic  inducticn  tlirough 
the  air,  and  gcnenilly  in  the  non-magnetic  material  surround- 
ing the  magnet  the  magnetic  force  and  magnetic  induction 
are  one  and  the  sabie.  In  the  interior  of  a  mass  of  iron 
imder  induction  in  a  magnetic  field,  the  mngnetic  force  at 
each  point  is  one  compounded  of  that  due  to  the  external  or 
original  field  and  that  due  to  the  induced  polarity  acquired, 
and  which  acts  to  produce  an  opposing  magnetic  force.  Hence 
the  effect  of  the  induced  poles  on  any  element  in  the  interior 
of  the  iron  is  to  tend  to  demagnetise  it  when  tlie  external  mag- 
netising force  is  witlidrawn.  At  any  point  where  there  is  no 
magnetism,  the  magnetic  force  and  the  magnetic  induction  are 
identical,  but  inside  a  magnet  they  are  not  the  same  in  magni- 
tude, and  often  not  identical  either  in  direction.  In  tl>e 
inside  of  a  straight  miiformly  magnetised  bar  the  magnetic 
force  due  to  the  influence  of  the  poles  themselves  is  from 
the  end  which  points  to  the  north  to  the  end  which  points 
to  the  south,  both  within  the  magnet  and  in  the  space  out- 
side. The  magnetic  induction,  on  the  other  hand,  is  from  the 
north  pole  to  the  south  pole  ovttide  the  magnet,  and  from  the 
south  pole  to  the  north  pole  inside  the  magnet.  A  line  of  in- 
duction followed  round,  moving  always  in  the  positive  direction, 
is  found  to  be  a  closed  loop  or  endless  line.  It  is  a  fact  of 
fundamental  importance  that  a  thin  disc  of  iron  or  steel  mag- 
netised so  that  at  all  points  the  magnetic  axis  of  each  small 
clemeut  of  it  is  in  a  direction  normal  to  its  surface  produces  a 
magnetic  field  identical  with  that  piwluced  by  a  wire  couve 
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an  electric  cnrrent  coinciding  in  form  with  the  edge  of  the  diac. 
In  sliort,  the  magnetic  field  of  a  closed  circuit  conveying  a  cur- 
rent ia  identical  with  that  of  a  maffnetic  »htll  tilling  up  the 
aperture  of  the  circnit.  The  magnetic  field  due  to  electric 
current*  circulating  in  conductors  is,  however,  of  such  a  nature 
that  each  line  of  induction  rmbracet  or  surrounds  the  axis  of 
the  circuit  once  or  more.  The  magnetic  field  due  to  permanent 
or  electro  magnets  is  of  such  a  natiu-e  that  each  line  of  induction 
pauts  through  the  magnet,  giving  rise  to  magnetic  polarity  at 
the  places  where  it  enters  and  leaves  the  in.>ii  or  steel.  Every 
line  of  induction  either  surrounds  an  electric  current  or  passes 
through  magnetised  iron. 

The  intensity  of  magnetisation  of  any  clement  of  a  magnet  or 
masii  of  iron  under  induction  is  a  term  requiring  definition. 

The  couple  required  to  hold  a  very  small  magnet  when  placed 
with  its  a.\is  of  magnetisation  perpendicularly  across  the  lines 
of  force  of  a  uniform  magnetic  field  in  air  of  unit  strength  ia  a 
numerical  mca.sure  of  the  moment  of  the  magnet. 

The  moment  of  a  magnet  or  of  any  element  of  a  magnet  may 
be  considered  numerically  to  be  made  up  of  two  factors — one, 
its  volume,  and  the  other  its  intennty  of  viagnetiiation,  or 
simply  its  magnetisation ;  and  hence,  for  a  uniformly  magne- 
tised small  linear  needle,  we  may  define  the  intensity  of  its 
magnetisation  by  saying  that  it  is  the  magnetic  moment 
of  unit  volume  of  it.  Intensity  of  magnetisation  is,  like 
force  and  induction,  a  vector  quantity.*  In  the  case  of  a 
very  long  thin  wire  of  soft  iron  placed  along  the  lines  of  force 
of  a  uniform  field  the  three  quantities — the  magnetic  force, 
the  magnetic  induction,  and  the  magnetisation — are  all  in  align- 
ment at  any  point. 

It  is  important  that  the  full  meaning  of  the  plirase  "  mag- 
netic force  at  any  point "  should  clearly  be  graspetl.  If  there 
be  any  uniform  magnetic  field  of  strcngtii  Hj,  and  in  it  is 
placed  a  mass  of  iron  in  the  shape  of  an  elongated  bar,  the 
configuration  of  this  uniform  field  is  disturbed  and  magnetic 
polarity  is  developed  in  the  iron.  At  any  point  in  the  interior 
of  the  iron  there  is  a  magnetising  force,  henceforth  denoted  by 


*  A  vector  quantity  is  one  which  ii  ooty  precuely  fixed  when  we  know  ita 
diicction  as  well  is  magnitude. 
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the  letter  Hi  which  is  due  partly  to  the  original  magnetic  field 
Ho  and  partly  to  the  induced  poles  which  create  a  force 
opposing  Hg.  This  resultant  magnetic  force  is  spoken  of  as 
the  magnetising  force  in  the  iron,  and  it  is  the  resultant  of  the 
external  magnetic  forces  and  the  internal  magnetic  forces  due 
to  the  polarity.  If  the  form  of  this  bar  is  so  chosen  that  there 
are  no  magnetic  poles,  as  in  the  case  of  a  ring  lapped  over  with 
an  endless  solenoid,  then  the  magnetic  force  in  the  iron  is 
simply  calculable  and  it  is  that  due  to  the  external  force  alone. 

At  each  point  in  the  iron  the  magnetic  force  H  must  be 
thought  of  as  producing  magnetitation  or  magnetic  displace- 
ment, just  as  an  electrostatic  phenomena  electric  force  pro- 
duces in  a  dielectric  electric  displacement  or  electric  strain,  or 
just  OS  mechanical  stress  produces  in  an  elastic  body  ordinary 
strain  or  displacement  at  every  point.  This  magnetisation  is 
not  necessarily  in  the  same  direction  as  the  force.  If  a  narrow 
crevasse  is  made  in  the  iron  in  the  direction  of  the  magnetisa- 
tion at  that  point,  the  force  on  a  unit  pole  held  there  is  simply 
that  due  to  the  resultant  force.  If,  on  the  other  hand,  the 
crevasse  is  made  perpendicularly  to  the  magnetisation,  the 
force  B  on  n  unit  pole  held  in  it  is  one  due  to  the  joint 
action  of  the  resultant  magnetic  force  H  and  that  due  to  the 
free  magnetism  or  magnetic  polarity  developed  on  the  walls  of 
the  crevasse,  and  it  is  now  called  Oie  magnetic  induction.  The 
induction  has  at  each  point  a  certain  magnitude  and  a  certain 
direction,  and  can  be  represented,  like  the  magnetic  force,  by 
lines  of  induction.  The  simplest  mode  of  presenting  the  defini- 
tions of  the  induction  B  and  the  magnetisation  I  when  uniform 
is  to  say  that  B  is  the  "  number  of  lines  of  force "  (common 
usage)  per  square  centimetre  which  would  be  foimd  if  we  were 
to  cut  an  extremely  narrow  crevasse  perpendicular  to  the  direc- 
tion of  magnetisation,  and  I,  the  intensity  of  magnetisation,  is 
the  magnetic  moment  of  the  metal  per  cubic  centimetre. 

A  small  needle-shaped  fragment  or  flat  disc  of  soft  iron 
freely  suspended  in  a  magnetic  field  places  or  tends  to  place  its 
greatest  length  along  the  lines  of  induction  in  that  field  with- 
out regard  to  tlieir  direction,  and  the  well-known  method  of 
delineating  what  ore  usually  called  the  lines  of  force  of  a 
inugnct  with  iron  tilings  is  iu  reality  rendering  visible  the 
pat  lis  of  these  lines  of  induction. 
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The  lines  of  induction  of  a  permanent  steel  magnet  are 
then  to  be  thought  of  as  closed  loops  which  pass  in  their  course 
partly  through  the  steel  and  partly  through  the  air.  The  lines 
of  induction  of  a  circuit  conveying  an  electric  current  are  closed 
loops  entirely  surrounding  the  axis  of  the  wire.  If  this  circuit 
is  a  straight  wire,  with  the  return  wire  at  a  very  g^eat  distance, 
the  lines  of  induction  are  concentric  circles  described  on  a  plane 
perpendicular  to  the  axis  of  the  wire  and  having  their  centre  in 
that  axis. 

If  a  circuit  is  formed  by  coiling  up  into  a  circular  coil  a 
length  of  insulated  wire,  the  coil  having  n  turns,  then  to  a  first 
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degree  of  approximation  we  may  say  that  each  line  of  induction 
forms  a  closed  curve  embracing  the  circuit  n  times.  Thus,  if 
the  wire  forms  a  coil  ot  one  turn  (Fig.  1)  each  line  of  induc- 
tion (represented  by  the  dotted  lino)  is  a  closed  loop  embracing 
or  linked  with  the  circuit  once.  If  we  take  a  circuit  of  two 
turns  (Fig.  2)  then  nearly  all  loops  of  induction  belonging  to 
one  single  turn  embrace  not  only  that  turn  but  the  adjacent 
turn,  and  if  the  circuit  could  be  supposed  to  be  opened  out 
straight,  without  destroying  (Fig.  3)  the  loop  of  induction,  it 
would  be  found  to  be  twisted  ttnice  round  that  circuit.  By 
similar  reasoning,  if  a  loop  of  induction  embraces  or  is  linkol 
with  n  turns  of  a  conducting  circuit,  it  is  in  fact  the  same  na 
linking  each  loop  of  induction  n  times  with  tlic  single  circuit. 
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Let  a  conducting  circuit  have  the  fonn  of  a  helix  (Fig.  4), 
then  the  lines  of  induction  are  closed  loops,  which  embrace 
some  or  all  the  turns  of  the  spiral,  and  if  the  helix  have  n  turns 
theu  each  loop  of  induction,  according  to  its  length  and  position, 
in  reality  embraces  that  circuit  1,  2,  3 or  n  times.    If  there 
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bo  two  circuits,  in  one  or  both  of  which  currents  are  flowing, 
then  each  circuit  is  surrounded  by  lines  or  loops  of  induction, 
and  of  those  belonging  to  one  circuit  some  or  all  are  linked  in 
as  well  with  the  other  circuit,  so  that  a  certain  number  of  all 
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the  loops  of  induction  are  common  to  the  two  circuits,  and  are 
called  the  loops  or  lines  of  mutual  induction. 

When  an  electric  current  begins  to  flow  in  a  circuit  it  does 
not,  as  wo  shuU  see  later  (Chap.  III.),  rise  up  to  its  full  strength 
at  once,  but  increases  gradually.  During  this  period  of  gro\vth 
of  the  current  it  is  necessary  to  regard  the  lines  of  induction 


A«  win 
thmmaim 

ionDod  npficB  of*) 
appeuMoe  at  the  eei 
AcvtoBS  migiy  n  vUeii  < 

notieed  tfaatirae  cr  loi 


It 

ii drapiMd BBto it.    ThefEift 
iMi  tmn  anes  aiaju  tlMtf 

wJuMiwI  ardetaf  lighs  an  frodooBd 

i«KkaB«BMai*a|lrte  of  giMi.it  is 

idHiiDBaiMdar 


oGBtzact,  nevoaea  being  ftodaeed  atthtoeatn  on  < 
»ad  tbmnhed  Mt  the  eeatn  danag  taatnetkn. 

HcDM  we  tnosti^gaid  an  imanmiagat 
m  •  drcsit  as  pradoemg  an  «miaiiiinn  cr  eontnetian  ol  tiM 


Can  of  magnetic  induction,  firesh  rings  or  loops  of  inditctioa 
being  shed  ofT  from  or  taking  their  rise  in  the  ciivuit,  and  th* 
alreadj  existing  ones  hcing  either  expanded  out  or  more  com- 
pacted together.  A  pulsatory  current  is  therefore  accompanied 
by  a  pulsation  of  the  lines  of  induction  of  the  nature  of  an 
expansion  or  contraction.  Each  lino  or  loop  of  induction 
befaaTCB  as  if  it  were  an  elastic  ring  subjected  to  more  or  less 
praasore  from  within. 

If  any  line  be  drawn  in  a  magnetic  field  either  in  air  or  in 
the  interior  of  a  mass  of  iron  under  indaction,  and  if  this  line  is 
divided  into  very  small  elements  of  length  and  the  sunt  tnkcu 
of  the  length  of  each  small  element,  each  multiplied  by  tho 
magnitude  of  the  magnetic  force  at  its  centre,  estimated  in  tha 

a  2 
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direction  of  its  length,  this  sum  so  formed  is  called  the  line 
integral  of  the  magnetic  force  along  that  line. 

If  cf  4  is  the  element  of  length,  and  (^  the  angle  which  the 
magnetic  force  H  at  its  centre  makes  with  the  direction  of  d  «, 
then  the  line  integral  of  the  magnetic  force  along  the  line  is 


I 


H  cos  <^  rf  » 


integrated  between  the  proper  limits.  It  is  obvious  that  this 
expression  represents  the  work  done  in  carrying  a  free  unit 
magnetic  pole  along  this  path. 

Two  cases  of  importance  often  arise.  First,  when  the  line 
integral  is  taken  along  a  closed  line  or  loop  in  a  magnetic  field 
dra\vn  in  air  or  other  non-magiiotic  medium.  In  this  case  tho 
value  of  the  lino  integral  is  zero,  because  no  work  is  done  in  carry- 
ing a  free  pole  around  a  closed  path  in  an  air  field.  Second,  when 
the  line  integral  is  taken  along  a  ]»ath  which  is  a  closed  loop, 
and  which  surrounds  or  is  linked  witli  a  circuit  conveying  an 
electric  current.  Consider  the  simplest  case.  Let  a  straight 
wire  convey  an  electric  current  C,  the  return  being  at  a  great 
distance.  Describe  a  circular  line  of  force  round  the  wire  in 
tho  air  at  a  distance  r  from  the  axis  of  tho  wire.  Tho  length  of 
this  line  is  2  IT  r ;  the  magnetic  force  at  a  distance  r  from  a 

2  C 
straight  wire  is  —  units ;  and  the  line  integral  along  tho 

T 

2  C 
line  of  force  is2)rrx:^=4jrC. 

r 


Hence  the  line  integral  of 


the  magnetic  force  taken  once  round  the  circuit  is  4  n-  timca 
tlie  total  current  through  tho  line  of  force.  This  can  bo  shown 
to  be  generally  true,  and  is  the  general  relation  between  mag- 
uctic  force  and  current.* 

If  a  line  of  magnetic  force  threads  its  way  through  a  helical 
current  which  wraps  itself  round  the  line  n  times,  as  in  Fig.  4, 
then  if  A  amperes  traverse  the  conductor  the  total  quantity  of 
current  flowing  through  the  loop  of  force  is  n  A  (equal  to  the 

A 

ampere  turns),  or  in  absolute  C.-G.-S.  measurement  is  -^^i 


•  See  Eleeirician,  Vol.  X.,  p.  7  :  Mr.  Oliver  Heftvuida  on  "Tbe  Rela- 
tioD  iMiKten  Mitgoetio  Furc«  ftad  Electric  Curreut" 
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loopof  fcceei 


TkefiMfartegnl  of 
been  eaJHed  bj  Me.  BoauqtMt  i 
/i>m  for  that  magnetie  drpoit.* 


Coree  taken  aJoB^  aaj 

I  ifcmngh  the  cimnt  is  ^^r-*  A. 

■ai  «  eloeeii  Ene  1— 
I  tbe  siafMa^eaoaMe 


§  2.  Tobw  af  Wi^iMb  Ta*f  Wm  — Feni^  ni  UaxwcO 
bsreniaed  the  coaciftioB  of  >  Boe  el  negnetie  ioi—tioB  tixm 
A  Bii>|iij  dmctiTe  iiuliflu  to  ooe  vkidk  cBahtee  it  to  be  nvd 
to  ooBTtf  »  qosatitBtive  kiKmledge  cl  ^b»  leegnrrie  field — m 
«thflr  vocda,  liATe  enaUed  fiaee  of  indwtion  to  be  need  not 
«b1j  to  dtov  the  dnetion  o<  the  iadncbaa^  bat  ako  its  b^»- 
tode  in  eertain  wuta.  Bj  tlm  aeMH  the  av^netio  fidd  een 
be  Bie{)ped  out  into  areaa  axkd  iiiliiinie  whiA  b*Te  a  definite 
drmiaical  significataoo. 

Inthe  aStli  atries  of  bis  "  Reaeaithw  on  Kleetriaty  "  Fawday 
has  gpUhend  together  bos  ideaa  oa  magnetie  Bnea  of  totee,  and 
bja  aeriea  of  wf  ■irhfs  ■"™"*«*^  for  phjaioBi  inaigfac  and 
exquisite  eipesipnental  skill  ban  ahovn  bow  tbej  poasess  a  qoon- 
titatire  aa  weQ  aa  n  diraetive  applicatioo  in  all  pnblenaia 
whicb  a  aagDetie  field  ii  oooeidcced.  He  lajs  atnas  in  the 
fiiat  phoe  on  the  fact  stated  abore  that  eresj  line  of  lane 
(iaioetaan)  is  an  endleas  loop  (S  3,117.  "Exp.  Res.") :— "  Evcty 
line  of  force  most  therefoce  be  eoosadered  as  a  doaed  circuit 
peasing  in  some  pait  of  it8coaiaethtoaghamagnec,andbaTing 
an  equal  amoont  of  force  in  eresy  pait  of  its  eoone.  Tbere 
esist  lines  oi  force  within  the  magnet  of  the  aaoie  nature  as 
tboae  without.  What  is  more,  tbej  are  exactly  equal  in 
^momet  to  those  withoat.  Thej  h&ve  a  reJatiao  in  direction  to 
thoae  without,  and  are,  in  fact,  continuations  of  them." 

Let  a  magnetic  field  have  drawn  in  it  a  number  of  cloaelj 
oootigaoas  lines  of  induction.  None  of  these  lines  can  cut  each 
other,  becaose  the  resohaot  magnetic  induction  at  any  point 
can  faaTe  only  one  definite  direction. 

In  any  region  it  is  possible  to  describe  a  sorfsce  perpen- 
dicnlar  to  all  the  tines  of  induction.  Such  a  surface  is  called  a 
level  surface. 


*  Mr.  BanaqiMt  on  "  Magneto-lDotiT*  Fc(«."  t%A,  Mag.,  V.  Seriea. 
Vot  XV..  Ufflt  p.  a08L 
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In  the  case  of  a  straight  infinite  current,  these  level  surfaceb 
will  be  planes  radiating  out  from  the  axis  of  the  wire,  and  their 
traces  on  a  plaue  perpendicular  to  the  axis  of  the  wire  will  be  a 
series  of  radial  lines  cutting  all  the  circular  loops  of  induction 
normally.  Let  A  (Fig.  5)  represent  such  a  level  surface,  and 
let  B  bo  another,  both  cutting  the  same  sheaf  of  magnetic  lines 
of  induction. 

On  the  level  surface  A  let  any  unit  of  area  a  be  taken,  and 
lot  this  area  a  be  projected  on  to  the  adjacent  level  surface  B 
by  lines  of  induction  drawn  through  its  boundary.  We  have 
then  a  tubular  surface,  the  ends  of  which  arc  formed  of  portions 
of  level  surfaces,  and  the  rest  of  the  tubular  surface  may  be 
conceived  to  be  formed  of  lines  of  magnetic  induction,  supposed 
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to  be  very  closely  drawn  through  the  bounding  line.  Such  a 
geometrical  conception  is  called  a  tube  of  induction.  The  cha- 
racteristic quality  of  a  tube  of  induction  is  as  follows.  If  the 
areas  of  the  sections  made  by  the  two  level  surfaces  A  and  B 
be  called  t  and  «',  and  if  B  bo  the  meau  magnetic  induction 
over  »,  and  B'  that  over  »',  then  B  j=  B'  «',  or  the  product  of  a 
normal  cross  section  of  tube  and  mean  magnetic  induction  over 
that  sectiDn  is  constant  for  all  sections  of  the  tube.* 

If  any  level  surface  be  dra\m,  and  on  this  surface  bo 
marked  off  contiguous  small  areas  such  that  the  magnitude  of 
the  area  ia  inversely  as  the  mean  value  of  the  magnetic  induc- 


•  Here  and  henceforth  we  shall  uio  the  thick  or  binck  o»pit«l  lottem  to 
denote  vwtor  qvinntition.  Maxwell  UHa  the  old  EnijlUh  oharo^ttTj,  but  the 
block  Icttem  an  caiiior  to  rcaJ  nnd  to  print. 
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tion  over  that  little  area,  and  if  s  and  B  ore,  as  before,  the 
numerical  values  of  aiiy  small  area  and  the  mean  induction 
over  it,  then  the  product  B  »  may  be  made  equal  to  unity  for 
each  of  these  portions  of  that  level  surface.  From  these  small 
areas  let  tubes  of  induction  be  supposed  to  take  their  rise,  the 
whole  field  will  be  cut  up  into  contiguous  tubes  of  induction. 
Each  of  these  tubes  is  called  a  unit  tube  of  induetion.  By 
their  mode  of  description  these  tubes  will  have  small  cross 
section  at  places  where  the  field  is  strong  and  widen  out  in 
section  at  places  where  it  is  weak,  and  by  the  fundamental 
property  of  the  tubes  the  value  of  the  mean  magnetic  induc- 
tion at  any  place  is  inversely  as  the  cross  section  of  the 
tubes  of  induction  force  at  that  place. 

From  Faraday's  point  of  view,  a  magnet  of  any  form  must 
be  mentally  pictured  as  surrounded  with  and  as  having  its 
whole  field  filled  up  by  a  closely  packed  arrangement  of  sucli 
unit  tubes  of  induction,  the  tubes  being  intersected  at  right 
angles  by  the  equipotential  or  level  surfaces,  and  each  having 
at  any  point  a  normal  cross  section  which  is  inversely  as  the 
magnetic  induction  at  that  point.  This  system  of  tubes  must 
be  supposed  to  be  rigidly  attached  to  the  magnet  and  to  move 
with  it  wherever  it  goes.  Furthermore,  in  accordance  with 
Faradaj^B  conception,  each  tube  is  an  endless  tube,  or,  as  it 
trere,  a  pipe  retiuning  into  itself  and  passing  in  some  part  of 
its  course  through  a  magnet  or  round  an  electric  current.  In 
constructing  what  may  seem  to  the  student  to  be  a  highly  arti- 
ficial conception,  we  are  not  postulating  TUceuart'li/  any  physical 
existence  for  these  tubes.  They  should  be  regarded  simply  as 
a  device  for  plotting  out  the  space  round  a  magnet  according 
to  a  definite  rule,  and  may,  in  the  first  place,  be  regarded  as  no 
more  than  analogous  to  such  subdivisions  of  the  earth's  surface 
as  we  make  by  lines  of  latitude  and  longitude. 


§  3.  The  Magnetic  Induction. — Having  thus  divided  up  a 
magnetic  field  into  unit  tubes  of  induction,  it  is  simpler  in 
thought  to  suppose  a  single  lino  of  induction  to  run  down  the 
axis  of  each  tube  and  then  to  mentally  disregard  the  tubular 
system,  and,  instead  of  speaking  of  a  unit  tube,  to  speak  of 
each  as  a  single  line  of  induction.  If  we  imagine  a  system  of 
induction   tubes  starting  from  an  equipotential  surface  and 
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druvr  anj  irregular  curvo  on  this  surface,  vre  shall  find  thai  mis 
curve  encloses  a  certain  number  of  tubes  or  lines  of  indactiou 
(Fig.  6).  Bearing  In  mind  that  the  cross  section  «  ol  the  tube 
where  it  sprouts  out  from  the  equipotential  surfacu  is  inversely 
as  the  magnetic  induction  B  at  the  centre  of  thi«  cross  section, 
it  is  at  ouce  evident  that  the  greater  the  average  induction 
over  the  area  defined  so  much  the  more  aumcirous  will  be  the 
number  of  tubes  or  lines  of  induction  which  pass  through  it. 
If  the  cross  section  «  of  each  tube  should  happen  to  be  etiual, 
and  there  be  n  tubes  passing  altogether  through  an  area  equal 


Fio.  6. 

to  S,  bounded  by  the  black  line,  then  by  the  vci'y  definition  ot 
a  uuit  tube 

B«  =  l, 

or     n  B  3  =  n ; 

but       nt^S, 

hence  BS  =  rt; 

and  the  numT)er  of  tubes  passing  through  any  area  S  on  such 
an  equipotential  surface  in  a  uniform  field  is  numerically  equal 
to  the  product  of  the  whole  area  and  of  the  induction  at  any 
point  on  that  area. 

The  product  B  S  and  quantities  of  a  like  nature  such  as  is 
represented  by  the  symbol  S  B  »,  indicating  that  the  sum  is  to 
be  taken  of  a  number  of  elements,  each  consisting  of  the  normal 
induction  at  tlie  centre  of  a  small  area  multiplied  by  the  mag- 
nitude of  that  area,  is  called  by  Maxwell  (la  magnetic  induction 
through  that  area,  and  by  others  (Mascart  and  Joubert)  the  flux 
or  flow  of  magnetic  induction  through  that  area.  The  follow- 
ing cxprossiuns  all  signify  the  same  thing  : — 
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Suppose  a  very  small  sphere  of  radius  r  described  round  this 
magnetic  pole  of  strength  in,  the  magnetic  force  at  a  distance  r 

is  ^  and  the  surface  integral  of  this  force  over  the  sphere  is 

4  B-  r*  -  =  4  Trm. 

The  total  number  of  lines  of  force  coming  out  of  the  pole  is 
then  ivm.  Since  the  section  of  the  iron  wire  is  »,  and  H  is 
the  strength  of  the  field  in  which  it  is  placed,  the  number  of 
lines  of  force  passing  through  the  median  section  of  this  wire 
when  under  induction  in  the  field  H,  due  to  the  field  alone,  is 
H  »,  and  the  number  added  hy  the  magnetisation  of  the  iron  by 
induction  is  4  x  to.  Hence  the  total  niunber  of  lines  of  force 
through  the  iron  due  to  the  field  and  to  the  magnetisation  of 
the  iron  is  H  « +  4  ir  in.  This  is  called  the  total  induction 
through  the  iron,  and  if  B  denote  the  induction  per  unit  of 
cross  section  we  have 

B»=H  s  +  iTm, 


B°H  + 


iw  ml 


tl     ' 
=  H  +  4  5r|, 

where  I  is  the  average  intensity  of  magnetisation  of  the  iron, 
or  is  the  moment  m  I  divided  bj  the  volume  «  /  of  the  iron. 

The  intensity  of  the  induced  magnetisation  is  a  quantity  of 
like  dimensions  to  the  strength  of  the  inducing  field  H,  and 
hence  I  is  related  to  H  in  a  definite  numerical  ratio.  The 
ratio  of  I  to  H,  or  of  the  induced  magnetisation  to  the  magnetic 
force  producing  it,  is  called  the  magnetic  susceptibility  of  the 
iron.     It  is  denoted  by  k,  and  we  can  write 

i  =  icH. 

Hence,  by  substitution,  we  have 

B=H  +  4jrKH 

=  H(l  +  4jrK) 

=/xH. 

The  quantity  l+iir  k  (denoted  by  /*)  is  the  factor  which 
expresses  the  ratio  of  the  magnetic  induction  to  the  magnctis- 
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lug  foree  prodocixig  Tt,mzid  it  iscaDcd  the  wtaynttie  firwualOitf 
of  the  iroo. 

In  air  and  aD  ordinair  diamagnetie  madia  die  valoe  ol  f> 
doea  not  differ  aensibij'  ban  vaitj.  In  inn,  aiekei,  eoliah  and 
tke  gtoop  of  meCala  eaDed  dw  fcno-i— gnftir  aetali  tke  Tahie 
k  a  ooaaiderable  poaiti»e  qoaati^. 

These  tvo  fundamental  eqiiaticna^ 

B=H  +  4r| 

and  B-/>H 

an  capable  of  being  established  bj  ptOMjea  of  general  resson- 
(D^*  and  tbej  ate  to  be  considered  as  rector  equations — that  is 
to  sar,  the  first  is  a  symbolic  statement  of  the  fact  that  at  anv 
poont  in  the  iron  the  magnetic  induction  is  the  resultant  of  the 
magnetic  force,  and  4  -  times  the  ma^ictisation. 

Experiment  shows  that  the  ratio  of  B  to  H,  expressed  bj 
the  quantity  /<,  is  not  of  a  determinate  character,  and  that  the 
ralue  of  /i,  so  far  from  being  constant,  is  dependent  on  the 
whole  prcTioos  magnetic  history  of  the  iron,  on  the  value  of  B, 
and  on  the  nature  of  the  magnetic  changes  the  iron  is  under- 
going, viz.,  whether  H  is  increasing  or  diminishing. 

In  a  cycle  of  operations,  during  which  a  bar  of  iron  is  exposed 
to  increasing  magnetising  forces  and  then  afterwards  to  de- 
creasing ones  beginning  amd  ending  with  the  same  force,  the 
Talne  of  B  is  always  greater  on  the  descending  than  on  the 
ascending  course.  This  phenomenon,  which  is  exemplified 
Eanuliarly  by  the  retention  of  magnetism  in  a  bar  after  with- 
drawal of  the  magnetising  force,  is  called  by  Plof.  Ewing 
bysterSsia  (from  Urrtpita,  to  lag  behind).! 

The  magnetic  permeability,  so  defined,  is  a  quantity  which 
is  in  magnetism  the  analogue  of  ipecifie  inductive  capacity  in 
electrostatics,  and  of  the  conducting  power  of  a  body  for  heat. 
It  was  spoken  of  by  Faraday  as  the  conducting  power  of  a  ntag- 
Ttetic  medium  for  lines  of  force  ("Exp,  Researches,"  Scr.  XXVI,, 


•  &«  Maxwell,  "  Electricity  »nd  Mmgnctiun,"  VoL  IL,  lecood  edition, 
1 300 ;  abo  Sir  W.  Thcanaon,  "  Electroatatics  and  Magsetixm,"  §  639. 
+  Kwingr.  Pne.  Jtoyal  Sot.,  Land.,  No.  SIC,  18S1,  p.  &;  abo  No.  22$, 
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§  2,797  nnd  §  2,846).  More  recently  the  reciprocal  of  fi  has 
been  called  the  magnetic  ruistance  of  the  medium.  The  induc- 
tion is  greater  for  any  given  magnetic  circuit  for  a  given 
magnetising  force,  the  less  the  total  magnetic  resistance. 

The  magnetic  resistance  of  a  circuit,  composed  partly  of  iron 
and  partly  of  air,  is  greater  in  proportion  as  the  length  of  the 
air  path  is  increased  in  proportion  to  that  of  the  iron.  This 
fact  is  strikingly  shown  in  experiments  on  the  magnetic  induc- 
tion produced  in  closed  rings  and  short  bara  of  soft  iron.  Thus 
from  some  curves  given  by  Prof.  Ewing,  we  find  that  in  a 
certain  soft  iron  ring  a  magnetising  force  of  7  C.-G.-S.  units 
produced  an  induction  of  11,000  C.-G.-S.  units.  AVliereas,  in 
the  case  of  an  iron  rod,  of  which  the  length  was  50  times  the 
diameter,  the  same  force  produced  an  induction  of  only  4,000 
units.  In  the  first  case  the  circuit  was  a  complete  iron  circuit, 
and  the  resistance  small.  In  the  second  case  the  magnetic 
circuit  was  partly  iron  and  partly  air,  and  therefore  the  mag- 
netic resistance  was  much  greater. 

The  fact,  discovered  experimentally  by  Gilbert,  that  a  bar  of 
soft  iron  held  by  its  centre  of  gravity  in  a  uniform  magnetic 
field  settles  with  its  length  parallel  to  the  lines  of  force,  is  not 
explained  correctly  when  it  is  said  to  be  merely  due  to  the 
property  of  magnetic  induction,  in  virtue  of  wfiich  the  bar  of 
soft  iron  becomes  temporarily  a  magnet.  For  exactly  the  same 
statement  would  be  applicable  to  a  row  of  soft  iron  balls 
rigidly  connected  by  a  non-magnetic  frame ;  yet  such  an 
arrangement  would  not  experience  any  directional  tendency. 
An  elongated  magnetisable  mass  of  material  tends  to  place  its 
greatest  length  parallel  to  the  lines  of  magnetic  force  because 
it  becomes  more  intensely  magnetised  in  that  position  than  if 
placed  across  thom.  In  other  words,  it  experiences  a  greater 
magnetic  induction,  and  wo  may  say  that  the  mass  settles 
itself,  if  free  to  move,  in  that  position  which  mil  reduce  the 
magnetic  resistance  of  the  circuit  to  a  mimimum. 

In  the  above  example  it  has  been  assumed,  for  the  purposp 
of  giving  a  simple  illustration,  that  the  lines  of  iudm-tion 
produced  in  the  iron  wire  pass  along  the  wire  wholly  within  its 
mass  and  only  make  their  exit  and  entrance  at  the  ends 
In  reality,  however,  in  such  a  caee  there  would  be  a  considcnible 
lateral  Itakage  of  lines  of  induction  out  from  the  iron,  so  that 
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i  tte  nolu  iMliirfiiJ  is  ovra*  odkd  jmt- 
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IwtiiiK.  In  Fig.  7  aie  shown  the  |i»i  lamHHty  OBTea  lor  iroo 
iomI  lor  nadcd  ior  two  Toy  diflcnt  tOBfeataraK,  At  about 
TMTC  ina,  and  at  about  iOQTC.  akkd,  poaHat  a  |wiiMtaliij 
not  KnAif  gieatei  tbaa  atr.f  Ib  eofaak,  pctawabOity  appeal* 
to  be  inciiiaiil  op  to  aboot  150'C.  and  tikm  < 


^4.  Bala  af  ffiiia  tf 
Cfrcsit, — Sate  emj  line  o<  aMgaetaa  imfairtiwi  ia  a  ekaed 
Kneorloafv  it  Solhma  tbat  vben  a  eoadactniy  cncait,  aaeli  as 
a  tUa  vnc  dreait,  ia  plaeed  ia  a  — c"**^  Md  it  mast  be 
tboogbt  of  as  being  linked  or  looped  with  a  certain  nmabwr  of 
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loops  of  induction.    It  cannot  be  extricated  bom.  ttus  field 
wiUioat  pulling  the  conducting  circuit  through  lines  of  induc- 
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tion.  If  the  conducting  circuit  be  linked  with  any  definite 
number  of  lines  of  induction,  then  any  movement  of  the  con- 
ductor in  any  way  will  either  oAuse  or  not  cause  a  changa  in 


BJBCXBO-JIAGXKnC  IXDCCTIOK. 


SI 


the  total  number  of  lines  linked  with  it.  It  is  eaay  to  dcrim 
&I1  sorts  of  movements  of  a  conducting  circuit  in  a  field  such 
that  the  motion  causes  no  integral  change  in  the  total  magnetic 
induction  through  the  circuit. 

In  this  last  case,  although  lines  of  induction  are  taken  out  or 
unlinked  from  the  circuit  at  one  place,  thej  are  being  inserted 
at  another  to  an  equal  extent.  If  at  any  instant  there  be  N 
lines  of  induction  or  unit  tubes  linked  with  the  conducting  cir- 
cuit, and  at  a  very  short  interval  of  time  d  t  afterwards  there 
be  a  small  increase  to  N  +  <f  N,  then  the  change  of  induction  is 
represented  by  the  number  d  N  added  or  subtracted,  and  tha 

iat«  of  change  is  represented  by  — — . 

dt 
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A  change  in  the  flux  of  induction  through  a  circuit  may  be 
brought  about  in  several  ways.  Let  there  be  two  circuits 
P  sod  S  (Fig.  8),  and  suppose  that  P  is  traversed  by  a  current 
creating  round  it  a  tiuld  of  induction,  and  having  certain  lines 
of  induction  linked  both  with  itself  and  with  the  circuit  S. 
The  circuit  P  is  linked  with  a  certain  number  of  lines  of  induc- 
tion which  encircle  the  axis  of  the  wire  or  conductor.  Of  this 
number  a  certain  proportion,  or  pcrhajjs  all,  pass  through  and 
are  Iiuke>i  with  the  circuit  S.  If  S  is  moved  farther  away  or 
brought  nearer  to  P  it  is  easy  to  see  that  if  the  motion  is  a 
suitable  one  the  number  of  lines  of  induction  linked  with  S  may 
be  diminished  or  increased. 
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Next,  if  the  position  of  S  is  kept  the  same  and  the  current  !n 
P  is  varied,  the  loops  of  induction  surrounding  P  will  expand 
out  and  others  will  make  their  appearance,  or  else  will  contract 
or  shrink  in  and  diminish  in  number.  The  number  linked  with 
S  will  therefore  be  accordingly  varied. 

Lastly,  current  remaining  the  same  in  P,  and  distance  of  S 
also  constant,  the  form  of  S  may  be  varied  by  squeezing  it  more 
or  less  out  of  shape,  and  thus  forcing  lines  of  induction  out  of 
it  or  including  more  in  it. 

The  fundamental  discovery  of  Faraday  may  be  summed  up 
in  the  following  woj-ds : — 

If  the  magiietie  induction  through  any  circuit  he  varied  by  any 
means,  an  electromotive  force  is  tet  up  in  that  circuit  proportional 
at  any  instant  to  the  rate  of  change  of  the  magnetic  induction  at 
that  instant. 

The  method  by  which  Faraday  arrived  at  the  above  fact  con- 
sisted in  moving  in  various  ways  loops  of  wire  in  uniform  maj,'- 
netic  fields,  and  discovering  experimentally  that  in  any  case  in 
which  the  total  number  of  lines  of  induction  passing  through 
the  circuit  was  varied,  a  quantity  of  electricity  was  set  flowing 
in  the  circuit,  such  that  the  total  quantity  put  in  motion 
by  the  movement  varied  directly  as  the  change  in  tlie  total 
number  of  lines  of  induction  perforating  the  circuit,  and  in- 
versely as  the  electric  resistance  of  the  whole  circuit  in  which 
it  was  set  flowing. 

In  §3,152  and  §3,199,  "Exp.  Researches,"  Faraday  has 
shown  that  the  total  quantity  of  electricity  (measured  by  half 
the  sine  of  the  angle  of  deflection  of  a  ballistic  galvanometer 
inserted  in  the  circuit)  set  in  motion  when  closed  loops  of  wire 
of  various  metals  are  moved  in  a  uniform  magnetic  field  is  pro- 
portional to  the  conducting  power  of  the  circuit  and  to  the 
total  change  of  magnetic  induction.  Hence,  if  N  stand  for  the 
number  of  lines  of  induction  passing  through  a  circuit  in  any 
(iiosition  when  placed  in  such  uniform  field,  any  small  move- 
ment lasting  for  a  time  d  t  which  results  in  making  a  small  change 
equal  to  dN  in  the  flux  of  induction  will  start  in  motion  a 
quantity,  dq,  of  electricity,  and  in  proper  units  if  R  be  tho 

resistance  of  U>e  circuit  -^^dq;  but  if  E  is  tho  average 
electromotive   force  during   this  movement  which  is  brought 


xucnto-KAONvnc  vsvvunos. 


as 


into  existence  in  the  circuit,  and  C  is  the  strength  of  th^ 
arerage  current  during  the  interval  of  time  d  t,  then  Cdt  =  dq 
and  if  this  oircoit  possesses  a  very  small  inductance,  th» 
current,  as  explained  in  the  next  section,  will  at  anj  instant  be 
proportiomil  to  the  eleotromotive  force,  £,  urging  it.     Hence, 

C  =  ^ 

.    E  ,,      .       rfN 
...  ^<lt  =  d,^-, 

*•    IT    *" 

that  is,  the  electromotive  force  during  that  small  interval  is 
proportional  to  the  rate  of  variation  of  the  induction. 


// 
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It  is  necessary  to  arrange  some  conventions  to  connect  the 
direction  of  this  electromotive  force  with  the  direction  of  the 
induction.  If  any  plane  circuit  is  looked  at  from  one  side, 
the  positive  direction  rcmnd  that  circuit  is  in  the  clockhand- 
wise  direction,  and  the  positive  direction  through  that  circuit  is 
away  from  the  spectator. 

The  law  of  induction  is  as  foUows :  If  lines  of  induction 
perforate  a  circuit  positively,  i.e.,  from  the  positive  side, 
diminution  of  induction  makes  positively  directed  electro- 
motive force  round  the  oirouit.  Hence  negative  rate  of  cliange 
of   induction   creates  positively  directed  induced  E.M.F.,   or 

dt  ' 
negative  sign. 

If  during  any  period  of  time  a  circuit  is  exposed  tf 
magnetic  induction  the  rate  of  change  of  which  varies 
then  from  instant  to  instant  the  impressed  inductive  electro 


:£;  that  is,  the  differential  coefficient  must  have  the 
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motive  force  varies  and  may  be  represented  graphically  a? 
follows :  Let  the  straight  line  0  X  (Fig.  10)  be  an  axis 
on  which  lengths  are  marked  off  to  represent  intervals 
of  time,  and  let  ordinates  perpendicular  to  it  represent 
the  instantaneous  value  of  the  flux  of  induction  through, 
or  lines  of  induction  included  by,  a  circmt,  then  if  the  varia- 
tion of  induction  is  continuous  it  may  be  represented  by  a 
curve  drawn  between  these  axes.  This  curve  may  be  called 
a  curve  of  induction.  If  at  any  point  P  a  tangent  P  T  is  drawn 
to  this  curve,  the  trigonometrical  tangent  of  the  angle  P  T  M 
represents  the  rate  of  variation  of  P  M  with  respect  to  0  M, 
and  if  P  M  represents  at  any  instant  the  induction  N,  then  the 


S>> 


N 


TIMS 


tlope  of  the  tangent  at  P  represents  — —  or  the  rate  of  change 

dt 

of  N  with  respect  to  time. 

In  the  practical  application  of  the  above  rule  it  must  be  borne 
in  mind  that  if  N  or  the  number  of  lines  or  tubes  is  measured 
in  units  based  on  the  centimetre,  gramme,  and  second  system, 
then  the  electromotive  force  is  given  in  the  same  units.  Since 
one  volt  is  10*  C.-G.-S.  units,  to  get  the  E.M.F.  in  volts  we 
must  divide  the  time  rate  of  change  of  induction  by  10^. 
Tliua  if  the  change  of  induction  be  such  that  N  C.-G.-S.  lines 
are  removed  uniformly  from  the  circuit  per  min-utt,  the  electro- 
motive force  in  volts  set  up  will  be 
N     1 


60   10* 


volts. 


■LKCTBO-MAONETIO   nTOPCTION. 


35 


In  practical  dynamo  work  Mr.  G.  Eapp  has  proposed  to  use 
A  unit  of  induction  equal  to  6,000  C.-G.-S.  lines ;  hence  if  N' 
lines  of  induction  (in  Kapp  measurement)  be  removed  or  added 
nniformlj  per  minute  to  a  circuit  the  E.M.F.  in  volts  will  be  V, 

and  V  =  N'.10" 

Mr.  Kapp  gives  as  the  usual  average  number  of  (Kapp)  lines 
of  induction  which  pass  through  one  square  inch  of  cross  section 
of  iron  when  magnetised  to  approximate  saturation,  the  follow- 
ing numbere* : — 

Dynamo  annatores — 

Charcoal  iron  wire  well  annealed   25  lines. 

Dynamo  armatures — 

Charcoal  iron  discs  well  annealed  22    ,, 

Dynamo  field  magnets — 

Hammered  scrap 18    „ 


I 


§  6.  Inductance. — In  the  following  pages  the  phenomena 
which  wiU  chiefly  concern  us  will  be  those  which  manifest 
themselves  when  a  conducting  circuit  is  submitted  to  the  action 
of  a  magnetic  field  which  varies  in  strength  or  which  is  traversed 
by  an  electric  current  which  is  varying  or  changing  in  magni- 
tude. In  many  of  the  chief  phenomena  of  electro-kinetics  the 
obaerved  results  are  dependent  on  a  stationary  electric  condi- 
tion liaving  been  obtained.  There  are,  however,  a  largo  class 
of  observed  facta  which  are  related  not  only  to  the  magnitudt  of 
electric  currents  concerned  in  producing  tliem,  but  also  to  the 
rate  of  change  of  the  inagnititde  of  »uch  currents. 

As  long  as  the  observed  actions  are  those  due  to  electric  cur- 
rents of  constant  strength,  the  only  three  electrical  magnitudes 
neoessaiy  to  consider  are  the  strengths  of  the  cun-cnts,  the 
magnitudes  of  the  impressed  electromotive  forces,  and  the  elec- 
tric resistances. 

If  the  electric  flow  be  taking  place  along  a  thin  cylinder  or 
wire  parallel  to  the  axis,  and  lie  uniformly  distrilmted  over  the 
does  section,  then  it  is  an  experimental  res\ilt  that  the  electric 


•  "The  Predetermination  of  the  Ch&mcterietica  of  Dynamoa."  By 
Oi*b«rt  Kkiip.  Paper  read  before  the  Society  of  Telegraph  Kngineem  and 
K'ectriciana.    See  The  Electrician,  November  12,  18ji& 
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potential  difference  between  any  t^ro  normal  sections  of  the 
cylinder  is  exactly  proportional  to  the  strength  of  the  current 
flow  within  it,  provided  that  the  temperature  of  the  conductor 
is  constant. 

The  physical  quality  of  the  conductor  which  determines  the 
ratio  of  the  numerical  values,  according  to  certain  chosen  units, 
of  the  electric  current  strength  and  the  potential  differences 
between  the  chosen  sections  is  called  the  electrical  resistance  of 
that  volume  of  the  conductor  bounded  by  these  sections,  and 
the  number  expressing  this  ratio  is  called  the  numerical  value 
of  that  electrical  resistance 

All  steady  current  problems  are  vastly  simplified  bj  the  fact 
that  if  this  electrical  resistance  is  determined  for  several  values 
of  the  current  strength  it  is  found  to  have  numerically  the  same 
value,  always  assuming  temperature  and  other  physical  condi- 
tions to  be  constant.*  The  electrical  resistance  is,  however, 
affected  by  change  of  temperature,  by  strain,  and  by  various 
physical  changes,  and  in  some  bodies,  such  as  selenium,  by  mere 
exposure  of  the  conductor  to  light.  The  true  electrical  or 
Ohmic  resistance  of  a  conductor  in  the  linear  form  may  be 
defined  as  follows. 

Tlie  specific  electrical  resistance  of  a  conductor  is  a  quality  of 
it,  in  virtue  of  which  there  is  a  fixed  numerical  ratio  between 
the  potential  differences  of  two  opposed  faces  of  a  cubic  unit  of 
it  and  the  quantity  of  electricity  which  traverses  either  face 
per  second,  assuming  a  steady  flow  to  take  pliice  normally  to 
these  faces,  and  to  be  uniformly  distributed  over  them,  such 
flow  taking  place  solely  by  electromotive  forces  outside  the 
volume  considered. 

As  soon  as  we  cease  to  limit  our  consideration  to  constant  or 
steady  electric  currents  we  find  that  we  shall  not  be  able  to 
give  a  full  account  of  the  phenomena  unless  we  extend  our 
ideas,  and  recognise  another  quality  of  conductors  equally  impor- 
tant with  resistance  in  determining  the  numerical  ratio  of 
instantaneous  current  strength  to  instantaneous  potential  differ- 

*  Ste  Britiah  Auodiition  Report,  Olajgow,  1876.  Prof.  Ohryital,  work- 
ing under  Prof.  Maxwell's  directioQ,  foiuid,  u  a  result  of  prolonged  experi- 
inentR,  that  after  allowing  for  temperature  the  re«i!itance  of  a  circuit  uf 
one  ohm  is  not  different  for  in6nitely  unall  currenta  and  currents  of  one 
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ence  between  two  points  on  any  linear  conductor  traversed  by 
that  current.  This  quality  of  the  circuit  is  called  its  Inductance. 
The  clear  recognition  of  this  special  quality  of  a  conductor 
dates  from  the  publication  of  Faraday's  memoir  forming  the 
Ninth  Series  of  his  "  Electrical  Researches  "  (§  1,048,  Ist  Ed.^ 
On  the  Influtnce  by  Induction  of  an  Electric  Current  on  Itself, 
and  from  the  investigations  of  Prof.  Joseph  Henry  (Phil.  Mag., 
1840),  of  Princetown.  The  chain  of  experiments  which  led  to 
these  ideas  was  apparently  started  by  the  inquiry  addressed  to 
Faraday  by  a  Mr.  Jenkin  one  Friday  evening,  at  the  Royal 
Institution,  as  to  the  reason  why  a  shock  was  experienced  when 
a  circuit  containing  an  electromagnet  was  broken,  the  observer 
retaining  in  his  two  hands  the  ends  of  the  circuit,  but  no 
shock  was  felt  if  the  circuit  contained  neither  magnet  nor  long 
coils  of  wire.  Faraday  seems  speedily  to  have  arranged  an 
organised  attack  on  the  subject  and  to  have  returned  from  his 
investigation  burdened  with  the  spoilB  of  victory  in  the  shape 
of  the  following  facts  : — 

1.  If  a  battery  circuit  is  closed  by  a  short  thick  wire,  then, 
although  there  may  be  a  very  strong  current  existing  in  this 
■wire,  on  breaking  contact  at  any  point  little  or  no  spark  is 
seen,  and  if  the  two  ends  of  the  circuit  are  grasped  in  the  two 
hands  and  the  interruption  takes  place  between  the  hands, 
then  little  or  no  shock  is  experienced. 

2.  If  ft  very  long  wire  is  used  instead,  then,  although  the 
absolute  strength  of  the  current  may  be  less,  yot  the  spark 
and  shock  at  interruption  are  more  manifest. 

3.  If  this  length  of  insulated  wire  is  coiled  up  into  a  helix 
on  a  pasteboard  tube,  then,  although  the  length  of  wire  and 
strength  of  current  are  the  same,  yet  the  spark  and  shock  are 
still  more  marked. 

4.  If  the  above  helix  has  an  iron  core  placed  in  it,  both 
these  effects  are  yet  more  exalted, 

6.  If  the  same  length  of  wire  is  doubled  upon  itself,  being, 
however,  insulated,  then  the  effects  nearly  vanish,  and,  whether 
straight  or  coiled,  this  doubled  wire  with  current  going  up  one 
side  and  down  the  other  is  no  better  in  respect  of  spark  and 
■hock  on  interruption  than  a  very  short  wire. 

The  imst  observation  which  Faraday  makes  upon  the  above 
results  is  that  electricity  would  seem  to  oirculate  with  soma- 
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thing  like  momentum  or  inertia  in  the  wire,  and  th&t  the 
greater  the  ampere-feet  (in  modem  language)  of  the  current, 
so  much  the  more  mass  of  current  is  there  to  run  on  and  jump 
over  the  obstacle  presented  by  the  first  thin  layer  of  air  which 
is  introduced  between  tlie  contacts  as  they  are  separated,  giving 
rise  to  a  spark.  He  saw,  however,  at  once,  since  the  form  of 
this  circuit  is  an  important  factor,  that  the  idea  of  inertia  m 
t/te  ctirrent  itself  was  fallacious,  or  else  the  mere  doubling  the 
wire  could  not  nullify  all  the  effects.  He  did  not  at  that  time 
see  that  the  idea  of  momentum  was  exceedingly  appropriate^ 
but  its  allocation  in  the  electric  current  itself  was  wrong. 

The  observation  which,  however,  led  him  to  a  consistent 
theory  was  as  follows.  A  bobbin  was  prepared,  having  wound 
on  it  two  insulated  wires,  1  and  2.  The  ends  of  2  being  left 
unconnected,  the  wire  1  was  used  to  complete  a  circuit,  and 
gave  a  spark  on  interrupting  a  current  traversing  it.  As  we  have 
seen  {Introductory,  Chap.  I.),  Faraday*  had  three  years  pre- 
viously established  the  fact  that  the  commencement  and  cessation 
of  a  cm  rent  in  circuit  1  would  produce  in  circuit  2,  if  closed,  an 
inverse  or  a  direct  induced  electric  wave  or  transitory  current. 
Now,  on  closing  circuit  2  through  a  galvanometer  or  loose  con- 
tact, and  interrupting  a  steady  current  flowing  in  circuit  1, 
he  found  that  when  circuit  2  was  completed  so  that  an  in- 
duced or  secondary  current  could  be  genemted  in  it,  little  or 
uo  spark  happened  at  the  place  of  interruption  in  1 ;  but,  if 
circuit  2  was  opened,  then  the  interruption  of  circuit  1  gave 
rise  to  a  bright  spark  at  the  contact.  Faraday  therefore 
inferred  that  when  circuit  2  was  closed  adjacent  to  circuit  1, 
that  the  current  in  1  exerted  its  full  inductive  effect  in  generating 
secondary  currents  in  2 ;  but  that  if  circuit  2  was  open,  then, 
there  being  no  adjacent  conductors,  the  current  in  1  expended 
its  inductive  effect  in  producing  induced  currents  in  its  own 
circuit,  and  this  self-induction  manifested  itself  by  temporarily 
diminisliing  the  strength  of  the  current  at  starting  and  assist- 
ing or  increasing  it  momentarily  at  the  interruption.  He  wa« 
thus  able,  from  this  point  of  view,  to  picture  to  him- 
self the  circuit  of  1  aa  occupied  by  a  steady  current, 
bUperimiiosed  on    which   was   another  current    he    called    the 
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gahranometer  circuit,  G,  and  a  circuit  aaaMtiBg  of  an 
deetriMnagnet  or  heUx,  C  The  needle  of  tbe  galrano- 
meter  was  Mocked  in  each  a  way  that  the  tendency  to  de- 
fect under  the  stead/  current  vas  preTented  and  the  needle 
kept  at  aero;  but  it  waa  free  to  deflect  in  the  opposite 
direction  under  an  oppoeitelr  directed  current.  This  being 
the  eaae^  the  raising  of  the  battery  wires  out  of  the  mercury 
eopa  waa  accompanied  by  a  violent  "  kick  "  or  deflection  of  the 
needle  in  the  free  direction.  The  action  could  clearly  be  ex> 
plained  by  supposing  that  after  the  electromotire  force  of  the 
battery  is  remored  from  the  coil  C  the  current  in  it  doea  nut  at 
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once  atop  dead,  but  runs  on  like  a  heavj  body  and  makes  a 
backwash  of  current  through  the  galvanometer  in  the  direction 
from  M  to  N.  An  illustration  of  the  electro-magnetic  inertia 
of  a  ooil  on  interrupting  the  current  may  be  shown  in  a  more 
modem  form,  thus.  Let  E  (Fig.  12)  be  an  electro-magnet,  and 
let  L  be  an  incandescence  lamp  of  which  the  resistance  is  very 
large  compared  with  that  of  £.  Let  S  be  a  few  cells  of  a  storage 
battery  supplying  cxirrent,  and  let  K  be  a  key.  On  depressing 
the  key  the  current  flows  both  in  the  magnet  and  in  the  lamp 
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arranged  as  a  shunt  on  the  magnet.  This  current,  however,  i» 
by  assumption  not  strong  enough  to  iDiiminate  the  lamp.  On 
raising  the  key  and  stopping  the  steady  current  through  the 
lamp  the  electric  inertia  of  the  coil  sends  a  momentary  powerful 
current  through  the  lamp,  which  causes  it  to  flash  up.  Again, 
if  a  small  shunt-wound  dynamo  be  occupied  in  supplying  current 
to  a  few  incandescence  lamps,  and  the  two  hands  be  employed 
to  raise  simultaneously  the  brushes  from  the  armature,  the 
momentary  rush  (rf  current  from  the  field-magnet  due  to  this 
extra  cyrrent  will  disagreeably  impress  the  phenomenon  upon 
the  mind  of  the  observer  if  the  experiment  is  made  with  any 
but  the  smallest-sized  dynamo. 
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Neither  of  these  experiments  are  well-fitted  to  illuBtrate  the 
extra  current  at  the  closing  of  the  circuit  or  the  efTect  of  electric 
inertiA  on  starting  the  current  in  a  helix.  The  arrangement 
most  suited  to  exhibit  the  whole  effect  is  that  of  the  differential 
galTwiometer  as  used  by  Edlund,  or  that  emplojini;  Wheat- 
stone's  bridge,  due  to  Maxwell. 

In  Edlund's  arrangement*  a  differential  galvanometer  is  em- 
ployed, of  which  the  two  coils  Q,  G,  are  so  placed  and  wound 
that  when  equal  and  oppositely  directed  currents  are  sent 
through  them  the  needle  is  unaffected.     The  coils  ar«  then 
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connected,  as  shown  in  Fig.  IS,  to  a  battery,  6,  an  electro-magnet 
or  helical  coil,  L,  and  a  wire,  R,  of  equal  resistance  to  L,  but 
wound  double.  The  galvanometer  coils  are  so  connected  to  the 
circuits  L  and  R  that  when  the  steady  current  from  the  battery 
flows  through  the  divided  circuit  the  needle  remains  at  zero. 
On  closing  the  circuit  it  is  then  found  that  the  needle  makes  a 
sudden  deflection  in  a  direction  indicating  a  brief  current 
paning  in  cofl  O^  and  on  breaking  the  circuit  it  makes 
another  deflection  indicating  a  transitory  current  passing 
through  O,,  In  other  words,  the  balance  is  destroyed  at 
the  instant  of  breaking  and  making,  but  restores  itself  again 
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when  the  currents  bocome  steady.  This  ezperiment,  therefore, 
most  clearly  shows  that  the  electro-m&gnetic  helix  L,  although 
of  exactly  the  same  ohmio  resistance  as  the  coil  R,  differs  from 
it  in  possessing  a  peculiar  quality  which  it  has  in  virtue  of 
being  in  the  form  of  a  coil  or  helix,  and  to  which  the  name 
self-induction  or  inductance  has  been  given.  We  are  able  to 
define  this  term  as  follows  : — The  self-induction  or  induct- 
ance of  a  circuit  is,  speaking  generally,  a  quality  of  it  in 
virtue  of  which  a  finite  and  steady  electromotive  force  applied 
to  it  cannot  at  once  generate  in  it  the  full  current  due  to  ita 
resistance,  and  when  the  electromotive  force  is  withdrawn  time 
is  required  for  the  current  strength  to  fall  to  zero. 

From  one  point  of  view,  therefore,  self-induction  may  be 
thought  of  as  a  quality  of  electric  circuits  which  bears  the  same 
relation  to  variation  of  electric  current  strength  in  them  that 
mass  or  moment  of  inertia  bears  to  variation  of  linear  or  angular 
velocity  in  material  substances  in  dynamical  problems. 

Just  as  a  finite  force  cannot  generate  in  a  heavy  body 
finite  velocity  in  an  infinitely  small  time  in  virtue  of  its  inertia, 
so  a  finite  electromotive  force  cannot  generate  in  a  circuit  a 
finite  current  in  an  infinitely  small  time  in  virtue  of  its 
inductance. 

It  must,  however,  be  noticed  that  not  only  does  the  inductance 
of  a  circuit  depend  upon  the  geometrical  form  of  the  circuit,  but 
it  depends  upon  the  magnetic  permeability  of  the  region  which 
tiurroimds  the  circuit  and  on  the  magnetic  permeability  of  the 
conducting  circuit  itself.  If  in  the  arrangement  with  the  dif- 
ferential galvanometer  the  steady  balance  is  obtained  using  a 
copper  wire  helix  wound  on  a  cardboard  tube  and  balanced 
against  a  non-inductive  but  equal  resistance,  it  is  found  that 
the  insertion  of  a  soft  iron  core  into  the  helix  greatly  increases 
the  "kick"  on  making  contact,  indicating  the  passage  of  a 
greater  quantity  of  electricity  through  the  opposite  galvano- 
meter coil,  and  therefore  a  greater  delay  in  the  time  of 
establishing  the  steady  balance. 

Maxwell's  method  of  exhibiting  the  effect  of  inductance  is  a 
preferable  arrangement. 

Four  conductors  are  arranged  in  a  rectangle  joining  the 
j)oints  o,  6,  c,  d,  and  the  diagonals  completed  by  a  galvano- 
meter and  battery  (Fig.  14).     P,  Q  anj   K  arc  non-inductive 
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'O,  and  tbat  on  nusing  the  key  the  potential  dies  down  at  h 
faster  than  at  a,  bat  that  if  the  "  balance  "  is  properlj  obtained, 
the  points  a  and  6  reach  finaQj  the  same  potential  when  the 
kej  is  kept  cloeed. 

An  electro-magnetic  helix,  with  or  without  a  core  of  soft  iron, 
behares  itself,  therefore,  towards  an  external  electromotive 
force  to  which  it  ia  submitted  as  if  it  had  an  internal  counter^ 
electromotive  force  which  gradually  disappears — allowing  the 
fall  eorrent  due  to  its  resistance  to  be  established  in  it,  and 
behavee  also  at  the  removal  of  this  external  electromotive  force 
as  if  a  direct  internal  electromotive  force  suddenly  made  ita 
appearance  within  it ;  this  also  gradually  dying  away. 
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§  6.  The  Electromotive  Force  of  Induction. — We  have  in 
§  4  enunciated  Faraday's  law  of  induction  in  terms  of  the  variation 
of  a  quantity  called  the  flux  of  induction  through  the  circuit. 
It  is  possible  to  express  the  fundamental  principle  in  a  more 
elementary  manner,  and  in  a  way  which  adapts  it  to  explain 
every  fact  yet  observed.  It  is  as  follows : — If  any  element  of  a 
conducting^  circuit  is  so  placed  in  a  field  of  magnetic  induction 
that  a  movement  of  that  element  of  the  conductor  or  change 
in  the  field  of  induction  causes  lines  of  induction  to  intersect 
it,  it  creates  an  electromotive  force  in  the  element  of 
which  the  direction  is  perpendicular  to  the  plane  containing 
the  lines  of  magnetic  force  and  the  direction  of  motion  of  the 
centre  of  the  element. 

This  operation  is  called  "cutting  lines  of  magnetic  force." 
We  shall  allude  later  to  hypotheses  which  have  been  con- 
structed to  suggest  in  some  degree  an  explanation  of  tho 
nature  of  this  effect. 
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The  simplest  possible  case  which  can  be  considered  is  when 
a  short  linear  element,  such  as  a  straight  wire,  is  made  to  movo 
in  a  uniform  magnetic  field,  in  a  direction  perpendicular  to  the 
plane  containing  the  field  lines  and  the  linear  conductor,  the 
direction  of  the  length  of  this  last  being  also  perpendicular  to 
the  direction  of  the  field  lines. 

If  A  B  (Fig.  15)  is  the  element  of  length  of  the  conductor  of 
length  L,  and  if  A  D  repreaent  in  magnitude  and  direction  one 
of  the  lines  of  induction  oE  the  uniform  magnetic  field  H,  in 
which  it  is  placed,  A  B  being  at  right  angles  to  A  D,  and  if 
A  C  represent  in  magnitude  and  direction  a  displacement  of 
A  B  taking  place  uniformly  in  one  second,  so  that  A  B  moves 
uniformly  parallel  to  itself  from  position  A  B  to  position  C  Q  in 
one  second,  we  have  then  three  lines,  A B,  AC,  AD,  mutually 
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Bone  aeoood,  tbeo  ACBn^arTam^ia  its 
veloeityin  »  diieetiaii  perpenScnlw  to  its  own  kngdL  TV 
wampataAeat  tbe  indoeed  eleetranotiTe  force  E  in  A  Bis  tlaen 
■UBeneallT  equal  to  LH  an  9TaiB  ^or  to  HLYsin  Oma^; 
hsk  Uue  espcceHon  alio  rqmeents  Uw  Tohuae  of  a  dovbly 
ifcev  penBekfiipidaB  or  nlid  Aowibnid;  benoe^  ■■  beCote^  if 
vecton  be  dntvn  wpwf  ntiing  nmpett&ntf  tbe  length  and 
rtioatj  ot  a  ooodxieting  elenMBt,  and  alao  tbe  field  atreugtb 
in  which  it  ia  placed,  the  Toimae  of  the  aolid  rbomboid 
deaeribed  on  theae  Teeton  aa  adjacent  aidea  lepceaents  the 
ii^iiirmlr  of  the  efeetnaMdre  force  induced  in  the  deanent. 

The  amgnitade  of  thia  indaced  electromotiTe  force  is  not  in 
■ay  way  dependent  apon  tbe  aatTrre  of  the  material  of  which 
this  ooaduetor  b  made.  Faradaj  experimentally  prorcd  thia 
("Exp.  Befc,"  §  193-201)  by  takhig  a  doable  oondoctor  ccm- 
poaed  of  an  inn  and  a  copper  wire  twisted  together  and  united 
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at  one  end.  On  passing  thia  double  conductor  through  a 
magnetic  field  no  induced  current  was  detected  in  it  by  a 
galvanometer.  Tliia  proved  that  the  electromotive  forces  set  up 
in  each  separate  conductor  were  equal  and  opposite,  and  hence 
■inoe  the  lengths,  field,  and  velocities  were  the  same  no  factor 
entered  into  the  production  of  the  effect,  which  depended  on 
the  nature  of  the  conductor.  From  further  experiments  with 
circuits  partly  metallic  and  partly  electrolytic  fluids  he  inferred 
that  in  all  bodies,  whether  what  are  commonly  called  conductors 
or  non-conductors,  or  in  electrolytic  conductors,  identically  the- 
same  electromotive  force  is  brought  into  existence  by  moving 
the  same  lengths  in  the  same  way  in  the  same  magnetic  fields. 

When  a  disc,  whether  metallic,  or  what  is  commonly  called 
non-conducting,  is  rotated  in  a  uniform  magnetic  field  so  that 
its  axis  of  rotation  is  parallel  to  the  direction  of  the  field,  there- 
is  set  up  a  diflerenuc  of  potential  between  the  centre  and  the 
edge.  In  the  case  of  the  metallic  disc,  the  internal  resistance 
being  small  we  can  tap  off  a  current  by  an  external  wire  con- 
nected to  the  centre  and  the  edge  of  the  disc. 

We  can  now  show  that,  starting  with  the  elementary  law 
above  stated,  as  to  the  magnitude  of  the  induced  E.M.F.  in  an 
element  of  a  conductor,  we  can  deduce  the  other  principle  of 
the  relation  of  the  induced  E.M.F.  to  the  rate  of  change  of  tb& 
induction  through  the  circuit. 

Let  A  B  C  D  (Fig.  17)  be  a  conducting  rectangle,  of  which' 
the  plane  is  perpendicular  to  the  induction  linos  of  a  uniform> 
magnetic  field  of  strength  H,  the  same  being  shown  in  plan- 
below;  let  the  circuit  be  capable  of  revolving  about  an  axis  0  O 
in  its  own  plane,  and  let  it  be  displaced  through  any  angle  9, 
as  shown  in  elevation  and  plan  in  Fig.  17.  If  the  frame  is  so 
displaced  it  is  clear  that  the  aides  A  C,  B  D,  "cut"  across  lines  of 
niaguetic  induction,  but  that  the  upper  and  lower  sides  do  not. 
During  this  displacement  the  vertical  sides  alone  will  be  the 
scat  of  electromotive  forces.  Imagine  this  frame  to  revolve 
round  the  vertical  axis  with  a  uniform  angular  velocity  id,  and 
at  any  instant  t  to  have  a  position  such  that  its  plane  makes  an 
angle  0  with  the  plane  normal  to  the  lines  of  force.  Lot  the 
length  of  the  side  A  C  be  L  and  that  of  A  B  be  R,  the  actual 

velocity  of  the  side  A  C  is  -— ,  and  the  strength  of  the  field  in 
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direction  of  the  linea  of  induction,  and  the  quantity  H  A  oos  B 
is  the  numerical  value  of  the  number  of  linea  of  magnetic 
induction  passing  through  or  traversing  the  frame  in  its  posi- 
tion when  its  plane  is  inclined  at  an  angle  6  to  the  normal 
position.  We  assume  that  these  lines  are  spaced  out  according 
to  the  rule  proper  for  such  distribution,  viz.,  that  the  number 
passing  through  a  tmit  of  area  whose  plane  is  taken  normal  to 
the  direction  of  these  lines  is  numerically  equal  to  the  magnetic 
induction  over  that  area. 

Writing  N  for  this  number  of  lines  bo  piercing  through  the 
frame  at  any  instant,  we  have,  as  the  expression  for  the  total 
electromotive  force  acting  round  the  frame  at  any  instant,  the 

d  N 
quantity   — ^— ;  that  is,  the  electromotive  force  of  induction 
d  t 

is  n\unerically  equal  to  the  rate  of  change  (decrease)  of  the  in- 
cluded lines  of  induction.  It  is  customary  to  speak  of  this 
induced  electromotive  force  as  generated  either  by  the  "  cut- 
ting of  lines  of  force"  by  the  various  elements  of  the  con- 
ductor or  by  a  change  in  the  number  of  lines  of  force  piercing 
through  the  aperture  of  the  circuit ;  but  they  are  merely  two 
different  geometrical  ways  of  viewing  the  same  phenomena. 
The  actual  results  are  capable  of  receiving  a  physical  explana- 
tion on  the  assumption  that  the  act  of  intersection  of  a  line  of 
force,  and  a  portion  of  a  conducting  circuit  is  productive  of  an 
electromotive  force.  We  see  that  the  total  electromotive  force 
is  the  resultant  effect  due  to  a  summing-up  of  all  the  forces 
acting  on  each  element  of  the  circuit,  each  elemental  E.M.F. 
being  measured  by  the  product  of  the  length  of  that  element, 
the  field  strength  around  it,  and  its  normal  velocity  in  that 
part  of  the  field.  The  result  is  concisely  expressed  by  the 
number  which  expresses  the  time  rate  of  change  of  the  whole 
number  of  the  lines  of  induction  traversing  the  circuit.  This 
same  may  be  extended  to  any  circuit  of  any  form  moving  in 
any  way  in  any  field. 

If  a  circuit  of  any  form  which  is  traversed  by  an  electric  cui^ 
rent  \a  placed  in  a  m.agnetic  field  due  to  other  neighbouring 
currents  or  magnets,  there  is  a  flux  of  induction  through  that 
circuit  due  partly  to  the  current  in  the  conductor  and  partly 
to  the  external  field  of  the  other  currents  or  mngnets.  If 
there  be  M  lines  of  induction  due  to  the  external  field  passing 
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through  it,  and  N  lines  of  induction  due  to  its  own  current,  any 
Tariation  of  the  external  induction,  of  which  the  rate  of  chjingc 

at  any  iuEtant  is  represented  bj  — — ,  will  produce  an  impressed 

at 

electromotiTO  force  in  such  a  direction  that  taking  lines  of  in- 
duction out  of  the  circuit  induces  an  electromotive  force  in  the 
clockhandNrise  ( -i- )  direction,  as  seen  from  that  side  of  the  cir- 
cuit at  which  the  lines  enter.  When  a  current  is  flowing  in 
any  conductor  the  relation  between  the  direction  of  the  current 
and  that  of  its  own  lines  of  induction  is  the  same  as  the  rela- 
tion between  the  thrust  and  the  twist  of  a  corkscrew.  Ilcnce 
it  ifl  evident  that  if  we  consider  a  circular  current  (Fig.  18) 
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with  the  current  flowing  in  it  clockhandwise  (-»-),  as  seen  from 
one  side,  that  its  own  lines  of  induction  pass  through  the  circuit 
in  the  positive  direction,  or  away  from  the  eye. 

Accordingly,  a  little  reflection  shows  that  if  the  current  in 
the  conductiug  circuit  is  made  to  increase,  an  opjKising  elec- 
tromotive force  is  created  by  the  increasing  induction  of  the 
current  on  its  own  circuit.  The  current  in  the  act  of  increasin;; 
crowds  its  own  circuit  more  full  of  lines  of  induction,  and  creates 
an  electromotive  force  of  induction  during  the  period  of  tliia 
increase  equal  at  any  instant  numerically  to  its  own  rate  of 
increase,  and  directed  in  opposition  to  the  direction  of  the  im- 
pressed citcmal  electromotive  force  which  is  driving  the  current. 
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§  7.  Electro-magnetic  Momentum, — When  a  heavy  body  is  in 
motion  it  possesses  at  any  instant  mam«nti<r/i,  in  virtue  of  its 
inertia.  Numerically  the  momentum  of  a  heavy  particle  ia 
ubtaiued  by  taking  the  product  of  its  moss  and  its  velocity,  each 
measured  in  appropriate  units.  The  time  rote  of  change  of  a 
body's  momentum  in  any  direction  is  by  the  second  law  of 
motion  the  measure  of  the  force  acting  upon  it  in  that  direc- 
tion, or,  in  the  notation  of  the  calculus, 

d{mv)     , 
~di      ^' 

We  have  seen  that  the  induced  electromotive  force  in  a  cir- 
cuit ilopencis  on  the  time  rate  of  change  of  the  magnetic  induc- 
tion through  it,  and  hence  the  maguctic  induction  at  any 
instant  through  a  circuit  bears  the  same  relation  to  the 
inducoil  electromotive  force  in  it  that  a  body's  momentum  doe« 
to  the  mechanical  force  acting  on  it.  Maxwell  has  accordingly 
einploywl  the  term  electro-maynetic  momentum  to  represent  the 
tlux  of  magnetic  induction  or  the  number  of  lines  of  magnetic 
iiiductiun  passing  through  a  circuit,  because  it  is  upon  the  rate 
of  change  of  tliis  quantity  that  the  induced  electromotive  force 
ileiwnds.  Faraday  very  early  recognised  that  induction  effects 
di'i>ond  on  a  rliuH'jt  of  some  quantity.  He  gave  to  this  quantity 
the  name  of  the  (Ui-trotonic  state,  and  he  spoke  of  a  conductor  in 
»  magnetic  field,  when  traversed  by  lines  of  induction,  as  in  the 
vlvcUvtonic  state,  and  he  considered  that  vrhen  the  electrotonio 
Rtato  was  either  assumed  or  disappeared  its  commencement  and 
end  WM  markeil  br  t)>o  production  of  the  induced  electromotive 
force.  Consider  then  the  opcntions  which  go  on  Then  a  con- 
ducting circuit — suppose  a  simple  loop  of  wire — is  8\11)jected 
to  a  steady  clectromotiTe  force.  The  instant  that  force  is 
applied  a  cumut  begins  to  flow  in  the  circxiit;  the  instant 
that  current  bogtua  lines  or  rings  of  induction  spread  out  from 
the  circuit;  and  the  loop  at  any  instant  cncloees  a  certain 
numltcr  of  liuoe  o(  induction  vrhich  are  iacreasing  at  that 
inittant  at  a  certain  rate.  A  coxmtcr-  or  opposing  elcctro- 
iiiotivo  honee  exists  in  that  circuit  numerically  equal  to  the 
time  rate  of  increase  of  this  induction.  In  circuits  which  do 
not  oudoae  or  surround  iron  or  other  magnetic  metil,  or  which 
aiv  U1I  nrravd  wholly  in  a  medium  of  constant  permeability, 
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the  induction  at  onj  point  in  the  neighbourhood  of  the  circuit 
is  numerically  proportional  to  tho  strength  of  the  current  at 
that  instant  flowing  in  the  circuit.  This  is  the  fact  which  lies 
At  the  root  of  tho  operation  of  most  galvanometers,  viz.,  that 
the  field  at  any  point  in  the  neighbourhood  of  the  coil  is  simply 
proportional  to  tho  strength  of  the  current  flowing  in  the  coil. 
If,  then,  i  represent  the  strength  of  the  current  at  any  instant 
in  the  circuity  and  L  be  a  certain  constant  quantity,  such  that 
Li  represents  the  induction  through  the  coil  or  circuit  due  to 
the  current  i  in  it,  then  Lt  is  the  measure  of  the  electro- 
magnetic momentum  of  that  circuit.  This  quantity  L  is  a 
coefficient  which,  m  this  case,  is  dependent  only  upon  the  geome- 
trical form  of  the  circuit,  and  under  the  assumption  that  there 
ia  no  magnetic  material  in  or  near  the  circuit  through  which 
the  lines  of  induction  can  pass,  it  is  a  constant  quantity. 

This  quantity  L  is  called  the  constant  coefficient  of  self- 
induction  of  the  circuit,  or,  more  shortly,  the  indttctanct  of  the 
circuit. 

Wc  may  define  it  thus : — 

me  Coefficient  of  Self  -  IndnctioiL — In  the  case  of  circuits 
conveying  electric  currents,  which  are  wholly  made  of  non- 
magnetic material  and  wholly  immersed  in  a  medium  of 
constant  magnetic  permeability,  the  total  induction  through 
the  circuit  per  unit  of  current  flowing  in  that  circuit  when 
removed  from  the  neighbourhood  of  all  other  magnets  aud 
circuits  ia  called  the  coefficient  of  self-induction.  Otherwise 
the  ratio  of  the  numerical  values  of  the  electro-magnetic 
momentum  of  such  circuit  and  the  current  flowing  in  it  when 
totally  removed  from  all  other  currents  and  magnets  is  tho 
numerical  value  of  the  inductance  of  that  circuit. 


g  8.  Qectro-magnetic  Energy. — Let  us  confine  our  attention 
first  to  one  circuit  of  constant  inductance  or  self-induction  in 
wliich  a  current  ia  being  generated  by  a  constant  electromotive 
force  applied  to  it.     Each  increment  of  strength  of  the  cur- 
[■  rent  creates  an  electromotive  force  opposing  tho  impressed  or  ex- 

I  tcmal  electromotive  force.     Hence  this  external  electromotive 

I  force  has  to  do  work  against  an  opposing  force  of  its  own  creat- 

■  ing  all  the  time  the  current  is  rising  iu  strength.     When  a 

^^     mucfaonical   force    overcomes   a  resistance   tlirough  a  certain 
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diatance,  mechanical  work  is  being  done,  and,  accordinglr,  we 
inaj  ask — what  is  the  electromotive  force  doing  all  the  while 
it  is  increasing  a  current  against  an  opposing  electromotive 
force  ?  The  answer  is,  it  is  doing  electrical  work.  The  result 
of  causing  a  current  having  a  strength  i  at  any  instant  to  flow 
for  a  small  time,  dt,  against  an  opposing  E.M.F.  at  any  instant 
equal  to  «,  is  that  a  quantity  of  work  represented  by  «i<f  (  i» 
<Ione  iu  the  time  d  t.  If  «  is  the  inijtantaneous  opp>osing  elco- 
tromotive  force  of  self-induction  it  is  measured  at  any  instaut' 
by  the  rate  of  change  of  electromagnetic  momentum  L t,  or 

Hence  the  work  done  in  raising  the  current  from  a  strength 
j  to  a  strength  i  +  di  against  the  counter-electromotive  force  of 

BcU-inductiou  is  L  j;  •  dt^hi di,  and  if  this  is  integrated 

between  limits  icro  and  I  we  get  the  whole  quantity  of  work  so 
clone  against  self-induction  alone  in  bringing  up  a  current  frooa 
tcro  to  its  full  value  I  iu  the  conductor,  but 

I 


/. 


Hm  total  xrork  done  against  the  electromotive  force  of  self- 
Inductioo  in  creating  a  current  I  in  a  conductor  of  constant 
inductaaoe  L  is  then  numerically  equal  to  half  the  square  of  the 
ftnl  ownat  stnngtii  multiplied  by  the  value  of  the  constant 
fadoetaUM  or  coefficient  of  self-inductkn. 

The  equivalent  of  this  «T>rk  is  found  in  the  magnetio  field 
twMii  nNwd  the  ooaductor,  and  henoe  the  fomatMn  of  a 

BoA  aaMgj,  fiWTiMe  in  foot- 

,ar  in  anj  otWr  mmiiar  mite  meh  as 

>  per  cahte  oaatimtic  «l  Geld. 

Neott  let  «e  eoHMcr  the  cm*  of  tvo  ctrooits.    Let  the  coo- 

a>Mt  ioiHaiinl  ttmM^mtat^Mni  the  fat  bo  1^  and  let  rt  be 

tSMMHd  at  aay  iMttait  hj  n  cnnwt  •.    Let  the  hidifwwi  of 

t^  othor  bo  N»  airf  kt  it  U  tnvned  I7  n  mmak  *.    Let 
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induction  \rhich  traverse  both  circuits  or  arc  linked  with  both 
circuits  ia  called  the  constant  coefficient  of  mutual  inductance. 
It  will  be  a  quantity  constant  for  a  given  form  and  position  of 
tiic  two  circuits  on  the  assumption  that  the  lines  of  induction 
flow  in  a  medium  of  constant  magnetic  iiermeability.  Hence, 
if  we  consider  the  work  done,  d  E,  in  raising  the  currents 
«'  and  »'  by  small  increments,  d  i  and  di',  in  a  small  time,  d  t, 
we  6nd  it  consists  of  four  parts — a  part,  Lidi,  representing 
work  done  by  the  current  t  against  its  own  counter-electro- 
motive force,  and  a  similar  part,  N  t*  d  »',  for  the  otlicr  circuit, 
then  a  portion,  SI  i  d  i,  representing  the  work  done  by  the 
current  i  in  its  own  circuit  against  the  induced  electromotivo 
force  due  to  the  increment  of  the  current  j*  in  the  other, 
and  lastly,  a  similar  part,  M  »"  </ 1,  for  the  second  circuit. 
Heuce,  wc  have 

dE  =  Lidi  +  Midx^,^-yii'di  +  lJtdi. 

Integrating  this  between  the  limits  zero  and  I  for  one  circuit, 
and  r.ero  and  1'  for  the  other,  wo  find  the  wliole  energy  repre- 
sented by  the  two  currents  I  and  I'  flowing  in  the  circuits 
to  be 

E-iLI'-HMir-h-iNP. 
2  2 

The  electro-kinetic  energy  is  said  to  be  a  quadratic  function  of 
the  currents  and  the  inductances. 


§  9.  Dimensions  of  the  Coefficient  of  Self-Indnctlon  or  In- 
ductance.— Every  physical  quantity  must  bo  measured  in  units 
of  a  like  kind  or  dimension.  The  height  of  a  stecplo  cannot 
be  properly  expressed  in  cubic  miles  or  the  area  of  a  field  in 
gallons,  because  the  unit  is  not  in  these  cases  of  like  dimention* 
or  kindred  nature  to  the  quantity  being  measured.  A  quantity 
of  work  or  energy  is  always  measured  by  its  equivalent  in 
{font  X  diitance),  by  which  is  meant  a  certain  force  overcome 
through  a  certain  space.  Hence  the  electrcvmagiietic  energy 
^  L  I*  associated  with  a  given  current  I  in  a  conductor  of  induc- 
tance L  must  be  measurable  directly  in  ergt  or  foot-pound ». 

The  square  of  a  current  strength  is  a  quantity  of  like  dimen- 
sions with  a  mcckanical  force.     In  a  Siemens  clectrodynamo- 
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meter,  the  torsional  force  of  spring  measures  the  square  of  the 
current  strength  going  through  the  instrument. 

Since,  then,  the  numerical  expression  for  electro-magnetio 
energy  consists  of  two  factors,  one  of  which  is  the  square  of  a 
current  strength,  and,  therefore,  of  like  dimensions  to  a  force, 
the  other  factor,  viz.,  the  inductance  L,  must  bo  of  like  dimen- 
sions to  a  distance,  or  be  expressible  as  a  length.  luductanco 
u,  therefore,  measurable  in  inches  or  centimetres. 

§  10.  The  Unit  of  Self-induction  or  Inductance. — The  abso- 
lute unit  of  inductance  is  the  unit  of  length.  In  the  practical 
system  of  electrical  measurement  the  unit  of  length  is  the 
earth-quadrant  or  10'  centimetres.  The  practical  unit  of 
mductunce  is,  then,  10"  centimetres.  It  has  been  proposed  to 
call  this  unit  of  inductance  a  Secokm,  in  order  to  possess  a 
single  short  term  for  it  in  similar  unitary  measurement  to  the 
system  which  contains  the  Ohm,  the  Volt,  the  Ampere,  the 
Coulomb,  the  Farad,  the  Watt,  and  the  Joule. 

§  11.  Constant  and  Variable  Inductance. — It  is  essential 
to  bear  in  mind  that  in  the  case  of  circuits  consisting  of  non- 
magnetic material  and  immersed  in  or  surrounded  wholly  by 
material  which  is  of  constant  magnetic  permeability  or  magnetic 
conductance  for  lines  of  magnetic  force,  the  inductance  of  those 
circuits  is  a  constant  quantity  depending  only  on  the  geometri- 
cal form  of  the  circuits.  This  is  the  case  when  the  paths  of 
the  lines  of  induction  embracing  the  circuits  lie  through  media, 
such  as  air  or  insulators  gcnemlly,  or  diamagnetic  materials, 
such  as  copper,  brass,  or  wood. 

In  these  cases  the  magnetic  induction  throngh  the  circuit  is 
always  in  simple  proportion  to  the  magneto-motive  force,  and 
for  these  media  we  may  call  the  ratio  of  the  lino  integral 
of  magnetising  force  to  the  magnetic  induction  along  that 
circuit  the  majnetic  retistance*   of   that   magnetic  circuit,  or 


*  Objection  m.iy  be  taken  on  some  groundi  to  the  general  u»e  of  the  term 
magnetic  rttutancc.  It  has  become,  however,  sanctified  by  usage.  Farad-iy 
lined  frcaly  the  tenn  vmiinetie  eoniiuetion  fur  line*  of  force.  Mr.  Oliver 
Heavioide  has  proposed  the  term  maynctie  rtluelunce  aa  a  lubetitute  for 
magnetic  resistance. 
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The  magnetic  reeistanco  Line  integral  of  magnetic  force 

°^  "'^  °       Induction  along  the  magnetic 

magnetic  circuit  circuit. 

When,  however,  we  hare  to  deal  with  the  cases  most  frequent 
in  practice,  in  which  the  magnetic  circuit  is  partly  or  wholly  of 
iron  or  other  para-magnetic  metal  in  which  the  induction  bears 
no  constant  ratio  to  the  magnetiaing  force,  and  in  which  cases 
the  fliix  of  induction  takes  place  wholly  or  partly  in  media  of 
Tariable  permeability,  it  ia  necessary  to  recognise  that  the  in- 
ductance of  a  circuit  is  no  longer  a  constant  quantity.  The 
coefficient  of  self-induction  requires  to  be  more  specifically  de- 
fined for  electric  circuits  embracing  magnetic  circuits  of  variable 
permeability.     It  may  be  defined  in  three  ways* — 

First,  as  the  ratio  between  the  counter-electromotive  force  in 
any  circuit  and  the  time  rate  of  variation  of  the  current  pro- 
ducing it. 

Second,  as  the  ratio  between  the  total  induction  through  the 
circuit  and  the  current  producing  it. 

Third,  as  the  energy  associated  with  the  circuit  in  the  form 
of  magnetic  field,  due  to  imit  current  in  that  circuit,  or  as 
the  coefficient  by  which  half  the  square  of  the  current  must  bo 
multiplied  to  obtain  the  electro-kinetic  energy  of  the  circtiit  at 
that  instant. 

These  definitions  n»ay  be  algebraically  expressed  as  follows : — 
T    di 

(u.)N  =  I^t  and<!-ll^_i> 
^  ^  dt 

If  the  magnetic  circuit  is  wholly  composed  of  material  of 
constant  magnetic  permeability,  then  L,,  Lj  and  L,  are  identi- 
cal, but  in  the  cue  of  iron  magnetic  circuits,  or  circuits  partly 
or  wholly  of  ferro-magnetic  material,  they  have  not  the  same 

•  Stt  Mr.  W.  E.  Sumpner,  "The  Vmriation  of  Coefficients  of  loduction," 
fkU.  May.,  June,  1837,  p.  453. 
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value.     TLcsc  cocflicicnta  axe  all  closcljf  related  to  the  carve  of 
magnetisation. 


§  12.  Curves  of  Magnetisation. — A  long  iron  viire  or  slender 
rod,  of  which  the  length  is  at  least  200  times  the  diameter,  is 
wound  over  with  a  layer  of  insulated  wire,  forming  a  solenoid  of 
many  turns.  If  the  number  of  turns  of  the  solenoid  per  unit  of 
length  is  n,  and  this  solenoid  is  traversed  by  a  current  of  A 
amperes,  the  magnetic  force,  or  the  strength  of  the  field  due  to 

the  solenoid  at  the  centre  of  the  helix,  is  4 irn—  C.-G.-S.  units. 

If  the  diameter  of  the  rod  is  d,  the  cross  section  of  the  solenoid 

will,  be  nearly  jt—  ,  assuming  the  iron  wire  to  fill  up  the  interior 
4 

of  the  solenoid,  and  the  number  of  lines  of  force,  or  the  induc- 
tion through  the  centre  of  the  helix,  if  the  iron  is  removed, 

will  be 

r-    4»-tt,-=  — nrfSA=-9S69n(f  A 
4  10     10 

in  C.-G.-S.  units. 

Accordingly,  a  measurement  of  A,  or  the  ampere  magnetising 
current,  ewabies  the  magnetising  force  of  the  helix  to  be  calcu- 
lated. Let  the  iron  wire  be  now  placed  in  tlie  helix.  Its  pre- 
sence enormously  increases  the  number  of  lines  of  force  through 
tliat  s{)ace.  If  the  centre  of  tiie  helix  is  embraced  by  a  small 
coil  of  wire  in  circuit  with  a  calibrated  ballistic  galvanometer 
and  a  current  is  started  in  the  helix,  this  embracing  coil  has  a 
certain  number  of  lines  of  induction  suddenly  put  into  it,  the 
number  of  which  becomes  known  when  the  constant  of  the 
ballistic  galvanometer  is  determined.  By  increasing  the  mag- 
netising current  suddenly  by  steps  or  jumps,  and  observing  in 
each  case  the  "  throw  "  of  the  ballistic  galvanometer,  a  curve 
can  be  prepared  of  which  the  horizontal  abscissse  represent 
magnetising  forces  (proportional  to  magnetising  currents),  and 
the  vertical  ordinates  the  induction  or  number  of  lines  of 
induction  traversing  the  central  portion  of  the  long  iron  wire. 
These  curves  axe  called  curvet  of  maffjtetisation.  In  Fig.  19 
are  represented  the  curves  of  magnetisation  of  an  iron  wire  200 
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times  as  long  as  it  is  thick,  taken  both  for  ascending  (firm  line) 
and  descending  (dotted  line)  magnetising  forces.* 

Denoting  as  before  by  B  the  total  induction  through  the 
median  cross  section  of  the  iron,  and  H  the  magnetising  force 
(proportional  to  A,  the  magnetising  ampere  current),  we  can 
describe  these  curves  shortly  as  the  (B,  H)  curves  for  iron.  It 
is  found  that  the  up-n'ard  curve  indicating  the  relation  of  B  to 
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MACNCTISINC  FORCE  (C.C.  S.UNns)or  SOLENOID 
Carre  ot  MitfueUnUon  ol  Iron  nod.    length  a  aX)  dumcton  (EwlnjV 
FlO.  19. 


•  This  curve  ia  tnken  from  Prof.  J.  A.  Ewing's  rnper,  "  Experimental 
Keaauchm  in  M«|fncti3m,"  Tran*.  RoyaL  Soc.,  Part  II.,  18S5,  p.  53.>.  Thia 
elabonte  pckper  U  i\n  impurtant  contribution  to  the  aubject. 

S(t  alto  Dr.  J.  Unpkinsun,  "  Ma^etiaation  of  Iron,"  Traiu.  Royal  Soe., 
Part  II.,  IHS.).  p.  <55. 

Tba  most  completa  itimmary  of  recent  reaearch  in  magnctiam  ia  to  be 
found  in  Prof.  ChryDtal's  articlo,  "  Magnetiam,"  in  the  Encyiofodia  ISrit- 
antuca.  Ninth  Kdition. 

Sm  dim  "On  the  T.iftini?  Power  of  Electro-Magneta  and  Ma^etiaatioD 
of  Iron,"  SheKord  liiJwell,  Proe.  Royal  Soe.,  June  10,  iaj6. 

Other  references  to  valuabit;  i<apera  on  the  mognetiaation  of  iron  are — 

Lord  Raylcigh  "On  the  Energy  of  Magnetiaed  Iron,"  Phil.  Hag,, 
Aogu  t,  1886,  p.  17'). 

Lord  Rayleigh  "On  the  Behaviour  of  Iron  and  Steel  under  the  Opera- 
tion of  Feeble  Magnetic  Forces,"  PKU.  Mag.,  March,  1887,  p.  22S. 

Ewlng  and  Low  "  Un  the  Magnetisation  of  Iron  in  Strong  Fielda," 
Proe.  Ror^  Soc.,  March  24,  1887,  Vol  XLII.,  p.  SOO. 


^v^ 

^^QB^H 

^^^^          58                                 ELECTBO-XAGXEnC  II<'DUCIIOM<                                         ^^| 

^H             H  for  increaaing  ciirrents  lies  below  that  indicating  the  same 
^^m             for  decreafiiDg  currents.     The  ratio  of  B  to  H  is  the  pcrmea- 
^H             bility  (/i)  of  the  iron.     Hence,  if  from  the  magnetising  curve 
^H             another  curve  is  obtained,  the  horizontal  ordinates  of  which  are 
^H             the  various  values  of  B,  and  the  vertical  ones  the  corresponding 
^H              ratio  of  B  to  H  or  ^  we  obtain  the  permeability  curve  for  that 
^H             particular  Rnmple  of  iron.     The  permeability  depends  not  only 
^H             upon  the  actual  induction,  but  upon  the  previous  history  of  the 

^V                 Let  us  now  consider  a  circuit  consisting  of  a  solenoid   or    ^^M 

^P               helix  contmning  its  iron  core  or  wire,  and  for  which  a  magnetisa-           1 

tion  curve  has  been  obtained.     If  the  total  number  of  turns  of          ■ 

the  solenoid  is  N',  and  if  B  is  the  induction  through  the  core.           1 
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then  if  the  solenoid  is  ei 
form  a  circular  or  endlc< 
is  traversed  by  N'  B  lin 
fore  the  electro-magnetic 
ing  to  a  current  of  A 
represents,  as  before  er 
induction,  N,  which  pen 
circuit.     Suppose,  then, 
is  passing  through  the  e 

a  value  t,  and  the  induct 
us  the  inductance  of  the 

-i.  -  H  ^                         ^g 

oUiatlou  ot  Soft  Iron  Elng  (Ewlng).                                  ^^^| 

ther  very  long  or  is  bent  round  so  as  to 

is  helix,  it  is  easily  seen  that  the  circuit 

es  of  induction.  This  quantity  is  there- 

5  momentum  of  the  circuit,  correspond- 

amperes  flowing  through   it,  and  it 

plained,  the  total  number  of  lines  of 

etrate  through  or  are  embraced  by  the 

at  any  instant  when  a  vaiying  current 

lectro-magnet  the  current  strength  has 

N 
ion  a  value  N.     The  ratio  —  -  L,  gives 

circuit  according  to  the  second  method 
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of  meaanrement  of  the  coefficient,  and  from  the  fint  mode  of 
meuurement  we  hare 


T    <^» 


bat  since 

it  follows  that 


di 


As,  however,  N  and  »  are  rcspcctiTsly  proportional  to  B  and 
H,  the  induction  and  the  magnetising  force,  we  see  that 

and  ^  *  H' 

in  other  words,  the  first  coefficient  of  self-induction  Lj,  which 
we  may  distinguish  as  the  primary  coefficient  of  self-induction 
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is  represented  by  the  Aopt  of  the  magnetising  curve  at  any 
point  or  the  inclination  of  its  tangent  to  tlie  horizontal  axis ; 
whilst  L,,  or  the  secondary  coefficient,  is  represented  by  the 
ordinate  of  the  permcsibility  oirve  corresponding  to  that  par- 
ticular induction  if  wo  assume  the  magnetic  circuit  to  be  homo- 
geneous or  all  of  one  material. 

Let  0  P  Q  (Fig.  20)  be  a  magnetising  curve  for  ascending 
magnetism.     At  any  point  P  draw  P  T  a  tangent  to  the  curve, 
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and  project  P  on  to  the  axus  OX,  0  Y.  Drop  perpendiculars 
P  M,  P  11  on  0  X  and  0  Y,  then  0  M  represents  the  magnetising 
force  or  current  and  0  K  represents  the  induction  correspond, 
ing  to  the  point  P.     Join  P  0,  then  the  tangent  of  the  angle 

r  T  M  represents  ^  or   ^,  or  L,,  and  hence  L,  -  tan  P  T  M 
at         an 


=  tan  0y,  and  tho  tangent  of  the  angle  POM  represents 


N 


p 

or  ^  or  Lj,  and  honce  L,  =  tan  P  0  M  =  tan  6^.     We  see  that 

hi    and    Lj    are    identical    near    the    origin,    and    also    at 

another  point  P'  further  up  on  the  curve  L,  and  Lj  are  the 

same,  but  that  between  0  and  P',  L,,  becomes  greater  than  Lj, 

and  between  P'  and  infinity  L,  is  greater  that  L,.      We  Jiave 

then  to  see  how  the  magnetising  curve  gives  us  L,  or  tho 

tertiary  coefficient.     In  any  circuit  let  the  current  at  a  time,  I, 

be  t,  and  let  it  embrace  N  lines  of  induction  due  to  itself;  at 

St  St 

times  t-—  and  t+  —  let  the  corresponding  currents  and 

inductions  be 


»- 


2" 


N-— ,     and    t  +  -^         N  + 


8N_ 
•2 


Then  during  the  short  time,  S  /,  in  which  the  increment  of  in 
duction  is  6  N,  the  counter-electromotive  force  of  self-induction 

will  be  numerically  e  =  —— ,  and  the  average  current  will  be  t. 
at 

Henco  the  work  done  in  increasing  the  current  during  that 
interval  will  be 

dt 

And   hence  the   whole  work  doue    against  sclf-inductloti   in 
bringing  up  the  current  from  ccro  value  to  a  fiual  value  I  a 


/:• 


ie/N. 
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fl 


But  tlni  vodk  JM,  M  webftve  i 
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BcteringagBa  toTSg.  30^  it  ■  aeen  tkit  tlie  >ra> « 
Ixtweea  tbe  Unes  OR,  R  P.  and  tlie  pottian  of  tha 

tion  mrre  OP  ia  imnMutail  \j  I  H  if  B,  ami heoea tiia  ntio 

of  thkam  to  thaanaof  tlieaiiBai«QB  Oil  b  the  vshwofl^ 

The  general  whtion  of  L,  to  I^  aal  L|  eumot  be  ( 
vithont  kaiNriaK  ^*t  between  N  aad  *  or  B  aod  H. 


Sooe 
it  follovs  that 


N-Ljiead  i/N'»L,<fi, 


vhich  gJTes  a  general  rdatica  cnniiwting  L,  and  l^  We  can 
■am  up  the  foregoing  hj  njriag  that  when  tbe  Itnea  of  1M9- 
oetic  iodnctiaD  fiov  in  a  mediam,  of  vhich  the  Boagnetio 
peniieability  is  eoaetaat,  sacfa  as  aii;  the  ooeffieient  of  aM- 
induction  is  a  constant  qoantitj  detezmined  bj  the  form  of  tbe 
dreult ;  but  when  the  paths  of  the  lines  of  inductioa  lie  wholly 
or  partlj  in  media,  sodi  as  ixon,  of  which  the  penneabilJtT  it  a 
iBiifitien  of  the  induction,  or  TuieB  with  the  indoctioii,  then  the 
coefficient  of  self-induction  is  TariaUe  and  loay  be  defined  in 
three  wajs,  the  numerical  Talue  for  a  given  circuit  not  being 
capable  of  being  stated  generally,  but  only  specified  for  each 
different  Talne  of  the  inductioa,  and  can  be  represented  best 

grapliically.     If,  howerer,  the  relation  of  ^  could  be  expressed 

H 

algebraically  in  terms  of  H — ^that  is  to  say,  if  the  equation 

to  the  permeability  curve  were  known — then  L,,  L,  and  L^  could 

be  expressed  algebraically  also  in  terms  of  magnetising  force  or 

magnetising  current. 

In  the  absence  of  such  knowlcdg:e  the  value  of  the  variable 

coefficients  of  self-induction  of  electric  circuits  embracing  mag- 
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netio  circuits  wholly  or  partly  of  ferro-inagnetio  material  am 
only  be  expressed  as  a  general  algebraical  function  of  the  mag- 
netising current  or  in  the  form 

L,  =  P  +  Q«  +  R«»  +  i5:o., 

where  P,  Q,  R,  itc,  are  constant  quantities  and  i  is  the  value  of 
the  current  to  which  corresponds  a  value  of  the  inductance 
equal  to  Lf. 
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^i^'f, 
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BOBBIN  WITHOUT  IRON  CORE 
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§  13.  Graphical  Bepresentation  of  Variation  of  Coefficient 
of  Inductance. — If  au  elect ro-maguet  consisting  of  an  iron  bar 
or  ring  having  on  it  magnetising  coils  have  the  inductance  (Lj) 
of  its  circuit  determined  for  various  values  of  its  magnetising 
currents,  we  find  that  as  the  magnetising  current  is  taken 
upwaida  from  a  very  small  value  this  inductance  at  first  in- 
crwsoo  and  then  decreases.  Starting  from  a  point  of  about 
half  magnetic  saturation  and  continuing  to  press  the  induction 
upwards,  the  varying  inductance  will  be  represented  approxi- 
mately by  a  curve  such  as  is  shown  in  Fig.  21.*    This,  it  is 


*  Tkkan  bea  >  V»V  ^7  ^  Ltdeboar,  [inMBttd  bjr  M.  Uppmaaa  to 
Uw  Aademi*  do  Sctaw,  June  18^  isa&  See  La  lumim  jni(«ii|Mi^ 
VoL  XX.  Ik.  6001 IML 
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easily  seen,  must  be  the  case  from  the  relation  of  the  induct- 
ance Lj  to  the  general  form  of  the  magnetisation  curve  of  iron. 
In  Fig.  22  is  given  also  a  curve  showing  the  variation  of  the 
inductance  corresponding  to  various  inductions  through  the  iron 
core  of  an  induction  transformer,  the  inductances  measured 
being  those  of  the  primary  coil  when  certain  currents  repre- 
sented by  the  horizontal  ordinates  created  these  inductions  in 
the  core  by  traversing  the  secondary  circuit.* 


0         2         4        6  S        10 

AMPERE  CURRENTS 
Carre  ot  S«U-IodncUoD  of  Prlnitiy  Clrcalt  ot  Inaifanuer  with  Iron  Con. 
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Referring  once  more  to  the  magnetisation  curve  of  iron  given 
in  Fig.  19,  it  is  there  seen  that  the  curve  consists  ot  two 
branches  ;  one  of  which  represents  the  relation  of  B  to  H  for 
ascending  and  the  other  for  descending  magnetisation.     The  de- 

•  The  TKluea  of  L»  and  A  used  for  plotting  this  curve  are  taken  from  a 
piper  by  Mr.  W.  E.  Snmpner  "  On  the  Variation  of  the  CoefficienU  of 
luducUoo,"  Pha.  Uag.,  Juoa,  1887,  p.  iC8. 
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Bcending  branch  lies  above  the  other,  and  has  at  corresponding 
al>sciss(e  generally  a  lesa  slope.  Hence  it  follows  that  the  coefli- 
cients  of  induction  meosnred  in  the  first  (L,)  or  second  manner 
(L,)  will  differ  not  only  with  the  induction  but  with  the  direc- 
tion of  the  magnetising  force  whether  ascending  or  descending. 
When  a  periodic  electromotive  force  {tee  Chap.  III.)  is  applied 
to  an  inductive  circuit  with  ferro-magnetic  circuit  the  coeffi- 
cient of  induction  will  not  only  be  variable  but  two-valued ;  it 
will  depend  not  only  on  the  current  flowing  in  the  circuit,  but 
on  whether  that  current  is  increasing  or  diminishing.  In  order 
to  make  evident  the  reason  for  this  we  must  return  to  the 
consideration  of  the  peculiar  behaviour  of  magnetic  metals 
under  changing  magnetising  forces,  to  which  allusion  has  bcca 
already  made. 

§  14.  Magnetic  Hysteresis. — When  an  ascending  magneti- 
sation curve  is  drawn  connecting  the  values  of  magnetising 
force  and  corresponding  magnetisation,  we  find  on  examina- 
tion that  the  cur\'e8  for  sQft  iron  rings  or  longish  iron  bora 
present  a  certain  general  similarity.  For  very  small  values 
of  the  force  the  curve  begins  by  rising  at  a  small  angle.  By 
the  time  the  force  has  reached  about  1  C.-G.-S.  unit  or  so  a 
pretty  sharp  upward  bend  begins  to  take  place,  and  then  the 
curve  continues  upwards,  passing  through  a  point  of  contrary 
flexure  in  its  upward  path.  For  a  value  somewhere  between 
5  and  10  C.-G.-S.  units  of  the  magnetising  force  another  bend 
or  "  knee  "  occurs  in  the  curve,  bringing  it  down  to  a  lesser 
slope,  at  which  diminished  slope  it  then  proceeds  upwards  for 
further  forces,  but  as  far  as  experiment  has  yet  indicated  it 
never  becomes  tjuite  horizontal.  When  the  bar  or  ring  has 
reached  the  state  popularly  called  saturation,  let  the  magnetising 
force  be  gradually  diminished.  It  is  found  that  the  magnetisa- 
tion now  has,  during  the  descent,  for  the  same  force,  a  higher 
value  than  during  the  ascent.  If  at  any  point  in  the  descent 
•we  pause  and  begin  again  to  increase  the  magnetising  force, 
and  then  after  a  certj»in  rise  decrease  it  again  to  tlio  point  at 
r^hich  we  first  arrested  the  descent,  these  values  of  the  mag- 
netisations exhibit  o  loop  on  the  mngnetisation  curve  (Fig.  23). 
If  we  operate  on  a  ring,  and  draw  ihe  complete  mngnetisation 
curve  described  in  carrying  the  ring  from  strong  uingnetisution 
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in  one  direction  to  strong  magnetisation  in  the  other,  vc  find 
the  curre  has  two  branches  (Fig.  24)  enclosing  a  large  area.  If 
the  horizontal  distances  or  abscisssa  represent  magnetising  force 
H,  and  corresponding  vertical  ones  the  magnetisation  I,  then 
any  area  on  the  plane  of  H,  I,  is  analytically  represented  by 

the  integral  j  \dH. 


Fio.  23. 

UiCneUMtioii  enrra  for  very  soft  iron  ring,  ■howinj;  loops  dae  to  hysteresis  on  tba 
denending  branch,  and  enclosed  area  due  to  a  complete  cycle  (Swing). 

The  physical  meaning  of  these  loops  or  enclosed  areas  in  the 
magnetisation  curves  seems  first  to  have  been  pointed  out  by 
Prof.  E.  Warburg.*  This  "  lagging  behind"  of  the  magnetisa- 
tion has  been  called  by  Prof.  Ewing  magnetic  hysteresis. 

The  quantity  —  |  I  (2  H,  or  the  area  of  any  loop  of  a  mag. 
netising  curve  formed  by  taking  the  metal  through  a  complete 

*  Wiedemann's  Annalen,  XIII.,  p.  141, 18SL 
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magnetic  cjcle,  represents  in  absolute  measure  the  energy 
spent  per  unit  of  volume  in  performing  this  cycle.  Thus,  in 
Fig.  2i  the  whole  area  included  between  the  upward  and  down 
ward  curve  represents  tho  work  spent  per  unit  of  volume  of  the 
ring  in  taking  the  ring  from  strong  positive  to  strong  negative 
magnetisation  and  back  again. 

The  curve  in  Fig.  24,  taken  from  a  paper  by  Prof.  Ewing,  repre- 
sents the  course  of  the  magnetisation  in  conducting  the  ring 


N 


i  V     Il«|>4it9wi  fmrtt  fl 


A  M 

Fio.  24, 

Complctt  lldgnctUtitlon  Curro  for  loft  Iron  rinR  (Enlng)  furrlfi!  from  »tron!!  pod. 
tlvc  to  itrung  negutivv  magtietlution.  Tlie  arrowi  thow  the  direction  of  the  niag^ 
DetJilns  opcnUon,  ttio  ihuded  tree  the  work  done  due  to  )iyatercsl>. 

from  strong  positive  magnetisation  0  C  to  equally  strong  nega- 
tive OF.  The  "residual  magnetism"  or  " rctentivencss "  is 
represented  by  0  E,  and  may  amount  to  as  mucli  as  93  per 
cent,  of  the  maximum  magnetisation.  Tho  work  spent  in 
carrying  tho  iron  round  the  magnetic  cycle  or  along  the  course 

CDEFAOC  is  represented  by  the  integral  -  I  1  rf  H,  and 
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is  represented  numerically  per  unit  of  volums  by  tiic  area 

.{shaded)  enclcscd  by  the  two  curves.     It  has  been  shown  bv 

rMaxwell*  that  the  energy  rcprescuted  by  a  certain  mngnctic 

induction,  B,  produced  by  a  certain  uiagiietisiug  force,  H,  is 

numerically  equid   per  unit  of   volume  of    the   material   to 

—  - —  times  the  product  of  the  magnetic  induction  and  the 

magnetic  force  resolved  in  the  same  direction.  In  the  case 
before  us  B  and  H  have  the  same  direction;  hence,  differentiat- 
ing this  expression  for  the  energy  per  unit  of  vohimc,  Ke  have 
the  expression 

dE=--L(H<iB+B(f  H), 

which  denotes  tlie  value  of  the  increment  of  energy  per  unit 
of  Tolume  expended  in  increasing  B  by  cf  B  and  H  by  d  H. 
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for  if  we  are  integrating  the  area  of  a  closed  loop  (Fig.  25),  A  B, 
we  arrive  at  the  same  result,  viz.,  tlie  area  of  the  loop,  whether  we 
proceed  by  integration  along  0  X,  which  is  obtaining  the  value 
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or  proceed  by  integrating  along  0  Y  and  obtain 


h<;b. 

'B. 

Hence,  integrating  the  equation 

dE=-_L(HrfB  +  BdH). 

8  >r 
for  a  complete  cycle  of  magnetisation  gives  us 

E=--L/"BdH; 
4tirJ 

but  by  the  fundamental  equation 

B=H  +  4ir|, 

and  hence  B  </ H-^H  <;  H  +  4ir  I  <{  H; 

but    /  H  cJ  H  is  zero  for  a  complete  cycle,  because  for  each 
value  of  H  or  (Z  H  there  is  one  of  equal  value  and  of  opposite 

sign;  hence  j  B  d  H"  i  tt  j  I  d  H 

aud  E=-JUH. 

lu  his  paper  entitled   "Researches  in  Magnetism"  (Phil. 

Trans.,  Part  II.,  1885),  Prof.  Ewing  has  given  the  values  of 

tlic  energy  dissipated  in  ergs  per  cubic   centimetre   experi- 

iiieutally  determined  for  complete  magnetic  cycles  performed 

on  various  samples  of  iron : — 

EnerKy  dissipated  in  etga  per 
cubic  centimetre  darin{;  a  com- 
plete cycle  of  doubly-ravened 
stroni;  magnetiaatioii. 

Very  soft  annealed  iron  9,300  ergs. 

Less  soft  annealed  iron    16,300 

Hard  draivn  steol  wire 60,000 

Annealed  steel  wire 70,500 

Same  steel,  glass  hard 76,000 

Pianoforte  steel  wire,  normal  tompor..  116,000 

Same,  annealed 94,000 

Same,  glass  hard  117,000 


Sample  of  iron  oi>erated 
uiMn, 
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From  the  above  we  can  deduce  that,  roughly  speaking,  it 
requires  28  foot-pounds  of  energy  to  make  a  double-reversal  of 
strong  magnetisation  in  a  cubic  foot  of  soft  iron.  The  energy 
so  expended  can  take  no  other  form  than  that  of  heat  diffused 
throughout  the  mass. 

A  similar  table  of  experimental  results  has  been  given  by  Dr. 
J.  Hopkinson  {TroTit.  Roy.  Soc.,  Part  II.,  1885,  p.  463),  in 
which  Paper  the  chemical  analysis  of  the  samples  operated  upon 
is  given.  The  highest  value  of  specific  hysteresial  dissipation 
was  found  for  Tungsten  steel,  oil  liardcne»i,  in  which  the  value 
of  the  energy  in  ergs  per  cubic  centimetre  dissipated  in  a  com- 
plete magnetic  reversal  was  216,864. 

This  ttatic  hytUretU  is  a  quality  of  iron  in  virtue  of  which 
lereraal  of  magnetisation  is  accompanied  by  dissipation  of 
energy.  If  we  fall  back  upon  current  hypotheses  of  magnetism 
(Ampere-Weber-Maxwell)  to  afford  us  some  explanation  of  it, 
we  can  find  it  to  some  extent  by  supposing  that  the  magnetic 
molecules  or  molecular  magnets,  the  arrangement  of  which  con- 
stitutes magnetisation,  move  stifHy,  and  the  dissipation  of  energy 
we  are  considering  is  the  work  done  in  making  the  necessary 
magnetic  displacement  against  a  sort  of  internal  magnetic 
friction. 

This  dissipation  of  energy  into  heat  during  magnetisation  is 
something  quite  apart  from  any  production  of  heat  by  eddy  (or 
so-called  Foucault)  electric  currents  induced  in  the  mass,  and 
would  take  place  in  iron  so  perfectly  divided  that  no  eddy 
currents  could  exist. 

One  result  of  Prof.  Ewings  researches  has  been  to  show  that 
if  the  iron  is  kept  in  a  state  of  mechanical  vibration  hysteresis 
is  greatly  diminished,  and  the  value  of  the  energy  dissipated  in 
a  complete  cycle  is  much  reduced.  The  removal  of  strong 
residual  magnetism  from  soft  iron  by  slight  tapping  or  twisting 
has  also  been  noticed  and  commented  on  by  Prof.  Hughes.* 

If  we  place  the  above  facts  side  by  side  we  see  that  in 
magnetising  the  field  magnets  of  an  ordinary  continuous-cxurent 
dynamo,  work  has  to  be  done  to  a  small  amount  at  first  to 
bestow  upon  the  iron  its  initial  magnetisation.  If  iron 
poaaeaaed  the  property  of  retaining  strongly  some  90  per  cent. 

•  IVof.  D.  E.  Huffhea  "On  tho  Cause  of  Evident  MagnetiBo  in  Iron," 
iVufc  Soe.  Ttl.  Enginttn,  M»y  24. 1883,  p.  3. 
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of  its  maximum  magnetisation  when  the  magnetising  force  is 
withdrawTi  there  would  be  no  further  need  for  a  field-exciting 
current ;  but  as  the  least  shock  or  vibration  removes  the 
slightly  held  magnetisation  of  iron,  we  see  that  one  function  of 
the  ficld-exciting  current,  and  of  the  energy  expenditure  neces- 
sary to  maintain  it,  is  to  keep  on  reproducing  the  magnetism 
which  the  continual  vibration  knocks  out  of  the  iron.  Hence, 
in  an  ordinary  dynamo,  wo  may  consider  that  one  part  of  the 
duty  of  the  field-exciting  current  is  to  keep  on  re-generating 
magnetisation  because  mechanical  vibration  is  continuously 
tending  to  remove  it. 

Hysteresis  will  also  operate  to  caui»e  a  dissipation  of  enei^y 
in  the  armature  of  dynamos.  For  in  this  case  we  have  a  mass 
of  soft  iron,  viz.,  the  armature  core,  which  has  its  direction  of 
magnetisation  reversed  every  revolution.  Suppose  the  core  has 
a  volume  of  9,000  cubic  centimetres,  and  that  it  makes  15 
revolutions  per  second.  Taking  the  specific  hysteresis  for  this 
sample  of  iron  at  13,356  ergs,  we  find  that  the  dissipation  of 
energy  in  ergs  per  second  is  equal  to  9,000x15x13,356 
—  180x10^  =  180  joules,  or  a  loss  of  about  a  quarter  of  a 
horse-power. 

Experiments  have  been  made  by  Joule  and  others  to  determine 
by  direct  observation  the  heating  effect  of  magnetisation  upon 
iron,  but  in  these  direct  experiments  it  is  probable  that  the 
results  were  mostly  impure,  and  qualified  largely  by  the  pro- 
duction of  heat  by  local  currents.* 

Since  about  10,000  ergs  per  cubic  centimetre  are  dissipated 
by  a  double  rcvcrs;il  of  strong  magnetisation  of  soft  iron,  it  is 
Qot  difficult  to  show  that  the  consequent  rise  of  temperature,  if 
all  the  heat  is  retained  in  the  iron,  is  -000284°  C.,  or  that 
some  4,000  reversals  would  be  required  to  raise  the  tempera- 
ture 1°  C,  even  provided  all  the  heat  generated  is  retained  in 
the  metal.  Hence  it  follows  that  any  very  marked  rise  in 
temperature  cannot  be  duo  to  hysteresis. 

In  -jonncction  with  this  subject  it  is  interesting  to  touch 
upon  the  question  whether  magnetised  iron  per  se  represents 


•  Sec  Jouls's  "  Scientific  P»pon,"  Vol.  I,  p.  123,  on  tho  Calorific  E£feot« 
of  Mofttx^to-KloctricitT,  and  on  tlia  Mocluuiical  Value  of  Heat.  Alio  PkA. 
Hay.,  series  3,  Vol  XXllL,  p.  263. 
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a  Store  of  energy;  in  other  words,  is  magnetised  iron  analogous 
to  a  beut  spring  t 

It  is  not  disputed  that  available  energy  accompanies  the 
magnetisation  of  a  short  iron  bar,  but  this  ia  a  virtue  of  free 
polarity.  In  consequence  of  the  attraction  of  opposite  poles,  if 
a  magnetic  bar  were  flexible  the  two  poles  would  bend  round  to 
meet  each  other,  and  when  this  operation  was  finished  there 
would  be  no  longer  any  work  to  be  got  out  of  the  bar. 

In  the  case,  however,  of  a  ring,  the  magnetisation,  though 
strong,  represents  no  available  energy.  It  requires  energy  to 
be  applied  to  demagnetise  the  iron,  and  for  all  practical  pur- 
poaes  magnetised  iron  per  se  cannot  be  regarded  as  a  source  of 
energy.*  It  requires  work  to  be  done  to  displace  the  magnctio 
particles  from  their  positions,  and  work  also  to  bo  done  to  push 
them  back. 

The  operation  of  magnetising  iron  is  not  analogous  to  the 
stretching  of  a  spring,  but  rather  to  the  bending  of  an  inelastic 
wire,  such  as  a  lead  wire,  in  which  work  has  to  bo  done  in 
twisting  the  wire  to  make  the  several  sections  shear  over  each 
other,  though  the  operation  when  finished  represents  no  avail- 
able work. 

In  addition  to  the  italic  hytteresit,  experiments  by  Prof. 
Ewing  and  others  also  indicate  the  existence  of  viscous 
hysteresis.  There  is  evidence  of  a  true  time  lag  in  mag- 
netisation, especially  in  the  e.irlier  stages  of  magnetisation. 
The  iron  requires  time  for  a  given  magnetising  force  to  produce 
its  effect,  and  this  sluggishness  does  not  appear  explicable  as 
an  efl'ect  either  of  induction  in  the  iron  or  to  self-induction  in 
the  magnetising  circuit.     The  result  of  this  magnetic  viscosity 

is  to  augment  the  value  of  -  I  1  </  H  in  any  rapidly  performed 

cycle,  and,  consequently,  to  increase  the  dissipation  of  energy 
into  heat.  When  we  come  to  consider  the  question  of  induc- 
tion transformers  it  will  be  seen  that  this  viscous  hysteresis 
has  to  be  taken  into  account  in  establisiiing  the  full  theory. 
With  respect  to  this  time  lag  of  magnetisation  Prof.  Ewing 
8ays:t  "I   repeatedly   observed  that   when  the   magnetising 

•  l<ord  Rayloigh  on   "Tho  Energy  of  Magnetiaed  Iron,"  Phii,  Mag,, 
Aagnit,  1846. 
t  Pkii.  Trans.,  Part  II..  188-5,  p.  1369. 
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current  was  applied  to  long  mres  of  soft  iron  there  was  a 
distinct  creeping  up  of  tlie  magnetometer  deflection  after  the 
current  had  attained  a  steady  value."* 

If  this  is  80  it  would  seem  that  a  sufficiently  rapid  reversal 
of  magnetising  force  would  render  such  force  inoperative  in 
magnetising  the  iron.  Just  as  the  self-induction  of  a  circtiit 
operates  to  make  a  certain  delay  in  the  appearance  of  the  current 
corresponding  to  the  application  of  a  given  electromotive  force, 
and  hence  renders  a  circuit  apparently  a  worse  conductor  for 
rapidly  reversed  electromotive  forces,  so  the  magnetic  lag 
would  introduce  a  sort  of  magnetic  self-ijiduction  or  retarda- 
tion in  the  appearance  of  the  magnetisation  corresponding  to 
a  given  magnetising  force. 

Tliis  time  lag  appears  to  be  most  manifest  in  the  softest  iron, 
and  to  bo  especially  noticeable  near  the  beginning  of  the  steep 
part  of  the  magnetisation  curve. 

In  an  investigation  on  the  magnetisation  of  iron  under  feeble 
magnetic  forces,  Lord  Raylcigh  has  also  drawn  attention  to  the 
fact  that  the  settling  down  of  iron  when  very  soft  or  annealed 
into  a  new  magnetic  state  is  far  from  instantaneous.f  If  the 
strength  of  the  earth's  horizontal  magnetic  field  ia  called  h, 
f-ord  Rayleigh  has  shown  that  for  unannealed  iron  and  steel 
magnetising  forces  ranging  from  |  A  to  m^Do  h  call  forth  pro- 
portional magnetisation.  In  other  words,  the  susceptibility  is 
constant  over  this  range,  and  the  value  of  the  corresponding 
permeability  is  from  90  to  100,  and  that  this  small  proportional 
magnetisation  takes  place  independently  of  what  may  be  the 
actual  magnetisation  of  the  iron  provided  it  is  not  very  near 
the  condition  usually  called  saturation. 

The  moment,  however,  that  tlie  magnetising  force  is  pushed 
beyond  tlieae  limits  tlie  phenomena  of  hysteresis  and  reteutive- 
ncas  make  their  appearance.  According  to  Prof.  Ewing  {loc. 
cil.)  the  following  group  or  constellation  of  hypotlieses  has  to 
be  made  in  order  to  approximate  to  a  mechanical  explanation 
of  the  magnetisation  of  iron  ; — 

•  See  alio  Mr.  T.  Blakesley  "On  Magnetic  Lag,"  Pkil.  Mag.,  July,  1888, 
p.  34,  in  which  it  is  shown  that,  by  meaos  of  three  dynamometeni,  the  U(; 
due  to  viwous  hyaterenia  may  be  measured.  JTurther  reference  will  be 
made  to  those  experimrnt*. 

f  Lord  Kayluigh  "  On  the  Behaviour  of  Iron  and  Steel  under  the  Opera- 
tion of  ITeoble  Magnetic  Forces,"  PhU.  Mag.,  \tarcb,  1887,  p.  225. 
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1.  An  elastic  tendency  on  the  part  of  the  magnetic  mole- 
cules to  recoyer  their  primitive  position  wlien  displaced. 

2.  A  static  frictional  resistance  to  their  displacement  and 
to  their  retiim  removable  largely  by  vibration. 

3.  A  limit  for  each  such  that  if  the  displacement  of  the 
molecule  exceeds  it  a  permanent  displacement  not  removable 
by  vibration  results. 

4.  Probably  a  viscous  resistance  to  the  displacement  and 
return  of  the  molecules. 

5.  An  unequal  distribution  amongst  the  molecules  of  the 
frictional  resistance,  such  that  in  some  of  the  molecules  it  is, 
perlutps,  very  small. 

Aided  by  these  suppositions  we  might  proceed  to  build  np,  in 
imagination,  a  mechanical  model,  which  shouM  imitate,  under 
the  application  of  certain  stresses,  the  behaviour  of  iron  under 
magnetising  force,  but  it  is  certain  that  the  result  would  not 
be  practically  of  much  value ;  and  it  must  still  be  left  to  future 
research  to  collect  and  analyse  the  necessary  facts  before  the 
mystery  of  the  magnetisation  of  iron  is  fully  unraveled. 

Before  entering  into  further  discussion  of  magnetic  induction 
between  circuits  of  variable  inductance  it  will  be  advantageous 
to  consider  some  problems  on  current  How  in  circuits  of  con- 
stant inductance,  and  to  make  these  easier  questions  the 
stepping  stones  to  more  difficult  ones  involved  in  practical 
apparatus  in  which  the  magnetic  circuits  are  iron  circuits,  and 
the  inductances  of  the  electric  circuits  therefore  variable  and 
non-constant. 


CnAPTER  IIL 


THE  THEORY  OF  SBIPLE  PERIODIC  CURRENTS. 


§  1.  Variable  and  Steady  Flow. — In  considering  the  motion, 
either  of  actual  fluids  or  of  electric  currents,  we  can  distinguish 
two  states — the  variable  and  the  steady  condition.  In  the 
former  case  the  strength  or  direction  of  the  electric  currents  or 
of  the  fluid  velocity  is  changing  at  every  instant ;  in  the  latter 
case,  the  flow  has  settled  down  into  a  permanent  state.  The 
questions  involved  in  dealing  with  the  variable  state  present 
rather  more  difiiculties  than  do  problems  in  steady  flow,  for  the 
reason  that  the  notions  of  time  and  iMtiia  enter  into  these  in  a 
way  in  which  they  do  not  when  that  flow  has  reached  a  steady 
conditioa  We  shall  proceed  to  examine  in  an  elementary 
manner  some  features  of  electrical  flow  when  variable  or  periodic. 
We  must,  however,  prepare  the  way  by  considering  some  purely 
geometrical  properties  of  certain  curves,  and  also  some  modes  of 
motion  which  have  special  reference  to  the  kind  of  electric 
current  to  be  considered  subsequently.  When  a  mass  of  water 
is  in  motion,  a  particle  of  water  selected  for  examination  baa 
at  any  iustaut  a  certain  velocity  in  a  certain  direction.  This 
may  be  represented  graphically  by  a  straight  line  drawn 
from  that  particle  representing  its  velocity  in  direction 
and  magnitude.  Similarly,  if  electricity  is  flowing  through 
the  mass  of  a  conductor  in  any  manner,  it  is  possible  at  any 
point  to  draw  a  vector  or  line  representing  at  that  instant  the 
direction  and  magnitude  of  the  current  at  the  point  from  which 
the  line  is  drawn.      Lines  drawn  within  the  mass  of  a  fluid 
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at  any  pointa  soch  that  tho  flow  at  that  instant  ia  along  or 
tangential  to  these  lines  are  called  flow  lines.  In  the  first 
place,  let  us  make  the  supposition  that  the  flow  has  reached 
a  steady  condition.  The  flow  lines  are  then  fixed.  When  this 
is  the  case  each  line  of  flow  becomes  the  actual  path  of  a  fluid 
particle,  and  is  called  a  stream  line.  A  surface  may  be  supposed 
to  be  described  in  the  mass  of  the  fluid  everywhere  perpendicular 
or  orthogonal  to  the  stream  lines ;  such  a  surface  is  called  an 
equipotential  or  level  surface.  We  may  also  suppose  such  a 
level  surface  drawn  in  the  mass  of  a  conductor  through  which  a 
current  is  flowing.  Let  any  area  be  drawn  on  the  equipotential 
sorface,  and  let  it  be  divided  up  into  units  of  area.  If  the  quan- 
tity of  fluid  or  of  electricity  flowing  through  each  unit  of  area  is 
the  same,  and  if,  moreover,  it  is  the  same  for  each  unit  during 
each  succeeding  instant  of  time,  the  current  is  said  to  be  steady 
and  to  be  uniformly  distributed.  The  quantity  flowing  per  unit 
of  time  through  any  area  is  the  numerical  measure  of  the  mean 
strength  of  current  over  that  section  of  the  conductor,  and  the 
quantity  flowing  per  unit  of  time  through  a  unit  of  area  is  the 
measure  of  the  mean  density  of  current  over  that  unit  of  area. 
If  the  distribution  of  current  and  strength  is  not  uniform,  we  can 
only  express  them  at  any  time  and  place  by  calling  to  aid  the 
language  of  the  diflerential  calculus.  If  (^5  bo  a  small  area 
described  on  an  equipotential  surface,  and  il  dqhe  the  quantity 
of  electricity  which  flows  in  a  small  time  d  t  through  that  area 
ds,  and  if  i  is  the  strength  of  the  current  at  the  centre  of 
that  small  area  at  any  instant,  then  in  the  limit 


§  2.  Current  (hures. — To  fix  our  ideas,  let  us  now  suppose 
the  electric  flow  to  take  place  through  a  thin  cylindrical  con- 
ductor, such  as  a  wire,  in  which  at  positions  sufficiently  remote 
from  the  ends  the  stream  lines  will  be  parallel  to  the  axis 
of  the  wire  and  the  equipotential  surfaces  perpendicular  to  it. 
Consider  any  one  section,  and  let  the  flow  across  this 
section  be  variable  both  in  strength  and  direction — that  is  to 
say,  let  it  vary  in  the  quantity  of  electricity  which  flows 
across  that  section  in  each  succeeding  instant,  and  let  the 
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flow  be  first  one  way  and  then  the  other,  varying  in  any 
manner,  however  irregular.  Wo  can  represent  graphically 
the  state  of  things  aa  regards  electric  flow  at  that  section 
by  means  of  a  airrent  curve.  Take  a  horizontal  line  (Fig.  1) 
to  represent  the  uniform  flow  of  time.  At  successive  instanta 
let  ordinates  be  drawn  to  this  line,  representing  the  strength  of 
current  flowing  post  that  section,  and  let  them  be  drawn  above 
( + )  or  below  ( - ),  according  as  the  direction  of  the  flow  is  to 
the  right  or  to  the  left.  Thus,  if  time  begins  to  reckon  from 
0,  after  the  lapse  of  a  time  0  T  the  current  is  positive,  and 
is  represented  by  a  line  T  I.  After  the  lapse  of  a  time  0  T, 
the  current  is  negative,  and  is  represented  in  strength  by  a 
line  rr. 


17 


This  current  curve  is  obviously  a  single  valued  function — 
that  is  to  say,  corresponding  to  a  given  instant  of  time  the 
current  can  only  have  one  value.  The  curve  can  never  cut 
itself  or  double  back. 

It  is  necessary  to  bear  in  mind  the  distinction  between  single 
and  multiple  valued  functions.  A  single  valued  function  is 
one  which,  when  represented  graphically  by  a  continuous  curve, 
presents  only  one  value  of  the  ordinate  for  each  value  of  the 
abeciBsa. 

In  Fig.  2  is  represented  graphically  a  single  valued  function, 
having  only  one  value  of  the  ordinate  x  y  corresponding  to  a 
given  value  of  abscissa  0  z.  In  Fig.  3  is  represented  a  curve 
such  that  there  are  five  difierent  values  of  the  ordinate  of  tho 
curve  corresponding  to  one  value  of  the  abscissa  Ox,  This 
curve  represents  a  multiple  valued  function. 
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§  3.  Simple  and  Complex  Harmonic  Motion. — Jean  Baptiste 
Joseph  Fourier  was  the  first  who  enunciated  the  remarkable 
mathematical  theorem  now  known  aa  "Fourier's  theorem."* 
Generally  stated  it  is  as  follows : — Any  single  valued  periodic 
foDction  can  be  expressed  analytically  as  the  sum  of  a  series 
of  terms,  the  first  of  which  is  an  arbitrary  constant,  and  each 
of  the  following  terms  is  the  sine  or  cosine  of  an  angle  multi- 


A 

Fio.  2. 
Single  Tklued  functinn. 


S^ 


I'jo.  3. 
Multiple  Tftlaed  functiona. 


plied  by  a  constant.  In  other  words,  this  amounts  to  saying  that 
the  equation  to  any  such  curve  can  be  found  in  the  form  of  an 
infinite  series  of  terms,  each  one  of  which  is  the  sine  or  cosine 
of  an  angle  multiplied  by  a  constant  term.  The  most  remark- 
able part  of  Fourier's  method  is  its  power  even  to  represent  in 
this  form  the  equation  of  lines  made  up  of  pieces  of  straight 


/ir 


Tin,  e,. 

lines.  Take  the  case  of  a  line  0  A  B  C,  &c.  (Fig.  4),  made  up 
of  lines  inclined  at  angles  of  GOdeg.,  like  the  teeth  of  a  saw,  the 
length  of  each  line  being  2  tr  units  of  length.     It  can  be  shown 


•  Foorier's  grc&t  work,   "La  Thiiotio  Analytiqiio  de  la  Clialeur,"  va* 
pnbtisbed  in  1622,   and  was   au  epoch  tnakiug  woik   in   mathematical 

KieDCC, 
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that  the  equation  to  tho  broken  line  OABC,  &c,  w  the 


lenes 


-I  ainx-i  Bin3z  +  —  sinS  x-&c.  } 
xl  9  25  i 

or  is  an  expression  formed  of  the  sum  of  a  series  of  terms,  each 
one  of  which  is  tho  sine  of  an  angle  multiplied  by  a  constant 
term.  Physically  interpreted,  Fourier's  theorem  means  that  any 
variation  of  motion,  Tirhicb  can  bo  represented  by  the  changing 
ordinate  of  a  single  valued  periodic  curve,  can  be  expressed  as 
the  sum  of  a  series  of  simultaneous  motions,  each  one  of  which 
is  called  a  simple  harmonic  or  simple  periodic,  or  simple  sine 
motion.  It  becomes  important,  then,  to  start  by  examining 
the  simplest  form  of  periodic  motion.  Suppose  a  circular 
disc  (Fig.  5),  having  a  pin  at  its  centre,  0,  to  be  pivoted 


0.--  - 


y 


Fio.  6. 


Fio.  6. 
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80  as  to  revolve  ronnd  an  excentric  point,  C.  Let  a  T  bw, 
moving  in  guides  and  having  a  slot  in  the  cross-piece, 
be  BO  fixed  that  the  centre  pin  0  is  constrained  to  move 
in  the  slot.  Furthermore  lot  the  point  C  round  which 
the  disc  moves  be  fixed  to  some  support  in  the  line  of  the  bar 
A  B  produced.  If  the  excentric  is  compelled  to  move  round 
C,  the  extremity  of  the  bar  A  will  move  backwards  and  for- 
wards with  a  motion  called  a  simple  harmonic  motion  or  a 
simple  periodic  motion. 

For  it  is  clear  the  point  0  (Fig.  6)  is  compelled  to  move  in  a 
circle  round  C  as  a  centre,  and  hence  the  distance  of  the  point 
A  from  C  at  any  instant  is  the  length  of  the  bar  A  B  plus  the 
length  B  C,  which  is  the  projection  of  O  C  on  the  line  A  C.  The 
point  B  therefore  executes  a  simple  vibration  to  and  fro  along 
the  line  A  C  as  0  moves  round,  and  the  point  A  imitates  the 
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motion  of  B.  If  the  angle  0  C  D  is  called  %  and  the  radius 
O  C  IB  0,  then  the  length  B  G  ia  a  sin  z,  and  the  displacement 
of  A  at  any  instant  from  its  mean  or  middle  position  has  the 
eame  value.  The  motion  of  A  is  called  a  simple  hannonic 
motion,  and  the  above  excentric  and  T  bar  is  a  mechanical 
device  for  compelling  a  point  to  desoribo  a  simple  harmonic 
motion  (abbreviated  into  S.  H.  M.).  If  such  an  harmonic 
motion  be  executed  by  point  A(Fig.  7)  whilst  at  the  same  time  a 
strip  of  paper,  S  S',  is  caused  to  move  uniformly  in  a  direction 
perpendicularly  to  the  line  A  B,  a  tracing  point  fixed  to  A  will 
describe  on  the  paper  a  curve  of  which  the  ordinate  A  Y  is 
proportional  to  the  sine  of  the  abscissa  X  Y,  or  the  equation  to 
the  curve  will  be  of  the  form  y —a  sin  z^  a  being  some  constant 


quantity.     Hence  a  simple  periodic  curve  is  also  called  a  Ant 

CQTVe. 

By  combining  together  two  similar  pieces  of  mechanism  it  is 
possible  to  construct  a  machine  which  can  add  together  gra- 
phically two  simple  harmonic  motions  in  the  same  line,  but  of 
which  the  phase  angles  x  and  the  amplitudes  a  are  different. 
Machines  for  doing  this  have  been  devised  by  Sir  W.  Thomson 
and  also  by  Mr.  Stroh.  Apart  from  complications  the  general 
principle  is  as  follows  : — 

Let  a  cord  pass  over  four  pulleys  (Fig.  8),  two  of  which,  F,  F^ 
are  fixed  in  space,  and  two,  M,  M,,  can  be  made  to  rise  and 
fall  in  vertical  lines  with  a  simple  harmonic  motion  by  being 
attached  to  T  bars  and  excentrics.  If  the  cord  has  one 
end,   B,  fixed   and   the  other  end,   A,   free,   it  is  easy  to 
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see  that  if  either  the  puUoy  Mj  or  M^  risea  and  falls  along  a 
vertical  line  and  the  cord  is  just  kept  tight,  the  free  end  A  will 
be  displaced  by  an  amount  equal  to  twice  the  displacement  of 
M,  or  Mj,  and  as  M,  or  Mj  moves  up  and  down  with  a  S.H.M., 
the  free  end  of  A  will  also  execute  simili'^r  vibrations.  If  M, 
aud  Mj  more  together  the  displacement  of  A  at  any  instant  is 
equal  to  the  sum  of  the  displacements  of  M,  and  Mj.  By 
providing  the  end  A  with  a  tracing  point  and  moving  under 
it  uniformly  a  sheet  of  paper  in  a  direction  perpendicular 
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to  the  direction  of  motion  of  A,  it  will  describe  a 
which  the  equation  will  be  of  the  form 

y=asina;  +  o'8inz', 

a  and  a'  being  the  amplitudes,  andzz*  the  phase  angles  of  the 
two  motions  of  Mj  and  Mj  respectively.  This  apparatus,  or  one 
of  similar  principle,  has  been  devised  and  emjiloyed  by  Sir  W. 
Thomson  in  his  researches  on  the  tides.  It  will  be  evident  from 
the  foregoing  explanation  that  a  machine  can  be  constructed 
capable  of  causing  a  tracing  point  to  move  to  and  fro  across  a 
uniformly  flowing  sheet  of  paper,  with  a  motion  compounded 
of  any  number  of  simple  harmonic  motions  of  diflerent  ampli- 
tude and  phase  talcing  place  in  the  same  straight  line. 


saaiM  rmouic  cumRENTs. 

As  an  example,  in  Tig.  9  an  ahova  fcvo  aiaple  line  corre^ 
repreaented  by  the  finn  liae^  of  vUdi  oaa  haa  double  the 
waT»-Iesgtfa  aod  about  two  and  »-qaaiiar  tiaaea  the  ampUttule 
of  the  other.  If  theae  corrsa  are  ainwiMpoaed,  and  a  oev 
curre,  rapceaeated  by  the  dotted  Vna,  fonwd  by  adding  the 
ordinatee  X  y,,  X  y,  of  a  ecmaon  abaaaaa,  O  z,  into  a  third,  X  Up 
then  m  obtaiii,  by  npeatii^  thia  at  all  pointa,  a  new  carra, 
which  may  be  eooaidered  by  Fontier'a  analyua  to  be  rosolTahla 
into  the  aimple  aiaa  coma.  The  dotted  earre  ia  a  complax 
aine  enm,  mad  the  two  fim-Iiae  correa  are  its  two  eon- 
ponenta. 

li,  then,  any  on^e  valoed  fnactioo  ia  graphicaDy  repreaented 
— that  is  to  aay,  any  aneh  eDire  aa  in  Fig.  1 — ^we  see  that  thia 


Fio.  9. 


cnrre  may  be  detcrfbed  by  a  point  which  moves  horizontally 
with  a  uniform  yelocity,  whilst  at  the  same  time  it  ezecates  in 
a  vertica.1  direction  a  movement  which  is  the  sum  of  a  number 
of  simple  harmonic  motions  superimposed  upon  one  another. 
The  combination  of  these  two  rectangular  motions  causea  the 
point  to  describe  the  curve  considered. 

In  snbaequent  chapters  we  shall  be  examining  effects  which 
are  due  to  periodic  or  fluctuating  electric  currents.  Fourier's 
theorem  givea  ua,  when  applied  to  tbesc  cases,  a  simplification 
of  immense  ralue  in  that  it  enables  us  to  see  that,  however 
complicated  may  be  the  fluctuation  of  current  in  a  conductor, 
it  can  always  be  resolved  into  the  sum  of  a  series  of  simul- 
taneous currents  varying  in  a  simple  manner,  and  each  of 
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which  can  be  graphically  represented  by  a  simple  harmonic 
curve.  The  general  coneideration  of  periodic  currents  must 
then  be  preceded  by  an  examination  of  the  elementary  theory 
of  electric  currents  of  a  periodic  character,  in  which  the  varia- 
tion is  of  the  moat  simple  kind. 

Fourier's  theorem  applies  also  to  many  other  physical  pheno- 
mena of  great  importance.    In  acoustics  it  shows,  for  instance, 
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that  however  complicated  may  be  the  motion  of  an  air  particle 
in  a  mass  of  air  through  which  sound  waves  are  being  trans- 
mitted, it  can  be  resolved  into  the  sum  of  a  series  of  motions 
such  as  would  be  produced  by  the  action  of  tuning  forks, 
each  of  which  gives  rise  to  a  motion  in  the  air  particles 
approximately  of  the  nature  of  a  simple  harmonic  vibration. 
Eelmholtz  actually  realised  this  in  his  synthesis  of  vowel 
sounds. 
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The  starting  point  will  be  the  examination  of  the  most 
simple  possible  case  of  periodic  or  varying  currents.  Let 
A  B  C  D  (Fig.  10)  be  a  rectangular  frame  or  conductor,  able 
to  revolve  round  a  vertical  axis,  O  (X,  in  a  uniform  magnetic 
field.  The  adjacent  figure  represents  the  same  in  plan.  If 
the  frame  revolve  round  the  axis  0  0',  the  total  electromotive 
force  acting  round  the  circuit  at  any  instant  is  numerically 
equal  to  the  time  rate  of  change  of  magnetic  induction  or 
number  of  lines  of  magnetic  force  passing  through  the  circuit. 
If  H  is  the  field  strength,  I  the  length  of  the  side  A  C,  and  k 
the  length  of  the  side  C  D,  and  x  the  angle  which  at  any 
instant  the  plane  of  the  frame  makes  with  a  plane  drawn 
at  right  angles  to  the  lines  of  the  field,  then  the  magnetic 
induction  or  number  of  lines  of  force  through  the  frame  is  the 
product  of  H,  and  the  apparent  sixe  of  the  frame,  as  seen 
along  the  direction  of  the  lines  of  force  of  the  field,  or  is  equal 
to  H  /  it  cos  7. 

If  the  area  of  the  frame  is  .cV,  the  magnetic  induction  is 
H  A  cos  z.  The  effective  electromotive  force  acting  to  produce 
a  current  in  the  circuit  is  numerically  equal  to  the  time  rate 
of  change  (decrease)  of  the  magnetic  flux  or  indacUon,  or  to 

rf(HAcosa;)    ir  .    -      dz 

-  — i ; -'  =  H  A  Sin  z  — . 

dt  dt 

This  last  equation  is  merely  a  symbolic  statement  of  the 
fact  that  if  such  a  frame  of  area  A  revolve  round  an  axis 
perpendicular  to  the  lines  of  force  in  a  uniform  magnetic  field, 

H,  with  an  angular  velocity  -— ,  then  the  integral  electromo- 

dt 

tive  force  acting  round  the  frame  at  any  instant  corresponding 

dx 
to  an  aogolar  displacement  z  is  H  A  —  sin  z. 

If  the  angular  velocity  remains  constant,  the  effective  electro- 
motive force  will  be  simply  proportional  at  any  instant  to  the 
sine  of  the  angular  displacement  of  the  frame  from  its  initial 
position.  Such  a  frame  produces  by  its  uniform  revolution  a 
simple  sine  variation  of  electromotive  force  in  its  own  circuit. 
If  we  suppose  such  a  frame  to  have  a  closed  circuit,  then 
this  periodically  varying  electromotive  force  will  produce  in 
the  circuit  an  electric  current  which  varies  in  strength  very 

a  2 
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nearly  as  the  sine  of  the  angle  of  the  displacement  of  the  frame 
from  its  zero  position  when  no  lines  of  force  penetrate  through 
its  area.  '  Hence,  graphically  represented,  the  current  varies 
according  to  a  simple  harmonic  law,  or  is  a  simple  sine  current. 
We  can  then  synthesize  by  the  superposition  of  such  simple 
harmonic  electric  currents  any  form  of  variable  current,  however 
complicated.  Let  a  series  of  such  sine  inductors  be  joined 
up  on  one  circuit  (Fig.  11),  each  capable  of  being  regu- 
lated as  to  angular  velocity,  and  imagine  these  to  revolve  in 
magnetic  fields  of  equal  strength.  These  sine  inductors  are 
originally  set  with  the  plane  of  their  frames  at  certain  different 
but  fixed  angles  to  the  planes  at  right  angles  to  the  fields  ol 
force  in  which  they  revolve,  and  they  must  be  supposed  to 
maintain  these  relative  positions  during  their  revolution. 
Accordingly,   the  efifective  electromotive  force  in  the  whole 
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circuit,  when  they  are  all  joined  up  in  series  and  set  revolving 
at  fixed  speeds,  is  represented  by  a  function 

e  =  A  sin  2  +  A'  sin  a/  +  A"  sin  z"  +  &c. ; 

and  by  Fourier's  theorem  any  possible  periodic  variation  of  e 
which,  graphically  described,  is  a  single  valued  function  can 
be  produced  by  suitable  values  of  the  speeds  and  phase  angles 
of  these  sine  inductors. 

The  converse  of  the  above  proposition  is  also  true.  Let  there 
be  any  current  generating  machine  producing  in  a  circuit  an 
electromotive  force,  and  therefore  a  current  varying  periodically 
according  to  any  law.  This  kind  or  form  of  current  could  be 
exactly  imitated  by  removing  the  given  machine  and  substi 
tating  a  series  of  sine  inductors  coupled  in  series  and  arranged 
so  as  to  each  produce  a  simple  sine  varying  E.M.F.,  the  respec- 
tive sine  currents  having  different  phases  and  amplitudes,  but 
being  superimposed  upon  one  another.  That  is  to  say,  how- 
ever complicated  may  be  the  nature  of  the  periodic  current 
which  traverses  a  circuit,  provided  the  same  electric  motions 
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are  repeated  at  regular  interrals,  we  may  boild  up  this  current 
by  suitably  superimpoaing  in  the  same  circuit  a  number  of 
simple  periodic  currents  of  certain  amplitude  and  wave-lengtha 
and  fixed  difference  of  phase. 

The  above  remarks  may  be  taken  as  an  outline  of  the  aoalysis 
of  any  single  valued  continuous  function  into  a  series  of  simple 
harmonic  functions.  To  simplify  language  we  shall  in  future 
speak  of  a  curve  whose  equation  is  of  the  form  ^  =  A  sin  a;  as 
a  simple  periodic  cune,  and  if  such  curve  graphically  represents 
the  continuous  variation  of  the  flow  of  electricity  past  any 
section  of  a  conductor,  or  the  fluctuation  of  electromotive  force 
in  any  circuit,  we  shall  speak  of  such  as  a  simple  periodic 
eurrent  or  a  timpie  periodic  E.M.F. 


-,X' 
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Any  other  mode  of  variation  of  these  quantities  which, 
graphically  represented,  would  be  a  single  valued  curve  re- 
peating the  same  form,  vrill  be  spoken  of  as  a  complex 
periodic  curve,  current,  or  E.M.F.,  and,  by  the  foregoing 
analysis,  a  complex  periodic  function  can  be  analysed  into  a 
ram  of  simple  periodic  functions. 


§  4.  Description  of  a  Simple  Periodic  Curve. — The  following 
method  affords  a  very  easy  means  of  drawing  a  simple  periodic 
curve.  Take  a  cylinder  or  tube  of  pasteboard  {sn  Fig.  12) 
and  cut  it  through  obliquely  with  a  sharp  knife,  taking  care 
to  make  the  cut  in  one  plane.    The  section  of  this  cylindrical 
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tube  by  an  oblique  plane  will  be  an  ellipse.  Slit  the  tube  open 
along  the  line  A  B  and  unfold  it.  Lay  it  down  on  another 
sheet  of  paper  and  draw  a  pencil  line  guided  by  the  curved 
edge  A  Y  Y'.  Draw  a  dotted  line,  X  X',  so  that  its  vertical 
distance  below  the  highest  point  Y  on  the  curve  is  equal  to 
its  vertical  distance  above  the  points  A  and  Y',  or  make  0  Y 
equal  to  A  X.  Then  move  this  cardboard  template  forward 
through  a  distance  equal  to  its  own  width,  and  draw  another 
piece  of  curve  repeating  the  first  and  similarly  placed  {lee 
Fig.  13). 

The  resulting  curve  is  a  simple  periodic  or  simple  sine  curve.* 
The  distance  X  X',  equal  to  the  circumference  of  the  tube  or  to 
the  width  of  the  template,  is  called  the  tcave  length.  The  dis- 
tance 0  Y  of  the  highest  point  above  the  mean  line  ia  called 


0       90  M  ISO    270      o«) 
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the  amplitude.  If  the  bottom  edge  of  the  template  is  divided 
into  3G0  parts  or  units,  then  the  distance  0  M,  measured  in 
such  units,  of  the  foot  of  the  perpendicular  let  fall  from  any 
point  P  from  O  is  called  the  phase  of  the  point  P,  measured  in 
degrees. 

It  is  perhaps  more  convenient  to  reckon  the  phase  of  the 
point  F  by  the  magnitude  of  the  line  A  N,  or  the  distance  of 
the  foot  of  the  perpendicular,  let  fall  from  P  on  XX'  from  the 
point  A,  where  the  curve  crosses  the  mean  line.  The  phase  of 
the  maximum  ordinate  0  Y  is  then  90°. 


*  "Elementa  of  Dyuamici "  (Clifford),  p.  22. 
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1 6.  The  Valne  of  the  Mean  Ordinate  of  a  Sine  Cnrre. — 
Let  Fig.  14  represent  the  semi-wave  of  a  simple  periodic 
curve ;  we  shall  proceed  to  prove  some  geometric  propertiea  of 
such  a  cnrre.  Considering  this  carve  as  bounding  an  area  of 
which  the  other  including  line  is  the  datum  line  XX',  we 
shall  first  find  the  value  of  the  mean  ordinate.  Let  X  X'  be 
divided  into  equal  and  very  small  intervals,  such  as  N  N',  of 
which  the  length  iadz-,  and  let  X  K  be  called  x.  Assume  aa  a 
unit  of  length  the  radius  of  the  cylinder,  of  which  X  X'  is  the 
semi-circumference.  At  each  of  these  small  elementa  raise 
oniinates,  such  as  P  N,  to  touch  the  curve.  We  require  to 
find  the  mean  value  of  all  these  equi-spaced  ordinates  when 
they  are  infinitely  close.  The  mean  value  of  a  number  of 
things  is  the  sum  of  them  divided  by  their  number.  If  y 
denote  the  length  of  one  such  ordinate  PK,  and  Dy  the  sum 
of  all  such  ordinates  when  ruled  at  n  equal  and  exceedingly 
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small  intervals,  each  of  length  d  r,  then  the  average  value  of 
these  infinitely  numerous  ordinates  is 

n  ndz  ndx 

but  the  sum  of  all  such  quantities  asytfZjOrPN.NN'is 
the  sum  of  all  the  areas  of  the  little  rectangular  slips  into  which 
these  infinitely  numerous  ordinates  divide  the  area  bounded 
by  the  curve  and  X  X',  and  ndz'a  the  length  X  X';  hence  we 
have 

mean  orfinate  =  f  "'^  ^  ^  ^'. 
length  X  X' 

The  area  X  Y  X'  is  obtained  by  integrating  the  equation  to  the 
Gorve.  Calling  the  maximum  ordinate  0  Y^A,  and  the  dis- 
tance X  Niz,  the  unit  being  the  radiua  of  the  cylinder  of  wbieb 
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X  X'  is  the  fiemi-circumference,  we  have  as  the  equation  to  tht 
curve 

y  =  A  sin  z; 

and  ly^^        OT  AJtinxdx 

between  the  limits  0  and  v  is  the  value  of  the  area  of  the  curve. 

Alt  A/sin  a;(fz=  -  A  C03Z, 

and  this  between  the  limits  x  =  0  and  x  =  ir  is  equal  to  2  A. 
On  the  same  scale  the  length 

XX'  =  T. 

Hence,  the  average  value  of   the  infioitely  numerous  and 

''A  .  "^ 

equi-spaced  ordinates  is  "^ — ,  or  the  average  ordinate  =  - 

r-  w 

times  the  maximum  ordinate.     The  value  of 

-  =  -6309. 


Therefore,  the  average  value  of  the  ordinate  of  a  simple 
periodic  curve,  or  the  true  mean  ordinate,  is  'C369  of  the 
maximum  ordinate,  and  if  a  current  or  an  electromotive  force 
varies  according  to  a  simple  periodic  law,  the  true  mean 
current  or  the  true  mean  E.M.F.  is  '6369  of  the  maximum 
current  or  E.M.F.  during  the  phase. 

AYe  have  here  made  use  of  one  simple  integration,  and  it  is 
generally  easier  to  master  the  elements  of  the  infinitesimal 
calculus  than  to  construct  or  follow  proofs  which  aim  at  avoid- 
ing its  use.  We  shall,  however,  indicate  how  the  value  of  this 
mean  ordinate  may  be  found  from  first  principles.  If  we  call 
the  length  of  the  base  line  XX'  I,  and  divide  it  into  i» 
equal  and  very  small  parts  of  length  5x,  then  n8x'=l.  Erect 
at  each  interval  an  ordinate  whose  height  is  y,  then  the  equa- 
tion to  the  curve  is  y- A  sin  -  x,  where  x  is,  as  before,  the 
distance  X  N.     The  mean  value  M  of  the  ordinate  is  the  sum 
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§  6.  The  Valne  of  the  Mean  of  the  Square  of  the  Ordinates 
of  a  Simple  Periodic  Curve. — We  require  in  the  next  place  to 
find  the  value  of  the  mean  of  the  square  of  the  ordinates  to 
the  same  curve,  assuming  them  to  be  equi-distant  and  infinite 
in  number.  If  y^  y^  &c.,  are  the  ordinates,  and  n  the  number, 
we  require  to  find  the  value  of 

the  value  of  any  ordinate  being,  as  above, 

If  XX'  or  2  is  divided  into  n  intervals,  each  equal  to'Sz,  so 
that  n&x  =  l,  ve  have  to  find  the  value  of 

-ysin2  0+8in'5Sx  +  sin2l^2Sx    .    ,    . 


but,  since 


Bin' 


+  sin*  y  n  -  1  6  a;  Y 
fi  =  |  A-C032A, 


the  series  in  the  bracket  can  be  replaced  by 

-lco8  0  +  i-^cos^2Sz  +  l-lco3l4S2  +  &c. 

1    1 


+  l-lco6^j2n8x-j2Sx\ 


for  n  terms.     Hence  the  mean  value  M  is 
M 


(  cos  0  +  cos  ^  2  8  z  +  &c.,  I 


for  n  terms. 

The  cosine  series  forms  a  progression  of  terms  which  begins 
with  unity,  since  cos  0°  =  1  and  passes  down  through  zero  to  -  1, 
and  then  up  from  -  1  through  zero  to  unity  again, 

for  cos/^SnSz- ^25z^=+l, 

when  nSx  =  l,  and  5x  becomes  infinitely  small. 
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equal  in  nagnitade  bot  opponts  in  agB,  and  when  taken 
pair  and  pair,  eaanl  eidi  otbv  oat.  TbfB  bob  of  the  eoone 
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M» 
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thai  is,  the  mean  of  the  rahiea  of  all  the  ordinatea  aqnaied 
r  taken  eqoi-distant  and  infinite  in  number  ie  half  the  square  of 
the  maximnm  valoe. 

We  have,  therefore,  thk  remit    If  the  current  in  a  linear 

leondaetor  vaiiea  in  strength  and  direction  in  a  manrwy  which 

Qy  would  be  repreaeated  by  the  (»dinataof  asia^ 


^X' 
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enrre,  the  tme  mean  raloe  of   the  current  strength 
(ii  =,  or  '637  of  its  maximam  valae,  and  the  mean  ralae  of 

9 

the  sqnare  of  the  current  strength  taken  at  equal  and  very 
intervals  b  half  the  ralae  of  the  square  of  the  maTJmnm 
Tahie. 

Since  —  —  '637  and  -~  =  -707,  and  since  the  dififerenca 

=  -07,  the  tme  mean  cnrrent  is  less  than  the  square  root  of 
,  the  maaQ  of  the  sqnaiea  at  each  instant  by  an  amoont  which 
'ii  very  nearly  10  per  oent^  of  the  latter. 


§  7.  DeiiTed  Sine  Curre. — The  next  geometrical  propoeitioa 
to  which  we  pass  is  one  of  aome  importance. 


If  we  plot  a  curve  whose  ordinates  at  any  point  are  the  slope 
of  the  primal  curve  at  the  corresponding  points,  the  above 
equation  shows  us  three  things — first,  that  it  is  a  sine  curve 
or  aimple  periodic  curve  of  the  same  type  as  the  curve  from 
which  it  is  derived;   second,   that  its  maximum  value  is 

times  the  maximum  value  of  the  original ;  and  third,  that  its 

zero  ordinate  corresponds  to  the  maximum  one  of  the  original, 
and  vice  versd. 

In  Fig.  17  the  firm  line  curve  is  a  curve  of  sines 

Asin-^a^ 

the  dotted  line  is  a  curve  of  sines,  whose  ordinate  Q  N  at 
any  point  represents  the  slope  of  the  tangent  at  P  on  the 
original  carve.  Accordingly  at  Y,  where  the  original  curve  is 
at  ita  maximum,  and  the  slope  of  its  tangent  is   zero,  the 
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derived  cnrve  cuts  the  datam  line,  or  has  its  phase  shifted 
90deg.  backwards  relatively  to  the  original  cun-e.  In  the 
language  of  the  differential  calculus,  the  firm  line  curve  is 

the  plotting  of  y  »  A  sin  y  x,  and  the  dotted  curve  is  the 

plotting  of  -^  as  ordinatos  for  the  same  abscissa;.    We 
dx 

regard  it  from  another  point  of  view.  Let  the  simple  sine 
curve  be  sappoaed  to  be  generated  or  marked  out  by  a 
tracing  point,  P,  which  moves  to  and  fro  along  a  line  P  N  P' 
with  a  simple  harmonic  motion,  whilst  the  point  N  moves 
uniformly  along  a  straight  line  X  X'.     (See  Fig.  18.) 

Draw  as  before  the  dotted  curve  whose  ordinate  Q  N  at  any 
point  represents  the  slope  of  the  firm  curve  at  the  correspond- 


X* 


ft 


P' 
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ing  point  P.  Then  the  magnitude  of  N  Q  will  represent  the 
rale  at  which  the  ordinate  P  N  is  increasing  or  decreasing. 
For,  in  this  case,  distances  such  as  X  N,  measured  along 
the  mean  line,  are  proportional  to  time,  and  hence  N 
makes  a  small  movement  forward  in  a  small  time  d  t ;  there 
is  a  corresponding  decrease  in  the  ordinate  P  N,  which  we  may 


denote  by  dy,  and  accordingly 


-/  represents 
at 


the  rate    of 


decrease  of  P  N.     If  the  small  forward  movement  of  N  causes 
N  to  advance  through  a  space  dx,  dx  is  proportional  U)  dt, 

as  the  motion  is  uniform,  and  accordingly  -^  is  proportional 


dx 


to  3?,  hence  -^  is  at  any  instant  graphically  represented  by  the 
dt  dt 
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dope  of  the  tangent  at  P — that  is,  by  the  ordinate  Q  N.  The 
dotted  curve  represents,  therefore,  the  rale  of  change  of  the 
ordinatea  of  the  firm  curve  at  that  same  instant.  We  shall 
call  the  dotted  curve  the  derived  curve. 

If  the  original  ciirve  represents  a  simple  periodic  current 
flowing  in  a  conductor,  the  derived  curve  will  represent  the 
raU  of  change  of  thai  flow  at  each  instant.  The  derived  curve 
ifl  a  similar  curve,  but  shifted  backwards  by  one  quarter  wave 
length,  so  that  its  crests  coincide  with  the  hollows  of  the 
original  carve,  and  rtc^  versA. 


§  8w  Current  Qrowth  in  Inductive  Oircnits. — We  proceed  to 
examine  the  principles  underlying  the  simplest  case  of  periodic 
current  flow  in  a  linear  conductor  formed  of  non-magnetic 
material  and  not  having  any  iron  around  it  or  near  it.  Let 
there  be  any  conductor,  such  as  a  copper  wire,  of  which  the 
cross  section  is  very  small,  and  let  this  be  formed  into  a  coil 
or  helix  of  many  turns  and  subjected  to  a  simple  periodic 
electromotive  force,  called  hereafter  the  impressed  electromotive 
i  force,  the  periodicity  being  not  greater  than  about  200-300  per 
■eoond.  It  is  required  to  find  the  current  at  any  instant  in  the 
wirCk  The  minds  of  many  electrical  students  who  have  been 
educated  too  much  or  too  exclusively  by  contact  with  continuous 
coirents  are  apt  to  imagine  that  the  simple  and  familiar  law 
of  Ohm  is  all  that  is  required  to  meet  this  case.  The  suppo- 
sition is,  however,  wrong,  and  the  deduction  would  be  found 
to  be  disappointed  in  practice.  Every  circuit  possesses,  as 
we  have  seen,  two  qualities,  which  determine  the  current  when 
it  is  subjected  to  a  simple  periodic  electromotive  force  of  given 
periodicity.  These  are  ita  iiuJuclanM  and  ita  resistance.  The 
xwistance  of  a  conductor  is  a  quality  in  virtue  of  which  the 
paaaage  of  a  current  through  it  is  accompanied  by  the  dissi- 
pation of  energy — that  is,  by  the  irreversible  transformation 
of  electric  energy  into  heat.  The  inductance  of  a  circuit  is  a 
quality  in  virtue  of  which  the  passage  of  an  electric  current 
through  it  is  accompanied  by  the  absorption  of  energy  in  the 
form  of  a  magnetic  field.  When  electric  energy  is  spent  on  a 
conductor  (assuming  no  performance  of  chemical  or  external 
mechanical  work)  part  fritters  away  into  heat  by  an  irreversible 
process,  and  part  is  associated  with  the  circuit  in  a  recoverable 
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kinetic  form  measured  by  -  I  w^,  where  I  ia  the  moment  of 


form,  and  is  taken  up  in  the  establishment  of  the  energy  of  the 
magnetic  field,  which  starts  into  existence  round  the  conductor. 
This  portion  of  the  energy,  however,  dissipates  itself  as  soon  as 
the  impressed  electromotive  force  is  withdrawn.  A  mechanical 
operation  analogous  to  that  of  starting  a  current  in  a  wire  may 
be  found  in  the  process  of  starting  from  rest,  or  increasing  the 
speed  of,  a  heavy  fly-wheel  which  runs  in  bearings  with 
friction.  On  applying  a  twisting  force  to  the  axle  of  the 
wheel  wo  get  up  its  speed.  To  maintain  the  speed  force  has 
to  be  continually  applied,  and  the  work  so  done  against  fric- 
tion is  frittered  away  irreversibly  into  heat  in  the  bearings. 
The  friction  is  analogous  to  the  electrical  resistance ;  it  may 
be  called  the  frictional  resistance. 

When  the  speed  of  the  wheel  is  constant  there  is,  however, 
associated  with  the  wheel  a  certain  quantity  of  energy  in  a 

1 

2 

inertia,  and  <u  the  angular  velocity  of  the  wheel.  As  soon  as 
the  maintaining  force  is  withdrawn  this  accumulated  energy 
dissipates  itself  in  heat  by  friction,  or  is  utilised  in  some  other 
way.  During  the  time  that  the  speed  of  the  wheel  is  being 
increased,  forco  must  be  applied  to  it  for  two  purposes.  First 
to  increase  the  angular  momentum,  and  secondly  to  overcome 
the  friction  at  the  bearings.  Suppose  that  instead  of  revolv- 
ing on  bearings  with  friction,  the  fly-wheel  revolves  in  a. 
more  or  less  viscous  fiuid,  and  that  the  bearings  are  truly 
frictionless.  In  such  case  the  frictional  resistance  to  motion 
would  be  fluid  resistance,  and  would  for  low  speeds  be 
approximately  proportional  to  the  angular  velocity.  If  I  is  the 
moment  of  inertia  and  to  the  angular  velocity  of  the  wheel  at 
any  instant,  then  it  is  shown  in  treatises  on  dynamics  that 
the  product  of  the  moment  of  inertia  and  the  rate  of  change  of 

the  angular  velocity  at  the  instant,  or  I^  is  the  numerical 

at 

measure  of  the  couple  or  twisting  force  acting  on  the  wheel 

to  increase  its  angular  velocity,  friction  being  neglected.     If 

we  call  the  constant  frictional  coefficient  B,  so  that  B  w  is  at 

any  instant  the  measure  of  the  force  necessary  to  maintain  the 

motion  against  friction,  the  total  torsional  or  twisting  force 
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acting  on  the  wheel  to  maintain  its  angular  velocity  against  the 
force  of  friction,  and  to  increase  it  against  the  force  of  inertia, 


F  =  Ba)  +  I 


dt 


A  precisely  similar  equation  may  be  found  connecting  the 
electromotive  force,  current  electrical  resistance,  and  induct- 
ance in  the  case  of  current  starting  in  a  wire.  The  above 
equation  gives  us  a  value  for  the  instantaneous  angular  velo- 
city, or  enables  us  to  find  the  angular  velocity  after  any  time 
when  F,  B,  and  I  are  given.  When  a  current  of  strength  i  is 
flowing  steadily  in  a  linear  conductor,  such  aa  the  wire  under 
consideration,  the  energy  associated  with  it  in  the  form  of  a 
magnetic  field  is,  aa  wo  have  seen  in  Chap.  II.,  measured  by  the 

quantity  -  L  t',  where  L  is  the  quantity  called  the  inductance 
2 

of  the  circuit  Since  this  quantity  L  bears  to  electro-magnetic 
energy  a  relation  similar  to  that  which  the  moment  of 
inertia  of  a  wheel  does  to  the  energy  of  its  rotation,  it  might 
be  called  the  coefficient  of  electro-magnetic  inertia  ;  but  as 
this  would  be  a  cumbersome  name,  it  has  been  called  the 
inductance,  or  more  frequently  the  self-induction  of  the  circuit. 
The  numerical  product  of  the  moment  of  inertia  and  the  angular 
Telocity  of  the  wheel  is  called  the  angular  momentum,  and 
analogously  the  product  of  the  inductance  of  a  circuit  and  the 
current  flowing  at  that  instant  through  it  is  called  the  electro- 
magnetic momentum.  The  rate  at  which  the  angular  momentum 
of  a  wheel  is  increasing  or  diminishing  at  any  instant  is  a 
measure  of  the  rotational  force,  or  the  couple  acting  on  it 
at  that  instant.  So  also  the  rate  of  change  of  the  electro- 
magnetic momentum  of  a  circuit  is  the  measure  of  the  electro- 
motive force  acting  on  it  as  far  as  mere  change  of  current 
strength  is  concerned,  and  omitting,  for  the  present,  that  part 
of  the  electromotive  force  required  to  overcome  the  true 
resistance.  We  have,  then,  the  following  parallel  between  a 
fly-wheel,  with  moment  of  inertia  I,  revolving  frictionlessly,  and 
having  an  angular  velocity  u  at  any  instant,  and  an  electric 
circuit  of  inductance  L,  having  a  current  of  strength  i  flowing 
in  it  at  any  instant : — 


Angular  kinetic  energy  of  the  wheel,  or  energy  of  1    ^  1  r  ^ 
rotation j    °^  2 

Electro-magnetic  energy  of  the  circoit  =  ^Lt* 

Angular  momentum  of  wheel =  lu 

Electro-magnetic  momentum  of  the  circuit  =  Lt 

Eate  of  change  of  angular  momentum  of  wheel   1  ^  j  (2  <a 

=  couple  or  torsional  force  causing  rotation J  "  ~J't 

Rate  of  change  of    electro-magnetic  momentum  1  ^  • 

=  electromotive    force    employed  in   changing  >  =  L  -j- 

current  strength )  "* 

The  symbol  ( — )  must  in  the  above  bo  understood  as  equi- 
valent to  the  phrase  "  is  measured  by." 

In  the  electric  circuit,  over  and  above  the  electromotive  force 
which  is,  so  to  speak,  used  up  in  changing  electro-magnetio 
momentum,  there  is  an  amount  required  to  overcome  the 
friclional  resistance  of  the  wire,  and  which,  as  it  is  defined 
and  measured  by  Ohm's  law  E  =  R  t,  may  be  called  the  Ohmie 
resistance.  Dence,  at  any  instant,  if  E  is  the  impressed  electro- 
motive force  acting  on  the  circuit  and  causing  a  current  i,  we  may 
divide  E  into  two  parts,  one  part  equal  to  Rt  by  Ohm's  law, 
which  is  sometimes  called  the  effective  electromotive  force, 

and  another  part  equal  to  L  — ,  which  is  the  part  operating 

to  change  the  strength  of  the  current  at  that  instant,  produc- 
ing a  small  change,  di,va.  the  current  strength  i  in  a  time  dt. 

Hence  E-EtH-L^    ...         .     (1) 

dt 

This  is  the  fundamental  equation  for  varying  or  periodic 
currents,  when  the  periodicity  is  not  so  rapid  as  to  affect  the 
uniform  distribution  of  the  current  over  the  cross  section  of 
the  wire,  and  when  the  electrostatic  capacity  may  be  neg- 
lected.   The  part  L  -^  is  often  called  the  counter-electromotive 

force  of  self-induction,  and  the  above  equation  might  be  read 
in  words — 

Impressed        Effective        Counter  E.M.F.  of 
E.M.F.      "^    E.M.F.     ■*■      self-induction. 
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Wemight  otherwise  arrive  at  this  fundamental  equation  thua : 
The  total  rate  of  expenditure  of  energy  in  the  circuit  is  at  any 
instant  measured  by  the  product  of  the  current  at  that  instant 
ozistiiig  in  the  wire  and  the  difference  of  potential  between  its 
ends.  The  energy  expended  in  the  circuit  is  at  any  instant 
being  partly  dissipated  at  a  rate  equal  to  R  t-,  E  being  the 
Ohmic  resistance,  and  i  the  current,  and  partly  being  stored  up 
in  the  field  at  a  rate  equal  to  the  rate  of  change  of  the  quantity 

-Li'.     Hence  we  have : — 
2 

Kate  of  supply  of  _  Rate  of  dissipation 
energy  "  of  energy  as  heat 

und  this  in  symbols  is — 

Et-Ri9  + 


Rate  of  absorption 
or  storage  of  energy 
in  the  magnetic  field. 


m^-o 


«r 


E  =Rj  + 


(1) 


which  is  our  fundamental  equation. 

At  this  stage  we  must  particularly  caution  the  student  to 
note  one  thing.  The  quantity  L,  which  we  have  called  the 
inductance  of  the  circuit,  is  a  constant  and  definito  numerical 
(quantity  for  any  given  form  of  circuit,  as  long  as  this  circuit 
consists  of  non-magnetic  material  and  is  immersed  in  a  non- 
magnetic medium.  If,  however,  the  circuit  embraces  or  is 
embraced  by  iron,  as  in  the  case  of  an  oloctro-magnet,  or  is 
immersed  in  a  medium  which  is  not  diamagnetic  but  magnetic 
like  iron,  then,  as  we  have  seen,  the  inductance  varies  with 
the  strength  of  the  current  flowing  in  the  circuit,  and  it 
can  no  longer  be  considered  as  a  constant  quantity.  In  this 
chapter  we  suppose  ourselves  dealing  only  with  circuits  of 
constant  inductance,  and  in  which  the  value  of  L  is  fixed  by 
the  form  of  the  circuit  alone. 


§  9.  Equation  for  Establishment  of  a  Steady  Current. — We 
return  to  our  discussion  of  equation  1  (§  8).  When  a  current 
is  fiowiog  in  a  conductor,  we  may  picture  it  as  surrounded 
by  its  lines  of  electro-m.-ignetic  force  properly  mapped  out. 
That  is,  so  that  the  number  of  the  lines  of  force  passing 
perpendicularly  through  a  small  unit  of  area  taken  at  any 

■  a 
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point  in  the  field  is  equal  to  the  numerical  value  of  the  mean 
strength  of  the  magnetic  field  over  that  area.  If  the  circuit 
has  the  form  of  a  loop  (Fig.  19)  lying  on  a  horizontal  plane, 
with  the  current  circulating  round  it  in  the  opposite  direction 
as  the  hands  of  a  watch  rotate,  then  the  lines  of  force  must  be 
considered  as  springing  out  from  the  upper  surface,  and  turn- 
ing outwards  and  over  the  conductor,  so  as  to  re-enter  th© 
loop  from  the  under  surface.  The  closed  circuit  is,  therefore, 
linked  with  a  certain  number  of  lines  of  force,  which,  if  the 
circuit  is  composed  of  non  magnetic  material,  are  profwrtional 
in  number  to  the  strength  of  the  current  at  that  in.stant.   Any 


';7K<^ 
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increase  in  strength  of  the  current  causes  more  lines  of  force 
to  grow  out  from  the  circuit,  and  packs  the  loop  fuller  of  lines 
of  force.  By  Faraday's  law,  any  increase  of  the  number  of 
lines  of  force  traversing  or  linked  with  a  circuit  creates  an 
induced  electromotive  force  numerically  equal  to  the  rate  of 
increase  of  that  number  at  that  instant.  Hence,  if  100  million 
lines  cf  force — C.-G.-S.  measure— are  put  or  inserted  at  a 
uniform  rate  in  one  second  into  a  circuit,  it  will  create 
an  induced  E.M.F.  of  one  volt  in  it.  If  linos  of  force  are 
thrust  into  a  circuit  the  direction  of  the  current  induced  is 
counter  clock-wise,  as  seen  from  that  side  of  the  circuit  At 
which  they  arc  thrust  in  («<•«  Fig.  20). 
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Applying  this  to  th«  caw  before  as,  it  is  eaaly  seen  that 
•ajr  increase  of  cnrrent  strength  in  the  drcnit  in  Fig.  19 
citnrds  the  space  with  more  linee  of  force,  and  therefore 
creates  in  it  an  electromotire  force  of  self-indaction  oppoeed  to 
the  impressed  electromotive  force  which  is  acting  to  increase 
the  current,  and  aa  long  as  the  current  is  increasing,  this  counter 
E.M.F.  is  at  each  instant  proportional  to  the  rate  of  groirth  of 
the  current  strength. 

We  can  cast  our  current  equation — 


=  Ri+L^ 
at 


into  another  form,  thus : — 


B_.^Ldi 
B    *    11  <f/ 


V 


Fio.  £0. 

Lilies  of  force  t)«ing  cro\rd«d  inca  s  circuit,  indacing  a  conoter  dock- 
wije  E.M.F.,  at  teea  bom  the  side  at  wblch  they  are  put  ia. 


where  —  is  the  maximum  ralne  which  the  current  can  attain ; 

let  us  call  this  I.    The  qnantitjr     ,  or  the  ratio  of  the  induct- 

K 

ance  to  the  resistance  of  the  circuit,  is  called  the  iime<onsianl  of 

the  circuit ;  let  this  quantity  be  denoted  by  T.     We  then  hare 

,di 


I-i  =  T 


57 


which,  in  words,  is  a  statement  that  if  a  steady  E.M.F.   is 
made  to  act  on  any  circuit  whose  time  constant  is  T,  the 
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amount  by  which  at  any  instant  the  current  falls  short  of  its 
full  value  is  equal  to  its  rate  of  growth  at  that  instant^  multi- 
plied by  the  time-constant. 

§  10.  Logarithmic  Curves. — A  curve  such  that  the  rate  of 
growth  or  shrinkage  of  the  ordinate  is  proportional  to  the 
ordinate  itself  is  called  a  logarithmic  curve. 

Let  a  curve  (Fig.  21)  be  described  by  the  extremity  P  of  an 
ordinate,  P  M,  which  moves  uniformly  along  0  X,  parallel  to 


M 


i£. 
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itself,  and  let  P  M  shrink  in  height  at  a  rate  proportional  to  its 
height  at  any  instant.    The  equation  to  such  a  curve  is 


and  since  «~°  '  (where  e  =  the  base  of  Naperian  logarithms 
=-2-71828)  is  a  function  which  fulfils  this  condition  of  having 
a  differential  coefficient  proportional  to  itself,  we  can  write  the 
solution  of  the  above 

for  it  ia  at  once  seen  that  by  diiTercnttating  the  equation 


y-e 


we  obtain 
and  therefore 


y=-A 


dif 


tktoqotfiaB 


1    »=     T-j^-, 


TnUgfiliig  thk  «B  hsre  u  a  adatioo 


or 


Hm  eooitaBt  hai  to  b« 
t.O.  i-0.  vfcicb  giffw 


bj  th*  oonditMB  UuU, 
--log  L     Heaee  the 


--i=log(I-0-logI. 


TU*  last  eqiaatioa  cjhhmbm  tlie  fact  that  tbe  amoant  by 
vbieh  the  CBTODtblb  duct  «<  itafallnlael,  ataojtiaef, 
after  applying  the  EJLF^  ■  a  ftactiiaiof  Hi  full  nlae,  equal 

toe    T.  When/^O.oratthainatantofckaiDgcinmt,  I-«-I, 

or  the  cazmitiaO;  when  />=T,  I -•'--,  or  the  deficit  from 

< 


foil  em  rent  is  eqaal  to 


1 


2-718 


X  the  mazimam  current    Hence 


we  Bay  define  the  time<oiuiani  of  a  ditmit  as  the  time  reckoned 
from  the  instant  of  closi^  the  circatt  in  which  the  corrent 

riaeacp  to  a  valae  eqoal  to  ^-^    of  its  full  ralae,    or    to 

about  -632  of  its  maximnm  Talae.     Approzimstely  we  may 

define  the  time-constant  as  the  time  from  doeing  the  circuit  in 

E 
which  the  current  rises  up  to  frds  of  its  maximum  value  — -. 

Tbe  rise  of  cnrrent  strength  in  a  wire  of  inductance  L  and 
tesistance  B  when  a  steady  external  electromotire  force,  E,  is 
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applied  to  the  circuit  can  be  represented  by  a  current  curve,  u 
shown  in  Fig.  22. 

Let  0  X  (Fig.  22)  be  a  time  line  on  which  we  mark  off  time 
as  lengths  reckoned  from  0.  Let  lines  drawn  vertically  to  this 
represent  the  current  strength  at  any  instant  in  a  circuit  of 
time-constant  T,  inductance  L,   and    resistance   R,   and  let 

OY  — 1»  -   represent  the  maximum  current  which  is  finally 

found  in  the  circuit.  On  applying  the  electromotive  force  E 
to  the  circuit,  the  current  strength  grows  up  in  the  wire  as 
graphically  represented  by  the  curve,  the  law  of  growth  being 
that  the  rate  of  growth  at  any  instant,  multiplied  by  the  time- 


M  TIME  »  >  X 
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constant,  is  equal  to  the  difference  between  the  actual  current 
at  that  instant  and  the  maximum  current  strength  finally 
attained,  or  symbolically 

I-i-T- 

the  solution  of  the  above  differential  equation  being 

i 

I  - 1  =^  I  e"f 

or  i  =  I  {  1  -«~t  J    .    .    , 

This  last  equation  gives  us  the  value  of  the  current  strength 
at  any  time  t  seconds  after  closing  the  circuit  in  terma  of  th« 


(2) 


time-constant  and  the  iDa:ciinum  current  I  which  is  finally 
attained. 

The  maximum  current  I  would  be  produced  at  once  in  the 
circuit  if  ite  inductance  were  zero,  so  that  we  may  finally  for- 
mulate the  law  of  growth  of  current  in  a  circuit  of  constant 
inductance  L,  resistance  R,  and  no  sensible  capacity,  by  saying 
that  the  current  strength  at  any  instant,  added  to  the  rate  of  growth 
of  the  current  strength  at  that  instant  multiplied  by  the  time-conslan', 
it  equal  to  the  current  which  would  exist  in  the  circuit  if  inductance 
Kere  zero. 


I 


§  11.  Instantaneous  Value  of  a  Simple  Periodic  Current. — 
The  application  of  this  principle  to  the  case  of  simple  periodic 
currents  will  lead  to  another  proposition.  Let  there  be  a 
circuit  which  has  an  inductance  L  and  resistance  R,  and 
let  a  simple  periodic  electromotive  force  act  upon  it.  Let 
the  maximum  value  of  this  KM.F.  be  £,  and  let  p  stand 

for  2  T  R,  where  n  is  the  frequency  of  the  oscillations,  or  - 

n 

IB  the  duration  of  one  single  complete  period ;  p  is  a  quantity 

of  the  nature  of  an  angular  velocity,  and  may  be  called  the 

pulsation.     Then  if  <  is  the  time  which  has  elapsed  from  the 

commencement  of  the  wave  of  KM.F.,  and  e  is  the  actual 

» value  of  the  E.M.F.  at  that  instant, 
e  =  Es\npt. 
In  this  case  the  impressed  electromotive  force  varies  from 
instant  to  instant,  passing  from  zero  to  a  maximum,  £,  then 
to  zero  again,  and  then  to  a  negative  maximum  -  K  Accord- 
ingly our  fundamental  equation  for  the  current  strength  at 
any  instant  is  expressed  thus, 


at 


(3) 


For,  the  total  rate  of  expenditure  of  work  on  the  circuit  at 
any  instant  when  the  current  has  a  value  i  is  « i,  and  this  must 
be  equal  to  the  rate  at  which  electrical  work  is  being  dissi- 
pated as  heat,  or  to  R  >'  by  Joule's  law,  and  to  the  rate  at 
which  work  is  being  stored  up  in  the  magnetic  field,  which  is 
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(4) 


The  left  hand  side  of  this  equation  is  the  complete  differential 

of  » «',  and  may  be  written  —  f  ie''  Y  and  on  Bubstituting 

the  exponential  valae  for  sin  p  t  and  putting  k  for  J^l,  we 
have 

T 
With 


The  right-hand  side  of  this  last  equation  is  the  differential 
with  respect  to  t  of 

1+kpT  ~    l-kpl'  C' 


2ART 


T  T 

and  this  last  becomes  bj  simplification 

E 


:K        (  1  +  i.pT       l-kpTJ' 


hence  equating  both  sides  of  equation  (4),  when  integrated  we  have 


i.J.1 


,kpt 


,-*P« 


2Ri(  1+ApT      l-kpTi' 

Substitnting  back  into  sine  and  cosine  terms,   and  recol- 
lecting that 


«»>«  = 


and 

we  get  finally 


coapt  +  ksmpl, 
e"*"  —cosp  i-ksmpt, 

•      E  f  impt-pTcoapt ) 

R I      rf^*T«     r 


If  p  =  0 — that  is,  if  the  pulse  is  infinitely  long,  or  the  electro- 

E 
motive  force  continuous — then  we  have  simply  t  =  -^,  which  is 

Ohm's  law ;  but  when  p  is  not  zero,  and  we  have  periodic 
variation  of  E.MF.,  wo  see  that  the  current  value  is  not 
obtained  by  dividing  E  by  It,  but  by  multiplying  this  quotient 
by  a  factor. 

We  can,  however,  put  the  above  equation  in  a  more  intel- 
ligible form.    Keplace  T  by  -^,  and  let  6  be  an  angle  whose 
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tangent  is 


hence 


l^P. 


R 


.pT. 


It  follows  by  an  e&ay  transfonnation  that 
R 


cos  6  = 


and  Bin  ^  =  - 


Lp 


We  have  then  for  the  value  of  the  current 
E  (  ain  p t ~ pT  cob pt  \ 


l+l^T^ 


or,  by  aubatitution, 


»-- 


-  <  sin  p  /  cos  0  -  sin  6  COB  pt  }, 

sin  (jpt-0). 


jR^+pfD 
This  is  the  final  solution  of  the  equation 

L^*  +  Rt  =  E8in;)<  =  e     ....    (4) 

and  it  shows  us  three  things.  First,  that  the  phase  of  the 
current  t  is  retarded  behind  that  of  the  impressed  electro- 
motive force  by  an  angle  9 — such  that  tan  ^=pT  =  ^;  and 

R 

second,  that  the  maximum  value  of  the  current  is  obtained  by 

dividing  the  maximum  value  of  the  electromotive  force  by  a 

quantity  equal  to  JK'^+p'^L';  and,  third,  that  the  current 

curve  is  a  simple  periodic  curve.     The  quantity  ^R*-i-p*L* 

is  called  the  impmlance  of  the  circuit. 

We  have  seen  from  the  explanations  on  previous  pages  that 

the  average  or  true  mean  value  of  a  simple  periodic  quantity 

2 
is  equal  to  its  maximum  value  multiplied  by  -.     Hence,  if  we 

IT 

write  Im  for  impedance,  we  can  put  the  equation,  giving 
the  value  of  the  current  produced  by  a  simple  periodic  im- 
pressed electromotive  force   of  maximum  value  £,  operating 
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on  a  circnit  of  resistance  K,  inductance  L,  with  a  pulsation  p, 
I  in  the  fonn 


and  in  words 


acercige 
current 
strevgtk 


^^tAn[pt-e), 


average  impressed 
eledramotii-e.  fmee 


or 


miuxmwn, 
current 

atftngtk 


impedance 

maximum  impressed 

electromotive  foree 

impedance 

We  see,  then,  that  in  the  case  of  simple  periodic  electromo- 
tive force  the  quantity  called  the  impedance  appears  to  be 
related  to  the  impressed  E.M.F.,  just  as  does  the  resistance  to 
the  steady  E.M.F.  in  the  case  of  continuous  currents,  and  the 
above  may  be  called  the  equivalent  of  Ohm's  law  for  alternate 
currents.    Compare  as  below 

For  steady 

(Ohm's  law). 


or  current 

continuoua    strength 
currents 


eleetromotive  forte 


resistance 


For  simple 

periodic  or  ", 

alternate  ,       ., 

currente  *''"'^"' 


average  impressed 

electromotive  force 

impedance 


I 


Instead  of  average,  we  may  write  in  the  above  nuiximum,  or 
ijitare  root  of  mean  square  of  the  current. 

Impedance  is  a  quantity  which  is  measured,  like  resistance, 
in  ohms,  and  has  for  that  reason  been  sometimes  called  the 
virtual  resistance. 

5  12.  Geometrical  Ulustrations.  — The  current  equation, 
expressing  the  current  strength  in  terms  of  the  impressed 
electromotive  force,  the  resistance,  inductance,  and  phase 
angles,  which  holds  good  when  a  circuit  of  constant  induct- 
ance and  no  sensible  capacity  is  subjected  to  moderately 
great  pulsations  of  electromotive  force,  has  been  in  the  pre- 
vious pages  arrived  at  algebraically  from  first  jirinciples.  It 
i(,  however,  possible  to  elucidate  its  meaning  by  geometrical 
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methods.  Let  a  circular  disc  (Fig.  23)  be  pivoted  at  the 
centre  0,  and  at  any  point  P  on  the  circumference  let  a  plummet 
line  be  attached.  In  front  of  the  circle  is  a  fixed  horizontal  line 
X  X'.  Let  the  disc  move  round  counter-clockwise  at  a  uniform 
rate,  the  time  of  one  revolution  being  T.  Aa  the  disc  goes 
round,  the  length  of  plummet  line  PM  above  X  X'  fluctuates. 
Since  P  M  =  0  P  sin  P  0  M,  it  follows  that  if  the  magnitude  of 
PM  be  taken  at  small  equal  intervals  of  time  during  one 
revolution,  and  such  heights  bo  plotted  off  as  off-sets  at  equal 
distances  above  and  below  a  datum  line,  the  extremities  of 
these  ordinates  will  lie  on  a  simple  periodic  or  sine  curve.     In 


rio.  23. 


other  words,  P  M  grows  and  shrinks  in  height  in  accordance 
with  a  simple  periodic  law.  We  can,  therefore,  represent  any 
quantity  which  fluctuates  in  magnitude  according  to  a  simple 
sine  law  of  growth  by  representing  it  as  the  projection  of  a 
point  on  the  circumference  of  a  circle  revolving  uniformly, 
taken  on  a  horizontal  or  vertical  fixed  lino  drawn  through  the 
centre.  Hence,  if  0  P  represent  the  maximum  value  of  on 
electromotive  force  fluctuating  periodically,  P  M  will  represent 
its  vai'ious  magnitudes  during  the  complete  period.  The 
magnitude  of  P  M  at  any  instant  is  known  when  we  know 
O  P,  which  is  called  the  amjilitude  or  maximum  value,  and 
P  0  M  the  phase  angle  of  the  motion. 
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§  13.  Graphic  Bepresentation  of  Periodic  Currents. — On 
mieh  a  diagram  let  a  radius  be  dra>ni  to  any  scale  repre- 
senting by  its  vertical  projection  the  periodic  fluctuation  of  an 
impressed  electromotive  force  varying  according  to  a  simple 
sine  law,  and  acting  on  a  circuit  of  given  inductance  and 
resistance  with  a  fixed  periodicity ;  the  problem  is  to  draw 
on  the  same  diagram  another  radius  of  which  the  vertical 

k  projection  shall  represent  the  actual  current  strength  in 
the  circuit  at  the  corresponding  instant.  The  impressed 
electromotive  force  at  any  instant  balances,  or  is  equal 
to,  the  sum  of  two  others,  viz.,  the  effective  electromotive 
force  driving  the  current,  which  is  equal  to  the  product  of 
the  Ohmic  resistance  of  the  circuit  and  the  current  at  that 
instant  in  it,  and  the  inductive  or  counter-electromotive  force, 
which  is  equal  to  the  rate  of  variation  of  the  flux  of  force  or 
number  of  lines  of  force  traversing  the  circuit.  The  phases,  or 
times  of  maximum,  of  these  two  components  are  not  identical. 
They  difi'er  by  90',  since  the  effective  electromotive  force  has 
the  same  phase  as  the  actual  current,  and  the  inductive  electro- 
motive force,  depending  on  the  rate  of  variathn  of  the  current, 
comes  to  a  maximum  at  the  instant  when  the  current  is  zero 
or  is  changing  sign. 

By  the  proposition  in  §  7,  these  two  periodic  quantities 
can  therefore  be  represented  by  sine  curves,  one  of  which  is 
shifted  backward  relatively  to  the  other,  so  that  the  crest  of 
the  wave  of  one  coincides  with  the  hollow  of  the  wave  of  the 
other.  We  shall  first  proceed  to  show  that  the  sum  of  two 
nmple  periodic  motions  of  the  same  periodic  time,  but  different 
phasea  and  amplitudes,  will,  when  added  together,  produce  a 
simple  periodic  motion  of  the  same  periodic  time. 

I  Let  a  parallelogram  of  cardboard,  0  A  B  C  (Fig.  24),  be  cut 
out  and  pivoted  by  a  pin  at  the  angle  0,  so  as  to  turn  freely 
itlockhand-wise.  Lot  a  vertical  line,  0  Y,  be  drawn  through 
0,  and  in  any  position  let  the  sides  0  A,  O  C,  A  B  be  projected 
On  to  O  Y.  The  projection  of  lines  equal  and  equally  inclined 
are  equal ;  hence,  since  A  B  is  equal  and  parallel  to  O  C,  the 
^Kjirojection  of  A  B — viz.,  a  b — is  equal  to  that  of  O  C — viz.,  O  c. 
^■Bitt  Ob  =  Oa  +  ab  always  for  any  position  of  the  card ;  hence 
Ob  =  0a  +  0e.  The  projection  of  the  diagonal  is  therefore 
equal  to  the  sum  of  the  projections  of  the  adjacent  sides. 
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As  the  card  moves  uniformly  round,  the  magnitudes  of  the 
projections  fluctuate  at  each  instant,  according  to  a  simple 
periodic  law.  Hence  the  sum  of  the  simple  periodic  motions 
of  which  O  A,  0  C  are  the  amplitudes,  and  which  have  a  fixed 
difference  of  phase  represented  by  the  angle  A  0  C,  is  the 
simple  periodic  motion  represented  by  O  B  in  amplitude  and 
relative  phase.  If,  then,  a  point  be  subjected  to  two  simul- 
taneous eim])le  periodic  motions  of  given  amplitudes,  and  of 
which  the  phases  differ  by  90°,  the  actual  motion  will  be 
represented,  as  to  amplitude  and  phase,  by  the  diagonal  of 
the  parallelogram  of    which   these  two  form  the  adjacent 


Fio.  24. 


sides.  Returning  in  thought  to  electric  motion,  consider 
the  motion  of  a  particle  of  electricity  (if  we  may  bo 
allowed  the  expression)  in  the  wire  subjected  to  two  simtil- 
taneous  simple  periodic  motions  of  unequal  amplitude  and 
fixed  difference  of  phase  equal  to  00°.  The  displacement  at 
any  instant  due  to  the  two  together  is  equal  to  the  sum  of 
each  separately.  If  the  individual  motions  are  represented  by 
the  vertical  projections  of  two  lines,  O  A,  0  B,  fixed  like  hands 
of  a  toy  clock  at  right  angles  (Fig.  25),  the  resultant  motion 
is  that  indicated  by  the  projection  of  the  diagonal  0  C  on  the 
same  vertical.     We  have  seen  (in  §  7)  that,  if  the  variation  of 
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m  quantity  is  represented  by  a  simple  aine  curve,  the  yariatioo 
of  ita  raU  0/  change  is  represented  by  a  sine  corre  of  different 
amplitude  shifted  backwards  by  90°  of  phase,  or  by  a  quarter  of 
a  wave  length.  It  follows  from  this  proposition  that  if  we  add 
together  at  every  instant  the  motions  or  the  ordinates  repre- 
senting them  on  a  diagram  of  two  simple  periodic  motiooa, 
one  of  which  is  the  curve  representing  the  rate  of  change  of 
the  ordinate  of  the  other,  we  shall  get  a  new  sine  curve,  of 
which  the  maximum  value  falls  between  that  of  the  other 
two,  and  of  which  the  amplitude  is  different,  but  wave  length 
or  periodic  time  the  same.  In  Fig.  26  the  thick  white  line 
sine  curve  represents  one  wave  of  a  simple  periodic  motion. 
The  fine  white  continuous  line  is  a  sine  curve  of  equal  wave 


Km.  25. 


length,  of  which  the  ordinate  P  M  at  any  point  represents  or 
is  proportional  to  the  rate  of  change  of  the  ordinate  Q  M  of 
the  thick  curve  at  the  same  instant.  Adding  together  the 
ordinates  of  the  thick  and  thin  curves,  we  get  a  new  dotted 
line  sine  curve,  of  which  the  ordinate  K  M  is  equal  to  Q  M  + 
rate  of  change  of  Q  M.  If  we  substitute  for  the  sine  curve 
diagram  a  clockhand  diagram  (Fig.  25),  then  the  projec- 
tion of  O B,  viz.,  Ob,  corresponds  to  the  ordinate  Q M  of  the 
black  carve;  that  of  0  A,  viz.,  Oa,  corresponds  to  PM,  the 
ordinate  of  the  thin  curve;  and  that  of  OC  the  diagonal  of  the 
rectangle,  O  A,  O  6,  corresponds  to  R  M,  and  is  the  resultant 
of  the  motion  O  B,  and  the  rate  of  change  of  that  motion,  viz., 
OA.  If,  then,  OB  represents  the  amplitude  or  maximum 
value  of  the  actual  periodic  current  in  a  circuity  a  line,  0  A, 
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drawn  at  right  angles  to  O  B,  will  represent  to  a  suitable  scale 
the  rate  of  change  of  that  current. 

We  are,  then,  led  to  this  converse  proposition,  that  we 
can  resolve  any  simple  periodic  cnrve  into  a  pair  of  component 
periodic  curves  of  equal  periodic  time,  but  of  which  the  maxi- 
mum value  happens  for  one  before,  and  for  one  after,  that  of 
the  original.  It  is  not  difficult  to  see  that  the  geometrical 
construction  necessary  is  as  follows.  Let  a  unit  of  length  be 
taken  to  represent  a  volt,  an  ohm,  an  ampere,  and  a  unit  of 
self  induction  equal  to  an  earth  quadrant  or  10'  centimetres.* 
Deccribtt    a    circle    whose    ladius    is    numerically   equal    to 


It 
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the  maximum  value  of  the  impressed  electromotive  force 
(Fig.  27).  Draw  any  radius  OP  to  represent  the  amplitude 
E  of  this  impressed  KM.F.  If,  then,  the  angle  POX  is 
lepresented  hy  pt,  the  value  of  the  vertical  projection  of  OP, 
viz.,  P  M,  is  E  sin  pi,  and  is  therefore  the  instantaneous  im- 
pressed RM.F.  corresponding  to  the  phase  pi.  On  OP 
describe  a  semicircle,  and  set  off  0  Q,  making  an  angle  P  O  Q 
=  6  with  0  P,  such  that  the  tangent  of  P  0  Q  is  equal  to  the 


*  The  unit  of  Kclf-ioilnction,  whose  v>lue  ia  an  e«rth  quadrant  or  10* 
ccntimetiei,  has  uot  yet  been  formally  christened.  Profs.  Ayrton  and 
Prrr)'  have  called  it  a  tftohm,  and  Mr.  Oliver  Heaviside  haa  proi>osed,  1 
Jielieve,  to  call  it  a  tfac  (after  MrxwpII).  Not  to  introduce  farther  confo- 
sion,  we  may  toolatirely  adopt  (he  former  term. 


ratio  Lp  to  R  R  is  the  ohmic  resistance  of  the  circuit,  aud 
Lp  is  equal  to  2:r  times  the  quotient  of  the  inductance  of 
the  circuit  by  the  periodic  time  of  the  impressed  E.M.F., 
or  p=2  5rn  as  before.  Join  P  Q  and  draw  O  \V  parallel 
to  and  equal  to  PQ.  If  I  represonta  the  maximum  value 
of  the  current,  and   i  its  instantaneous  value  corresponding 

fto  the  instant  when  its  phase  has  certain  value  pt  -  6,  we 
know  that  i  =  I  sin  {pt  -  0),  and  the  rate  of  change  of  the 

current  at  that  instant  is  then  —  =p\  cos  {pt  -  d).    The  ratio 


dt 


di 


of  the  maximiim  value  of  Rt  to  L    -    is  therefore  RI  to  L^I, 

tit 


or  B  to  Lp;  butRi  is  the  iustJiutaneous  effective  electromo- 


)-lprCos(pt-9-) 
'UftSinipI-S) 

PISin{pf-&) 
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di 


tive  force  driving  the  current,  and  L  -y-  is  the  corresponding 

dl 

counter  electromotive  force  of  self-induction  at  the  same 
instant,  and  the  sum  of  these  two  is  the  impressed  electro- 
motive force  at  that  instant.  Consider  the  two  lines  O  tj 
and  O  W,  the  ratio  of  their  msgnitudes  is  R  to  Lp  by  con- 
struction, and  the  sum  of  their  vertical  projections  is  equal 
to  the  vertical  projection  of  0  P^ — that  is,  to  the  instan- 
taneous impressed  electromotive  force.  Hence  these  lines 
0  Q  and  0  W  satisfy  the  conditions  requisite  for  being  the 
representation  of  the  maximum  effective  and  inductive  electro- 
motive forces  respectively  on  the  same  scale  and  relative  phase 
as  that  on  which  the  line  O  P  represents  the  maximum  im- 
pressed electromotive  force,  and  O  Q  therefore  represents  in 
itude  the  value  of  HI  and  0  W  that  of  Lp  I,  and  the  angular 
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positions  of  these  vrith  respect  to  0  P  represent  the  relative 
phases  of  the  effective,  inductive,  and  impressed  electromotive 
forces. 

One  R"*  part  of  0  Q  is  then  the  magnitude  of  the  maxi- 
mum current,  and  its  phase  of  maximum  value  is  behind  that 
of  0  P  by  an  angle  9.  If  0  T  =  one  K'"  part  of  O  Q,  O  T  re- 
presents the  maximum  current,  and  T  U,  the  vertical  projection, 
represents  the  magnitude  of  the  current  in  the  circuit  at  the 
instant  when  the  impressed  electromotive  force  has  the 
value  P  M. 

The  respectively  varying  current  and  impressed  KM.F.  will 
be  graphically  represented  by  the  variation  of  T  U  and  P  M  as 
0  P  and  0  T  move  round  the  circle  in  equal  times,  separated 
from  each  oth«r  by  a  constant  angle  of  lag  P  0  T  —  6,     It  will 
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be  seen  that  whilst  0  Q  is  equal  in  magnitude  to  the  product 
of  the  true  or  ohmio  resistance  of  the  circuit  and  the  maximum 
current  that  O  \V  or  P  Q  is  equal  to  the  product  of  Lp  and  the 
maximum  current,  Hence  we  may  call  Lp  the  indttdivt 
resistance  of  the  circuit,  because  it  is  a  quantity  of  like  dimen- 
sions to  the  true  or  ohmic  resistance.  The  angle  of  lag  of  the 
current  is  therefore  an  angle  of  which  the  tangent  is  the  ratio 
of  the  inductive  to  the  ohmic  resistance. 

If  we  draw  a  right  angle  triangle  (Fig.  28),  of  which  the 
base  represents  the  ohmic  resistance  of  the  circuit  and  the 
perpendicular  the  inductive  resistance,  then  the  hypothenuse 
represents  the  quality  JR^  +  lAp',  which  has  been  called  the 
impedance.     The  angle  of  lag  may  therefore  be  defined  thus, 

inductive  resistance  of  circuit 


tangent  of  angle  of  lag  = 


ohmic  resistance  of  circuit 
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cosine  of  angle  of  lag  = 


ohtnic  resutance  of  circait 


impedance  of  circuit 
In  order  to  carry  out  the  coD«traction  in  Fig.  27  we  require 
to   know  either  tan  9  or  cos  0.      The  latter  is  moat  easfly 
determined.     The  experimental  determinalion  of  this  quantity 
will  be  dealt  with  in  due  course. 


g  14.  Mean  Value  of  the  Power  of  a  Periodic  Correot — 
Haying  now  seen  how  the  flactaation  of  current  strength  is 
related  to  that  of  the  impressed  E.)LF.  in  a  circuit  under  the 
conditions  of  a  simple  sine  law  of  variation,  we  pass  to  the 
consideration  of  the  measurement  of  the  p>;ir«r  or  rate   of 


Fi'i.  23. 

transformation  of  energy  in  the  case  of  drcnits  traversed  by 
■imple  periodic  currents. 

Let  the  thin  line  curve  in  Fig.  29  represent  the  sinusoidal 
impresaed  KM.F.  in  an  inductive  circuit,  and  the  thick  vrhite 
line  the  corresponding  current.  Then  at  any  instant  the  rate  at 
which  energy  is  being  expended  on  the  circuit  is  equal  to  the 
product  of  the  otdinates  P  M,  Q  ^I,  which  at  any  point  M 
represent  the  KMF.  and  current  respectively.  The  mean  rate 
of  expenditure  of  energy,  or  the  lufan  potetr  being  taken  up 
in  the  circuit,  is  then  the  mean  of  all  such  producta  taken  at 
very  numerous  and  very  near  intervals  during  one  com- 
plete period.  This  is  not  by  any  means  identical  with 
the  product  of  the  mean  current  and  mean  electromotive 
force.     To  arrive  at  an  expression  for  this  mean  power  we 
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must  pave  the  way  by  a  prelimiaary  proposition  on  the 
mean  product  of  two  simple  periodic  quantities.  An  elegant 
geometrical  proof  of  this  has  been  given  by  Mr.  Blakesley  ic 
his  book  ("Alternating  Currents,"  page  10,  Electrician  series*). 
We  shall,  however,  give  here  an  algebraical  proof  of  this 
proposition.  Let  there  be  two  radii  0  P,  0  Q  (Fig.  30),  which 
revolve  in  equal  periodic  times  round  a  common  centre  0, 
separated  by  a  fixed  angle,  F  0  Q.  At  equal  small  intervals  of 
time  corresponding  to  equal  angular  motions  let  the  projections 
Op,  Oq  of  these  lines  be  taken  on  a  vertical  line  through  0. 
It  is  required  to  find  the  mean  value  of  the  product  Op,  Oq 
during  one  complete  period. 

Denote  by  X  the  length  of  0  P,  and  by  Y  the  length  of  0  Q, 
and  let  the  angle  P O Q  be  /J,  and  P On  be  a.     fi  is  the  angle 


Tin.  30. 

of  phase  difTerence,  and  X  and  Y  are  the  maximum  values  of 
the  periodic  quantities  Op,Oq,  which  are  the  vertical  projec- 
tions of  O  P,  O  Q. 

Let  0 ;)  be  denoted  by  p,  and  0  q  by  q. 
Then  p-K  cos  o, 

and  g  =  Y  cos  (o  +  /S); 

and  therefore  y  j  =  X  Y  cos  a  cos  (a  +  /9). 

Let  the  pair  of  radii  OP,  0  Q  be  supposed  to  turn 
one  complete  revolution,  proceediny  by  n  jumps,  each  jump  or 
stej)  increasing  the  angle  a  by  a  very  small  amount,  Ha,  and  n 
being  a  very  large  number.     At  each  stage  let  the  value  oi  pq 


•  "AIt«niiitingGuT«nU"    ByT.  H.  BUksjley,  M.4.     (London  i 
Klftrieian  Office,  1,  S»luibury  court,  Floct-strcet,  London,  E.C.) 
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be  measured  as  above,  then  the  mean  value  of  the  prodact  p  q 
ii  one  nth  part  of  the  sum  of  all  the  n  values  so  taken.  Gall 
this  mean  value  of  the  product  M.     Then, 

w^  XY  I  COB  p  +  cos  S  a  coi  (S a  +  ft)  +  cos  2  Sa  coa(2  Sa  +  p)  \ 
n    \  ....    +008  n- I5oco9(»- 15a  +  0)  f ' 

By  trigonometry  we  have 

coa  (n  -  1  6  o)  cos  (n  -  1  Sa  +  /J)  =  Jco8(2n~lSo  +  /8)  +  Jco«/8, 


smce 


cos  A  +  B  +  cos  A  -  B  =  2  cos  A  cos  R 


Accordingly  every  term,  except  the  first  in  the  cosine  series 
for  M,  splits  up  into  the  sum  of  two  others,  one  of  which  is 
always  ^  cos  /3.  Rearranging  the  terms,  we  get  for  the  value  of 
M  aa  follows  : — 


VL. 


^-?!^rinco8yS+i|/'cos/3  +  co8(2  3a  +  /3)  +  cos(4  So+)8) 

....   +C08(2n^l5o  +  ^n  I 

The  cosine  series  in  the  inner  bracket  consists  of  a  series  of 
cosines  of  angles  in  arithmetic  progiession  taken  all  round  the 
circle.  Hence,  since  the  cosine  of  any  angle  is  numericallj 
equal  to  that  of  the  cosine  of  its  supplement,  but  of  opposite 
sign,  these  cosine  terms  will  cancel  each  other  out  pair  and 
pair,  when  n  becomes  very  great  and  S  a  very  small,  and  n  8  a 
equal  to  2  X.     For  when 

n6o  =  25r,  2»r^lSa  +  /3  =  45r  +  /J,  and  cos  (4  IT +  ;3)  =  008/3. 

The  first  and  last  terms  of  the  series  are  in  this  case  identical, 
and  for  every  term  there  will  exist  one  of  equal  magnitude 
and  opposite  sign.  The  sum  of  the  series  of  cosine  terms  in 
the  inner  bracket  is  accordingly  zero. 

The  value  of  M  reduces  them  to  that  of  the  first  term, 
viz.  : — 

M  = cos  p. 

9 

The  mean  value  of  the  product  of  two  simple  harmonic  or 
periodic  functions  of  equal  period  but  different  amplitude  and 
phase,  is  equal  to  half  the  product  of  their  maximum  values, 
and  the  cosine  of  their  difference  of  phase. 


120 


SIMPLE  PERIODIC  CURBKNT8. 


Bflturning  to  the  conBideration  of  the  electrical  problem, 
it  IB  now  clear  that  the  mean  value  of  the  product  of 
the  current  at  any  instant  and  the  aimultaneoua  value  of  the 
impressed  electromotive  force  in  to  inductive  circuit  ia 
obtained  by  multiplying  together  half  the  product  of  their 
maximtmi  values,  and  the  cosine  of  the  angle  of  lag.  If 
i  be  the  current  at  any  instant,  and  e  the  impressed  KM.F.,  I 
and  E  being  their  maximum  values,  then  the  mean  value  of  «  » 
during  a  complete  period  ia 

^^C08« (6) 


0   a  41  6    7     C   4i  2i 


-cU^Vt. 
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and  this  is  a  measure  of  the  rate  of  expenditure  of  energy  on 

that  circuit,  or  the  work  expended  per  second.     It  ia  obvious, 

then,  that  if  the  lag  is  90°,   thia  mean  product  is  zero,  and 

that  no  work  ia  done  at  all. 

When  6  has  intermediate  values  between  0*  and  90*  the 

real  rate  of  dissipation  or  transformation  of  energy  in  the 

E  I 
circuit  will  be  intermediate  between  —  and  zero.      In  order 

2 

to  understand  how  this  can  be,  and  how  it  is  that  a  circuit  may 

be  traversed  by  a  current  and  yet  take  up  no  power,  we  must 

examine  a  little  more  closely  the  nature  of  the  phenomena. 
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§16.  Power  Onrvee, — Let  the  thin  periodic  enrre  in 
Fig.  31  represent  a  sinusoidal  variation  of  electromotire  force 
acting  on  a  circuit  which  we  shall  for  the  moment  assume 
has  no  sensible  inductance.  Let  the  thick  curve  in  Fig.  32 
represent  the  corresponding  current.  The  length  of  each 
ordinate  of  the  thick  curve  is  equal  in  magnitude  to  that 
of  the  corresponding   ordinate    of    the  thin   curve    divided 
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OKDniiTn.    PnoDcot.  Ordctatrs.    Pboppot. 

7    X  3J  =  244 
6     X  3     =18 
^  X  2i  =  Hi 
24  X  1     =     24 
0x0     =     0 

by  the  value  of  the  resistance  of  the  circuit.  Let  the 
lengths  of  corresponding  ordinates  of  these  two  curves  be 
multiplied  together,  and  the  product  set  off  as  the  ordinates 
of  a  new  curve  represented  by  the  dotted  line  in  Fig.  33.  This 
dotted  curve  is,  then,  the  curve  of  poicer  or  activity,  and  repre- 
sents the  variation  of  the  product,  taken  at  every  instant,  of 
the  current  and  the  electromotive  force. 

In  multiplying  together  the  ordinates  of  the  thick  and  thin 
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curves  we  must  pay  attention  to  the  algebraic  sign  of  the 
factors.  Ordinates  of  each  curve  drawn  above  the  horizontal 
datum  line  of  the  curve  must  be  reckoned  plus,  and  ordinates 
drawn  below  must  be  reckoned  minus,  and  in  taking  the  product 
the  algebraic  law  of  signs  must  be  regarded.  It  will  be  seen 
that  the  dotted  line  curve  consists  of  a  wavy  line  of  two  loops 
lying  wholly  above  the  mean  datum  line.  If  the  area  of  the 
two  hummocks  encloeed  by  the  dotted  curve  and  the  hori- 
zontal line  is  indicated  or  integrated,  say,  by  an  Amsler's  plani- 
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ORDixATn.       Pioneer. 

Ex       C    =       P 

7    X       24  =     144 

Ox       2*   =       0 

6    X       1     =      6 

2*  X       3    =      74 
a|  X       3i  =     154 

4i  X       0     =       0 

2i  X    - 1     =  -  21 

6    X       3     =     18 

0    X    -24  =      0 

meter,  the  area  represented  by  the  shaded  part  so  obtained  is 
a  measure  of  the  total  work  done  in  one  complete  period  of 
the  current  oscillation,  and  since  this  area  lies  wholly  above 
the  datum  line,  it  must  be  reckoned  as  posUive,  or  as  work  done 
by  the  electromotive  force  ;  in  other  words,  it  represents  the 
total  energy  transformed  from  electrical  energy  into  heat  in 
one  complete  period. 

Next  let  us  suppose  that  the  same  periodic  electromotive 
force  acts  upon  a  circuit  having  inductance  as  well  as  resist- 
ance, and  that    therefore,  as  before  shown,   the  current  i» 
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retarded  in  phase  behind  the  electromotive  force.  Let  the 
lin  curve  in  Fig.  34  represent  the  periodic  impressed  electro- 
aotive  force,  and  the  thick  curve  the  current  retarded  by  45* 
phase  behind  the  other.  Proceed  aa  before  to  obtain 
'the  power  curve  by  multiplying  the  heights  of  correspond- 
ing ordinates,  the  multiplication  of  the  eight  ordinate* 
being  shown  in  the  margin.  We  find  that  the  power  curve 
representing  the  variation  of  the  activity  is  a  wavy  curve, 
consisting  of  four  sections,  two  large  hummocks  above  the 
datum  line,  which  are  positive  areas,  and  two  small  ones  below. 
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ORDmATn.          PKOSrCT. 

ORnniATItS.          rRODDCT. 

Ex       C    =       F 

1               7     K       0     =      0 

Ox       34   =       0 

1                6     X    -1     =-   6 

24  X       3     =      7J 

1                44  X    -2.J   =-lli 

4J  X       24  =     lU 

24  X    -3     =-    74 

6    X       1     =>       6 

1              0    X    -94  3      0 

which  are  negative  areas.  The  algebraic  sum  taken  with  regard 
to  sign  of  all  these  four  areas,  represented  by  the  shaded  parte, 
ia  a  measure  of  the  total  work  done  in  one  complete  period  by 
the  electromotive  force.  Going  one  step  more,  we  may  imagine 
that  the  current  lag  is  90°,  and  in  Fig.  35  wo  have  drawn  the 
power  curve  in  this  case,  oboying  the  same  instructions.  We 
see  that  the  power  curve  consists  of  four  loops,  two  positive 
and  two  negative,  and  that  the  areas  of  these  hununoclu 
are  equal.  Hence,  the  total  area  or  indkaled  value  in  this 
last  case  is  zero,  and  the  work  done  in  one  complete  cycle 
is  zero;    hence   the   rate    of  doing  work,  or  the   power,  it 
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zero.    Eeturning  to  Fig.  33,  the  first  case,  it  is  easy  to  see 

that  the  rate  of  doing  work,  or  the  power,  is  measured  by  the 

mean  ordinate  of  the  shaded  work  areas  considered  as  indicator 

diagrams.  Since  the  dotted  curves  are  perfectly  symmetrical, 

if  we  draw  a  line  Y  Y'  at  half  the  height  of  the  maximum 

ordinate  of  the  dotted  curve,  it  will  cut  the  two  hummocks 

into  two  parts,  and  the  area  of  the  upper  part  or  mountain 

above  the  line  Y  Y'  would  just  fill  up  the  valley  between  the 

bottom  parte  of  the  hummocks.     Since  the  rate  of  doing  work 

is  equal  to  the  work  done  in  one  complete  cycle  divided  by  the 

time  of  duration  of  that  cycle,  it  obviously  follows  that  this  mean 

ordinate  X  Y  measures  the  power  or  rate  of  doing  work  and  is 

E I 
equal  in  magnitude  to  -— ,  hence  this  product  is  a  measure  of 

the  rate  at  which  the  electromotive  force  does  work.  Bofer- 
ring  to  the  second  case,  we  see  that  the  mean  ordinate  X  Y  is 
no  longer  equal  to  half  the  maximum  ordinate  of  the  positive 
or  upper  loop,  but  is  eqiuil  to  half  the  difference  between  the 
magnitudes  of  maximum  ordinates  of  the  positive  and  nega- 
tive loops  of    the  power  curve,  and  is  therefore  less  than 

F  T 

— .    From  the  proof  given  previously,  we  have  seen  that  it 

EI 
ie  equal  to  —  (cosine  of  lag). 

In  the  third  case  considered,  of  a  lag  of  90  degrees,  it  is 
easy  to  see  why  the  resultant  rate  of  doing  work  is  zero. 
In  the  first  quarter  of  a  stroke  the  electromotive  force  propels 
the  current,  and  this  last  is  in  the  direction  of  the  KM.F., 
but  in  the  second  quarter  of  a  stroke  the  current  is  negative 
or  opi>osite  to  the  electromotive  force;  in  other  words,  the 
current  is  moving  against  the  force  and  does  work  against 
the  E.M.F.,  and  the  same  push  and  re-push  is  repeated  in 
the  second  half  of  the  period.  Hence,  on  the  whole, 
though  there  is  an  impressed  electromotive  force  and  a 
current  flowing,  no  resultant  work  is  done  and  no  energy 
dissipated.  We  may  construct  a  mechanical  analogy  of  this 
as  follows : — 

Imagine  a  steam  engine  with  a  heavy  fly-wheel  working 
without  friction.     Let  steam  be  applied  to  it,  the  slide-valve 
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^F  being  so  set  that  it  opens  when  the  piston  is  at  the  bottom  of 
the  cylinder,  and  cats  off  the  steam  after  a  very  short  fraction 
of  a  stroke.  Suppose  the  valve  then  to  remain  closed  for  tho 
rest  of  the  stroke,  and  that  instead  of  opening  to  exhaust  the 
cylinder  at  the  end  of  the  stroke  the  valve  remains  closed,  so 
that  the  momentum  of  the  moving  fly-wheel  drives  the  piston 
back  and  compresses  the  steam  back  to  its  original  volume.  The 
valve  then  is  supposed  to  opwn  and  permit  the  steam  to  escape 
«t  the  same  pressure  at  which  it  entered.  Assuming  no  loss  of 
beat  (an  altogether  hypothetical  case),  we  should  then  have  an 
engine  which  absorbs  at  each  stroke  a  cylinder  full  of  steam; 
but  by  which  no  work  is  being  done.  The  whole  operation  is 
a  sort  of  give  and  take  of  energy  between  the  fly-wheel  and  the 
steam.  The  same  kind  of  action  is  taking  place  in  a  circuit 
acted  upon  by  a  simple  periodic  E.M.F.  in  which  the  inductive 
resistAnce  is  so  large  compared  with  the  ohmic  that  the  lag  is- 
00*.  In  that  case  there  is  no  frictional  dissipation  of  energy, 
but  simply  a  give  and  take  of  energy  between  magnetic  field 

I         and  the  source  of  energy  supplying  the  E.M.F. 


§  16.  Experimental  Measurement  of  Periodic  Ooxrent  and 
RM.F. — There  arc,  amongst  others,  two  instruments  especially 
useful  for  measuring  periodic  currents.  One  of  these,  the^ 
Cardew  voltmeter,  depends  upon  the  principle  that  when  a 
wire  traversed  by  a  current  either  steady  and  unidirectional 
or  steadily  periodic  is  placed  in  an  enclosure,  the  walls  of 
which  are  approximately  at  a  constant  temperature,  the  wire- 
^rill  itself,  after  a  short  time,  attain  a  constant  temperature. 
This  constant  temperature  is  reached  when  there  is  a  state  of 
equilibrium  between  the  rate  at  which  heat  is  radiated  by  the 
wire  and  the  rate  at  which  the  walls  of  the  enclosure  radiate- 
heat  back  to  it. 

The  wire  has  a  definite  length  corresponding  to  each  tem- 
perature, and  means  are  provided  for  measuring  this  elongation 
with  great  accuracy.  The  total  amount  of  heat  generated  ia 
the  wire  per  second  is  dependent  upon  the  rate  of  generation 
at  each  instant  This  instantaneous  rate  ot  heat  development 
is  by  Joules's  law  equal  in  mechanical  units  to  the  product  of 
the  ohmic  resistance  and  the  square  of  the  instantaneoo*- 
current  strength. 
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If  the  wire  is  traversed  by  a  simple  periodic  current,  aad 
we  construct  from  the  current  curve  diagram  another  curve, 
whose  ordinates  are  equal  to  the  square  of  the  correspond- 
ing current  ordinates,  we  have  a  curve  every  ordinate  of 
which  is  proportional  to  the  instantaneous  rate  of  generation 
of  heat  in  a  wire  traversed  by  the  periodic  current.  Since  the 
horizontal  line  measures  time,  it  is  obvious  that  the  whole 
area  of  the  outer  curve,  or  heat  curve,  represents  the  total 
work  done  per  semi-period  by  the  current  in  producing 
heat,  and  that  the  same  total  work  would  be  done  by  a 
steady  current  whose  value  was  the  square  root  of  the  mean 
of  the  squares  of  all  the  ordinates  of  the  periodic  current 
curve. 

This  square  root  of  the  mean  of  the  squares  of  all  the  ordi- 
natee  of  a  simple  periodic  curve  has,  however,  been  shown  in 
§  6  to  be  numerically  equal  to  the  value  of  the  maximum 
ordinate  of  the  periodic  curve  divided  by  ^2.  It  follows  that 
the  total  heat  generated  per  second  in  the  wire  ia  a  numerical 
measure  of  the  half  the  square  oi'  the  maximum  value  of  a 
•imple  periodic  current.  A  fine  wire  stretched  out  in  the 
manner  of  a  Cardew  voltmeter  wire  has  a  very  small  induct- 
ance, and,  when  acted  upon  by  a  simple  periodic  electro- 
motive force,  the  current  produced  in  it  is  very  nearly  propor- 
tional to  this  impressed  electromotive  force.  It  follows  then 
that  when  a  Cardew  voltmeter  is  subjected  to  a  simple 
periodic  E.M.F.  the  needle  takea  a  definite  position,  corre- 
sponding to  a  definite  expansion  of  the  wire,  which  is  that 
which  it  would  take   if  the  wire  were  subjected  to  a  steady 

electromotive  force  equal  to  —   of  the  maximum  value  of  the 

periodic  electromotive  force. 

The  Cardew  voltmeter  is  not  adapted  to  measure  any  but 
very  small  currents.  The  instrument  generally  employed  to 
measure  periodic  currents  of  moderate  and  large  magnitude 
is  some  modification  of  Weber's  electro-dynamometer.  In 
the  bestr known  practical  form  of  Siemens  there  are  two 
coils  of  wires  in  series,  one  fixed  and  the  other  movable, 
and  BO  placed  that  the  currents  in  the  movable  coil  circuit 
are  traversed  at  right  angles  by  the  hues  of  force  due  to  those 
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in  the  fixed  coil.  When  a  simple  periodic  current  traverses 
the  coils  in  series,  a  force  is  brought  into  existence  due  to  the 
electro-dynamic  action,  and  which  is  proportional  to  the  instan- 
taneous value  of  the  square  of  the  current  strength.  From 
instant  to  instant,  hovrever,  the  current  strength  varies.  If 
the  time  of  free  vibration  of  the  moveable  coil  is  very  large 
compared  with  that  of  a  complete  period  of  the  electrical 
vibrations,  and  if  the  movable  coil  is  brought  back  by  a 
restoring  force  due  to  a  spring  or  bi  filar  suspension  or  gravity, 
&C.,  into  a  fixed  normal  position,  then,  during  one  complete 
electrical  period,  we  may  consider  that  the  movable  portion 
receives  a  number  of  small  impulses  which  are  in  magnitude 
represented  by  the  square  of  the  ordinates  of  the  current  wave. 
Hence,  the  total  impulse  on  the  movable  coil  is  equal  to  the 
magnitude  of  the  integrated  area  of  a  sine  curve  whose  ordi- 
oates  are  respectively  the  squares  of  those  of  the  cui-rent  curve, 
and  the  mean  force  on  the  movable  coil  wiU  obviously  be  pro- 
portional to  the  mean  ordinate  of  this  force  curve.  If  the 
movable  coil  is  so  heavy  that  its  time  of  free  vibration  is 
very  long  compared  with  the  time  in  which  the  periodic  forces 
on  it  run  through  a  complete  cycle,  it  will  experience  a  dis- 
placement exactly  that  due  to  the  mean  of  the  forces  acting 
upon  it — that  is,  to  the  square  root  of  the  mean  of  the  squares 

I 

maximum  value  of  the  current  during  the  period.  The 
periodic  force  on  the  movable  coil  is  equivalent  to  a  steady 
force,  when  this  periodic  force  runs  through  all  its  values 
in  a  time  very  short  compared  with  the  time  of  free  vibra- 
tion of  the  coU.  Hence,  if  a  simple  periodic  current  has  a 
maximum  value  I,  when  it  is  sent  through  an  electro-dynamo- 
meter it  will  cause  a  deflection  equal  to  that  which  would  be 

caused  by  a  steady  current  equal  to  —=. 

Let  OS  suppose  a  coil  of  constant  inductance  L  and  resist 
ance  R  to  be  traversed  by  a  simple  periodic  current  of  fre- 
quency n  (where  2itn=p),  Let  an  electro-dynamometer  be 
inserted  in  series  with  it,  and  let  a  Cardew  voltmeter  be  con- 
nected to  the  extremities  of  the  inductive  circuit. 


of  these  instantaneous  currents — or  to  - 


where  I  is   the 
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We  have  before  seen  that  if  E  and  I  are  the  tnuximum 
values  during  the  period  of  the  impressed  E.M.F.  and  current 
in  an  inductive  circuit,   then   the  power   taken  up   in    that 

E  I 
circuit  is  equal  to  —  cos  0,  where  6  =  angle  of  lag  of  current 

behind  the  E.M.F.  But  the  reading  of  the  Cardew  volt- 
meter when  connected  to  the  ends  of  an  inductive  circuit  is 

E 
rerj  nearly  proportional  to  — ;=,  and  the  dynamometer  reading 

n/2 

in  that  circuit  is  proportional  to  — —  ;  therefore,  the  product  of 

J2 

E I 
these  readings  is  proportional  to ,  and  takes  no  account  of 

the  difference  of  phase.  For  this  reason  we  can  derive  no 
information  from  the  use,  in  this  manner,  of  these  instruments. 
The  observed  readings,  and  hence  their  product,  does  not 
take  into  account  the  difference  of  phase  between  the  current 
and  impressed  E.M.F.  in  the  inductive  circuit.  A  very 
small  error,  in  practice  negligible,  is  also  introduced  by  dis- 
regarding the  inductance  of  the  wire  of  the  Cardew  instru- 
ment. On  this  account,  strictly  speaking,  currents  in  the  wire 
cannot  be  taken  as  accurately  proportional  to  potential  differ- 
ences at  the  extremities,  but  this  is  in  ordinary  usage  a 
negligible  error. 


§  17.  The  Wattmeter. — If  a  current  traversing  an  inductive 
circuit  under  a  periodic  impressed  electromotive  force  is  made 
to  pass  through  another  circuit  which  acts  electnnlynamically 
upon  a  movable  circuit  conveying  another  current  proportional 
in  strength  to,  and  agreeing  in  phase  with,  the  periodic  varia- 
tion of  potential  difference  at  the  terminals  of  the  inductive 
circuit,  such  an  arrangement  will,  if  it  can  be  realised,  afford 
a  means  for  obtaining  a  numerical  measure  of  the  power  taken 
up  in  the  inductive  circuit. 

An  electro-dynamometer  having  its  fixed  coil  composed  of 
thick  wire  and  its  movable  coil  of  fine  wire,  each  circuit  being 
independent,  is  most  usually  called  a  walttruter.  The  exami- 
nation of  the  circumstances  under  which  the  wattmeter  can 
and  cannot  be  used  to  measure  the  power  expended  in  a  circuit 
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sabjeot  to  tixaple  periodic  electromotive  force,  leada  to  soma 
vuy  interesting  questions. 

If  the  thick  and  thin  wire  coils  of  a  wattmeter  are  traversed 
by  two  independent  steady  unidirectional  currents  the  force  on 
:he  movable  coil  is  at  any  instant  proportional  to  the  product 
of  the  strengths  of  these  two  currents.  If  each  of  these  cur- 
rents are  simple  periodic  currents  the  force  varies  with  the 
product  of  the  instantaneous  values,  and  the  compound  curve 
formed  by  taking  as  ordinates  the  products  of  the  correspond- 
ing values  of  these  separate  current  strengths  at  each  instant 
is  itself  a  simple  periodic  curve,  provided  that  the  two  com- 
ponent currents  have  constant  amplitudes,  equal  period,  and 
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sxed  difference  of  phase.  Let  a  wattmeter  be  supposed 
to  bo  joined  np  to  an  inductive  circuit  (Fig.  36) ;  let  R 
and  L  be  the  resistance  and  inductance  of  this  inductive 
circuit  between  the  points  QQ'j  let  the  thick  wire  coil  Th 
of  the  wattmeter  be  joined  in  series  with  this  inductive  re- 
sistance, and  let  the  fine  wire  coil  /  of  the  wattmeter  of  resist- 
ance S  and  inductance  N  be  joined  to  the  pointa  F  P  ;  let  the 
thick  wire  coil  be  of  negh'gible  resistance  and  inductance  in 
comparison  with  the  circuit  QQ'.  If  a  simple  periodic 
electromotive  force  operates  on  the  double  circuit  between 
the  points  P  and  F,  we  shall  have  a  current  flowing  in  R 
tnd  S.  It  is  required  to  calculate  at  any  instant  the  currents 
in  R  and  S  respectively     Consider  simply  a  divided  circuit 
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(Fig.  37)  in  which  E  and  S  &re  the  branches  ;  let  z  be  the 
current  at  any  instant  io  R,  and  y  that  in  S,  and  let  t  be 
the  strength  of  the  current  in  that  part  of  the  circuit  just 
before  it  divides;  in  other  words,  t  is  the  main  current, 
which  is  divided  into  x  in  the  inductive  resistance,  and  y  in 
the  fine  wire  coil  of  the  voltmeter.  Let  e  be  the  potential 
difference  between  the  points  P  P'  at  the  same  instant,  and  let 
X,  Y,  I,  and  £  be  the  maximum  values  of  all  these  quantities 
respectively.  We  assume  that  i  is  a  simple  periodic  function 
of  I,  and  we  then  write «  =  I  sinpt,  where  p  =  2irn,  n  being 
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the  frequency.     Applying  the  fundamental  equation  of  §  11 
(3)  (p.  105)  to  each  circuit,  we  see  that 

Ldx  ,  -D 
at 


also 


Accordingly, 


N^y  +  Sy-t 
at 


but,  by  the  principle  of  continuity, 

»  =  z  +  y 

always,  since  there  can  be  no  accumulation  of  electricity  %% 
PorF; 

hence  «—»-y, 

and,  hence,       L^iijll!)L  +  R(i-y)-N4^  +  Sy. 
at  at 


«r 

But 
and 

•  • 

or 


8IMPLB  PKRIODIC   CURRENTS, 


^  +  Ri  =  (L  +  N)^  +  (R+S)y. 


di 


Ipcospt, 


dt 
i  — Isinpt. 

(L+N)^  +  (R  +  S)y  =  IL;»co8j)<  +  IRrinpi; 
dt 

dv    R  +  S  Lpl  ^      RI      .       ^ 

zz  +  zlZsLif  -      ^      cos  p  t+  Bin  pt, 

dt    L+S^      L+N        ^       L+N       ^ 


Tbii  diferentul  equation  U  of  the  type 

where  Q  ia  a  function  of  i.    The  solution  of  this  will  be  found 
in  "  Boole's  Differential  Equations,"  p.  38,  and  it  is 

y  =  <-'/fQe"rf<  +  con8t\ 
<  being  here  the  base  of  Nap.  logs,  and  not  impressed  E.M.F 


In  the  case  before  us 


R  +  S 
L  +  N' 


and 


RI      .      ,.  Lpl 

.^_jj.«np<+^cosp/. 


The  integral  of  e"8inp<  and  e*''co8p/  are  required.    They 
are  as  follows  : — 

/p.g.^         (^^(PsinpT-pcospO 
/  '^  P»+p» 

and  fe^'coBpt~tIl(l^S^ll±l^^P^; 

J  ^  P*+;,a 

hence  it  follows  that 

J  J      L+N  J      L+N 

_    RI      pi(P8iny<-pco8pQ      Lpl  e'*(Pcoapt+pi\np() 
L  +  n"  FT^»  L+N  P^+p' 

k2 
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Therefore  we  have  by  aubstitution 


y- 


or 


I 


f[R{E  +  S)  +  L(L  +  N);)«]8inp< 


(R  +  S)»  +  (L  +  N)V\+[(R  +  S)Lp-R(L  +  N)ricosp//(^> 


'     (R+S)«+(L+N)Vl  +[SLp--RNp]cosptf' 

Since  the  origioal  equations  are  aymmetrical  id  z  and  y, 
R  and  S,  L  and  N,  the  value  for  x  ie  givea  by  changing  R  to  S- 
and  L  to  N  in  the  equation  for  y. 


Fin.  33. 

This  equation  for  y  givea  ua  the  alrength  of  the  current  id 
the  fine  wire  coil,  and  it  shows  ua  that  the  phase  of  the 
currents  z  and  y  in  the  branch  circuits  diflera  from  that  of  the 
main  current  i  by  an  amount  which  depends  on  L,  N,  R  and  S, 
In  order  to  exhibit  this  in  a  simple  form  we  may  direct  atten- 
tion to  a  simple  trigonometrical  transformation. 

Lemma. — The  function  A  sin  0  +  B  cos  0,  where  A  and  B  are 
constants,  may  otherwise  be  written 


where 


^A'^  +  B2  sin  (6  +  <f>), 
tan  9  = -p. 
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Draw  »ny  rectangle  (Fig.  38)  0  P,  0  Q,  and  draw  a  pair  of 
rectangular  axes, OX,  0  Y,  through  0.  Project  the  points  Q, R, P 
on  0  Y.    Then,  by  geometry,  if  POX  =  dandPOE  =  ^ 

0r  =  0p  +  0q, 

=  OPBin  e  +  OQco8  $, 

=  0  R  sin  RO  X-0  R  sin  (e  +  <^) ; 

hence         OPsin  tf  +  OQcoa  tf-ORsin  (e  +  <^) 


V0P»  +  0Q'8in(«+<^). 


But 


-*-g-?; 


(8) 


hence         Asin  S  +  Bcos  fl- ^A'  +  B' 8in(e  +  ^)   .  . 

where  tanfl=^. 

A 

Returning  then  to  the  equaiion  for  y,  the  coefficients  of 
sin  p  t  and  cos  p  t  in  the  equation  are  respectively  R  (R  +  S) 
+  L  (L  +  N)p',  which  represents  the  A,  and  (R  +  S)  Lp-R 
(L  +  N)  p,  which  represents  the  B,  in  the  above.  Squaring 
each  of  these  expressions,  and  adding  the  results,  we  obtain 
as  a  result 

{(R  +  S)«  +  (L  +  N)'  p^\  (Rs + p»  L«) ; 

hence  we  finally  arrive  by  substitution  at  the  equation  for  y 


y= 


sin  (p  <  +  6). 


where 


or, 


tan  e  =  1.  =  (R  +  S)LP-R(L  +  N)f 
A      R(R  +  S)  +  L(L  +  N)p3' 

tan«  =  -       (SL^M)J» 


(9) 


(10) 


R(R  +  S)  +  L(L  +  N);)» 

In  this  form  the  equation  for  y  shows  us  that  the  phase  of  y 
is  ahead  of  that  of  i,  or  that  tho  main  current  lags  behind  the 
current  in  the  branch  S,  provided  that  S  L  is  greater  than  R  N; 
and  since  the  expression  for  the  current  x  is  perfectly  sym- 
metrical, we  can  write  it  down  at  once,  and  it  is 
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where 


tan  & 


(RN-SL)y 


(12> 


and  it  is  obvious  that  if  S  L  is  greater  than  R  N,  tan  0  is 
positive,  and  tan  &  is  negative. 

If  SLxRN,  then  there  is  no  lag,  and  the  branch  currents 
z  and  y  agree  in  phase  with  the  main  current  %. 

The  general  result  is,  therefore,  this — When  an  impressed 
electromotive  force  acta  on  a  circuit  which  branches  into  two, 
having  each  self  but  no  mutual  induction,  the  main  current  lags 
behind  the  impressed  E.M.F.  in  phase,  and  the  two  branch 
currents  respectively  lag  behind  and  are  pressed  ahead  of  the 
phase  of  the  main  current. 

The  question  then  arises,  under  what  circumstances  does 
the  branch  current  which  is  in  advance  in  phase  of  the  main 
current  get  so  much  ahead  that  it  comes  into  consonance  with 
the  phase  of  the  impressed  E.M.F. ) 

To  settle  this  question,  we  shall  have  to  discuss  briefly  the 
ijuestioD  of  the  compound  impedance  of  branch  circuits. 


g  18.  Impedance  of  Branched  Oircuits. — Lord  Rayleigh  ha* 
treated  the  problem  of  the  impedance  of  branched  circuits 
under  the  assumption  that  any  number  of  circuits  are  con- 
nected in  parallel,  possessing  each  selfinduction,  but  having 
no  mutual  induction.* 

The  problem  is :  Given  the  resistance  and  induction  of  each 
branch,  to  find  the  compound  resistance  and  inductance,  or 
equivalent  resistance  and  inductance  of  the  system,  for  simple 
periodic  currents  of  given  frequency. 

Let  H  and  L  be  the  resistance  and  inductance  of  any  branch, 
and  p  the  pulsation  •>  2  n-  n.  Let  R'  and  L'  be  the  compound 
or  equivalent  resistance  and  inductance  of  the  system  of  parallel 
conductors. 

The  solution  of  the  problem  given,  for  which  we  refer  the 
reader  to  the  original  paper,  is 


E'  = 


A 


A.^  +  fW 


andL'- 


B 


A'+p»B» 


* 8*t  Lord  Rayleigh  "On   Forced   H&nQomc  OicilUtioiu  of  Vuiou 
Period*"  {PhU.  Mag.,  M»y,  1886,  p.  379). 
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then    (IM)»= 


1 


or 


or 


(IM)  = 


(IM)- 


^(Im,)-^+(lmi,)«  +  2(R  S+^  L  N) ' 


The  lag  c  of  the  main  current  just  before  branching,  con- 
sidered with  respect  to  the  impressed  electromotive  force,  will 
be  given  by  the  equation 


ph 


hence 


tanc-^; 

tanc-'P^-lii:?) 
A     — T 

"(Im) 


generally,  and  in  the  case  considered  will  be 

pi.  tjN 


tan  (: 


ll'+P^U    S^+/)^N'. 


IT 


S 


ll-+p"-U    S3+/)3N» 
hence  after  reduction 

tan  ,^{S'-+p'mpT.  +  (R'+p^U)py( 
(S'^  +  />a  ]S[2)  R  +  (R2  +  p«  L2)  S  ■ 

This  is  the  equation  which  determines  the  lag  of.  phase  of  the 
current  t  behind  the  impressed  electromotive  force  in  the  main 
branch  before  dividing  into  the  branch  currents  z  and  y  in  R 
and  S  respectively. 

Compare  this  equation  with  that  which  determines  the 
angle  by  which  the  phase  of  the  branch  current  y  in  S  is 
ahead  of  the  main  current  t.     It  is,  as  we  have  seen, 

(SL-RN)p 


tan0o, 


R(R  +  S)  +  L(L  +  N);>» 
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In  the  expressions  for  tan  c  and  tan  6  put  N  »  0,  and  they  bolk 
become  equal  to 

SLp 

k  E(R  +  S)+;»«L»* 

This  shows  that,  when  N  =  0,  the  current  y  in  the  branch  8 
is  as  much  ahead  of  the  main  current  i  as  »  is  behind  the  im- 
pressed electromotive  force,  and  hence  that  y  agrees  in  phase 
-with  the  impressed  E.M.F.  acting  on  the  double  circuit ; 
in  other  words,  the  current  in  the  branch  S  is  entirely  un- 
affected by  being  joined  in  parallel  with  an  inductive 
circuit  R ;  but  if  N  is  nol  quite  zero,  then  the  current  in 
'branch  S  is  affected,  as  regards  its  lag,  by  the  fact  of  being 
joined  in  parallel  with  an  inductive  circuit.  The  nature  of 
this  affection  will  be  dependent  on  whether  S  L  -  K  N  ia 

positive  or  negative^that  is,  whether  —or  --  is  the  greater — 

that  is,  whether  the  time-constant  of  the  R  circuit  or  the 

tS  circuit  is  greater 

y  in  S  is  ahead  of  the  main  current  i,  but  lags  behind  the  im' 


L  N 

If  —is  greater  than  — ,  then  the  current 
S  S 


pressed  electromotive  force. 


is  less  than 


N 
S' 


then  the 


current  y  in  S  lags  behind  the  main  current  i  in  phase,  and, 
d  fortiori,  behind  the  impressed  electromotive  force. 

§  19.  Wattmeter  Measurement  of  Periodic  Power. — 
Returning  to  the  wattmeter  problem,  let  one  of  these 
divided  circuits,  viz.,  the  one  of  resistance  R,  be  a  circuit 
in  which  it  is  desired  to  measure  the  elfcliieal  power.  In  the 
ordinary  way  of  using  the  wattmeter  the  fine-wire  coil, 
which  we  will  assume  has  a  resistance  S,  is  placed  in  parallel 
with  the  inductive  circuit,  the  thick-wire  coil  united  in  series 
with  the  inductive  circuit.  The  main  current  t  is  thus  divided 
between  the  inductive  circuit  R  and  the  wattmeter  fine-wire 
circuit  S.  The  electro-dynamic  action  in  the  wattmeter  is  then 
one  between  a  current  in  S,  which  we  have  called  ij,  and  one 
in  the  thick-wire  circuit,  which  is  the  same  as  that  in  the 
inductive  circuit  R,  which  we  have  called  x. 

We  have  above  arrived  at  expressions  for  the  values  of  k 
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and  y.  The  question  then  arises  how  far  the  indications  girea 
by  the  instrument,  and  which  ore  due  to  the  electro-dyuamie 
action  of  the  currents  z  and  y,  and  proportional  to  their  nume- 
rical product,  are  proportional  to  the  real  power  taken  up  in 
the  circuit  B. 

The  current  x  is  the  same  as  the  current  in  B ;  hence  the 
error,  if  any,  will  result  from  the  current  y  in  S  differing  in 
phase  or  in  proportionality  from  the  potential  difference 
between  the  ends  of  the  circuit  R. 

In  the  ordinary  mode  of  calibrating  the  wattmeter  the 
instrument  would  be  applied  to  measure  the  power  in  a  non- 
inductive  circuit  traversed  by  a  known  current,  and  having 
a  known  potential  difference  at  its  ends. 

From  this  the  real  watts  taken  np  in  the  circuit  are  known, 
and  since  the  force  required  to  bring  back  the  movable  coil 
to  its  initial  position  is  proportional  to  the  product  of  the 
currents  in  the  fixed  and  movable  coils,  we  have  at  once  the 
desired  constant  of  the  instrument. 

If  a  wattmeter  so  calibrated  is  applied  to  measare  power  in 
an  inductive  circuit,  tiioie  are  two  different  causes  of  error 
which  may  or  may  not  neutralise  each  other,  and  which  may 
cause  the  measured  watts  as  determined  by  the  instrument  to 
be  greater  than,  equal  to,  or  less  than,  the  real  watts  or  power 
taken  up  in  the  circuit. 

The  first  of  these  causes  of  error  is  due  to  the  fact  that  the 
fine-wire  circuit  of  the  wattmeter  always  has  a  sensible  induc- 
tance— that  is,  N  is  not  zero.  It  is  true  it  may  be  made  very 
small,  and  can  be  made  small  by  the  device  adopted  by  some 
makers  of  arranging  the  chief  part  of  the  wire  resistance  of  the 
fine-wire  circuit  as  a  non-inductive  resistance  in  series  with  a 
small  inductive  resistance  which  forms  the  movable  coiL  It 
follows  that  if  E  be  the  maximum  potential  difference  during 
the  period  between  those  points  to  which  the  fine-wire  cir- 
cuit is  attached,  that  the  true  average  current  in  the  fine-wire 

circuit  u  equal  to  -  .  -,  when  subjected  to  a  simple 

«■     VS«-i-p»N 
periodic  E.M.F.  of  pulsation  p.     This  quantity  is  not  always 
proportional  to  £,  but  depends  on  p.      The   effect   of   the 
impedance    of  the    fine-wire  circuit  is   always  to  make  the 
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true  mean  carrent  in  it  onder  periodic  E.M.F.  Uss  thin  it 
would  be  if  produced  by  a  steady  E.M.F.  equal  to  the  true 
mean  of  the  periodic  KM.F.  But,  in  addition,  the  impedance 
canses  a  lag  in  phase  of  the  current  in  the  fine  wire  circuit 
behind  the  phase  of  the  potential  difference  between  its  ends. 
This  is  the  second  cause  of  error,  and  the  effect  of  this  lag  is 
dependent  upon  the  nature,  whether  inductive  or  non-inductive, 
of  the  circuit  R  To  dissect  ite  action,  first  let  us  suppose  the 
circuit  R  is  non-inductire — that  is,  L  is  zero.  The  current  x  in 
it  will,  therefore,  coincide  in  phase  with  that  of  the  potential 
difference  at  the  points  of  junction. 

The  current  in  S,  viz.,  y,  will,  however,  lag  in  phase  behind 
that  of  the  potential  difference  at  the  junction.  The  effect  of 
thifl  lag  in  S  will  be  to  increase  the  phase  difference  between 
X  and  y,  and  to  diminish   the  cosine  of  this  angle  of  phase 

Y  Y 

difference.     Hence,  to  diminish  the  product  "- — ,  cos  8,  which 

measures  the  true  mean  product  of  z  and  y,  X  and  T  being 
their  maximum  values,  and  S  their  difference  of  phase. 
Since  by  assumption  X  agrees  in  phase  with  £,  any  re- 
duction of  the  above  product  reduces  the  instrumental 
reading,  and  makes  it  less  than  the  true-power  reading. 
If,  however,  we  have  to  deal  with  a  circuit  possessing  induct- 
ance, and  in  which,  therefore,  there  is  a  current  z,  of  which 
the  phase  lags  behind  that  of  the  potential  difference  of  the 
junctions,  then  the  lag  in  the  current  y  io  the  circuit  S,  so 
far  from  increasing  the  difference  of  phase  of  x  and  i/,  may 
operate  to  bring  them  nearer  into  accordance,  and  to  increase 
the  instrumental  reading  over  and  above  that  decrease  due  to 
ttw  first-named  cause  of  error. 


§  20.  Correcting  Factor  of  a  Wattmeter. — The  action  of  these 
two  causes  of  error  may  bo  illustrated  and  explained  best  by 
the  geometric  method. 

Describe  a  circle  with  centre  0  (Fig.  40),  and  take  any 
line  O  A  to  represent  the  maximum  value  of  the  potential 
difference  between  the  two  points  M  M'  of  the  divided  circuit, 
of  which  R  is  the  resistance  of  the  inductive  circuit  consisting 
of  the  thick  wire  of  the  wattmeter  in  series  with  the  circuit  in 
which  the  power  ia  being  measured,  and  S  that  of  the  fine  wire 
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of  the  wattmeter.  Then,  as  before,  the  vertical  projections  of 
0  A  as  it  revolves  represent  the  periodic  variation  of  this 
potential  difference.  On  O  A  describe  a  semi-circle,  and  set  off 
on  0 A  as  a  base,  two  right  angle  triangles  OCA,  DBA, 
of  which  the  sides  O  B,  B  A,  and  0  C,  C  A  are  in  the  ratio 
respectively  of  the  ohmic  to  the  inductive  resistances  of  these 
circuits.  Otherwise  the  angle  A  0  B  is  one  whose  tangent 
Isp  times  the  time-con&tant  of  the  S  circuit,  and  A  O  C  is  one 


Fia  40. 

who:>e  tangent  is  p  times  the  time  constant  of  the  R  circuit. 
Take  one  Sth  portion  of  0  B,  and  set  off  O  Y  equal  to  it, 
then,  as  in  §  13  (p.  115),  0  Y  represents  the  maximum  value 
of  the  current  in  the  S  circuit. 

Similarly,  set  off  0  X  equal  to  one  Kth  part  of  0  C,  and  0  X 
represents  the  maximum  current  in  R.  On  0  X,  0  Y,  describe 
parallelogram  0  Y I  X,  and  draw  the  diagonal  O  I,  and  produce 
it  to  0  D.    Then  0 1  represents  the  maximum  current  juat 


cossna^ 


Ul 


tor 


before  dhiiiaa  cm  tlw  auia  cancnU.  Join  AD,  AD  and  OD 
will  repTMaBC  tfce  eowpwirf  igaqnwmiaat  iadactiTO  aadokmie 
raisUnce  of  the  twodreniu  Band  Sb  pawllal 

To  prora  thk  hat  prapodtaoa,  we  anat  rafar  again  to  the 

per  by  Lord  Bayle^  am  -Toned  HanMBia  Oadlktioo  ot 

oriou*  Periods  '  {PUL  JTay^  18SS). 

If  B*  repreaenta  the  equiralent  re«iataaee  of  a  anmber  of 
reaiaUneea  joiaed  in  paraOel  betwean  two  pointa,  and  L'  repre- 
sent the  aqfunlmt  iaJiM— x  d  the  ayaton,  than  it  ia  shown 

Lord  Rayleigh  s  paper  that 

•D*  A  J    T  •  " 


A-+j^& 


and  L'  = 


A?+JJW 


A=2 


B=2: 


R 


W+p'lX 


^  and  L  being  the  resistance  and  inductance  of  any  branch. 
Dd  mutual  inductance  being  zero. 
Apply  this  theorem  to  the  case  nnder  cootideration  of  the 
ro  inductive  resiatanees  (R,  L)  (S,  N)  in  parallel,  and  we 

.  _       R  S 

ir-+i.*L«"'"S»+i>»K«' 


B  =  . 


N 


Qecting  the  multiplication  we  have 

^  _R  (S* +P'  y») + s  (w  -h/>^  y*) 

■p_L  (S«  +/)«  N«) -♦- N  (R»  +p«  L») 
(S>+/>»N>>(R'+/)SL»      • 


R'  = 


R(S*-i-^N')  +  S(R^-Hp»L») 

A»+/)»B»~        (R  +  S)*+;>»(L  +  N)^ 

B  L(S»+/.«  N')j^N_(R»+j(.»L«) 

(R  +  S)*+jB«(L  +  N)» 


uz 
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Turning  back  to  Fig.  40,  we  see  from  the  geometry  of  it 
that,  if  the  angle  B  0  D  ia  aa  before  called  ^,  BOD-DAR 

O  D 


Hence 


cos  tf 


=  S-j9N  tan  tf, 


since  A  B  =p  N  and  0  B  —  S  by  construction, 
therefore  O  D  =  S  cos  tf  -p  N  sin  6, 

But  in  §  16  we  have  found  the  value  of  tan  0  to  be 

(SL-RN)p 

hence  substituting  we  have 

S{R(R  +  S)  +  L(L  +  N)p=[ -/>»  N  (S  L-RN) 


OD. 


(R  +  S)s  +  (L  +  N)Si>» 


or       0  n_BS(R  +  S)+7»'(SL«  +  RN») 
(R  +  S)«  +  (L  +  N)2^»      • 

On  comparing  this  value  for  O  D  with  the  value  above  calcu- 
lated for  R'  we  see  they  are  equal,  and  hence  O  D  =  R'. 

So  that  on  the  same  scale  on  which  0  B  and  0  C  represent 
S  and  R,  the  individual  resistances,  O  D  represents  the  equiva- 
lent resistance  for  the  periodicity  employed.  Similarly,  it 
may  be  shown  that  A  D  =j>  L'.  For  the  angle  C  0  D  =  ^ 
=  angle  CAD,  and 

^^=pL-RtAnff, 


or 


and  since      tan  ff  > 


cos^ 

AD  =  pLcoB  tf'-Rsin  ff; 
(R'S-SL)p 


S(K  +  S)  +  N(LTNXp* 
a  similar  substitution  enables  us  to  see  that 

AD  ^ P L (S'  +P« N»)  +  JO N (R«  +pa L^      . 
(R  +  S;2  +  (L  +  N)'V        ' 

and  this  is  equal  to  the  value  found  by  analysis  for  p  L'. 

The  diagram  also  shows  us  many  other  things  besides  thii 
construction  for  the  equivalent  resistance  and  inductance. 
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It  shows  xu,  for  instance,  precisely  whkt  is  the  effect  of  the 
indnctance  of  the  wattmeter  fine-wire  drcoit,  and  what  moat 
be  the  correction  applied  to  the  readings  to  get  the  real  power 
expended  in  the  inductive  circuit. 

The  actual  reading  of  the  wattmeter  is  proportional  to  the 
true  mean  value  of  the  product  of  x  the  ciurent  in  the  induc- 
tive circuit  R,  and  y  the  current  in  the  fine-wire  circuit  S ; 
and  this  as  previously  shown  is  equal  to  half  the  product  of 
their  maximum  values,  and  the  cosine  of  the  difference  of 
phase. 

From  Fig.  40  (p.  140)  this  mean  value  is  therefore. 


OX.OY 
2 


cosine  B  0  C. 


This,  however,  is  not  the  measure  of  the  power  expended  in 
the  R  circuit.  The  true  watts  are  proportional  to  the  mean 
product  of  X  and  a  current  equal  to  one  S*^  part  of  e,  having 
a  phase  diiference  equal  to  the  angle  C  0  A,  viz.,  that  of  the 
angle  of  lag  of  the  current  in  R  and  the  potential  difference 
O  A  of  its  ends ;  hence  the  real  power  or  watte  are  proportional 


to 


i  |.  OX.  cosine  CO  A, 

o 


since  £  is  the  maximum  of  e,  viz.,  the  instantaneous  potential 
difference  between  the  extremities  of  the  branch  circuits. 

Now  0  Y  is  taken  as  one  S**  part  of  the  effective  electro- 
motive force  in  the  S  circuit ;  and  on  the  same  scale,  on  which 
OA  represents  the  impressed  E  M.F.,  OB  represents  the 
effective  E.M.F.  in  that  circuit.  Hence,  in  taking  the  reading 
of  the  wattmeter,  which  is  proportional  to  the  quantity 


OX.OY 


cosine  BOC 


aa  the  watts,  we  are  making  an  error;  the  quantity  really 
required  is  the  value  of 


11 
2S 


0  X  cosine  A  O  C, 


which  is  numerically  equal  to  the  real  power.    We  see  that 
two    errors  come  in — one  due    to    the    maximum    current 
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OB  F       O -^^^ 

in  the  fine-wire  circuit  beine  O  Y  or  -,=—  instead  of  -  or 

*  S  S         &- 

and  the  other  due  to  the  phase  difierence  being  taken  as  tP — 

angle  COB  instead  of  C  A  0. 

To  correct  the  instrumental  reading  or  observed  watts 

true  value  or  real  watts,  we  have  to  multiply  the  observe 

readings  by  two  factors. 


OA 


First,  the  ratio  of         ^  or  •^^'^^^'^ 

which  is  the  correction  due  to  the  self-induction  of  the  fin^ 
wire  circuit  or  to  the  potential  part  of  the  wattmeter  harin 
a  sensible  inductance.     The  second  is  the  ratio  of  the  cosines  c 
the  angles  C  0  A  and  C  0  B,  or 


cos  CO  A 


cosCOA 


cos  COB     co«(COA-BOA) 
but  from  the  diagram 

cosine  C  0  A  ■ 


R 


and 


cosine  B  0  A  = 


VS2-f-p9N« 


B 


Combining  these  two  corrections  into  a  single  product,  wc 
get  as  the  full  correcting  factor : — 


or 


S  •  RS-f/;5-Lir 

RS«-f/»«N«R     p 
RSs+^«LNS"   ■ 

N 


If  we  put  Ts » -^  where  Tg  is  the  time-constant  of  the  S. 
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or  fine-wire  circah,  aod  T^  =  ^  where  T^  is  the  time^cosUnt 
of  the  K  circait,  we  have 

tod  the  real  watts  or  power  taken  np  in  the  circait  R  ia 
obuised  by  multiplying  the  observed  watta  by  F.  F  becomes 
tmity  for  two  cases  when  L  and  N  are  both  zero,  and  alto 
whenTs  =  TB. 

Hence,  the  ordinary  wattmeter,  applied  as  nsoal  to  meMore 
the  electrical  puictr  in  a  circait  traversed  by  a  simple  periodic 
current,  gives  absolutely  correct  readings  only  in  two  casea. 
Hrst,  when  the  fine-wire  circuit  and  the  circait  being  measured 
have  no  inductance;  second,  when  the  fine-wire  circait  and  the 
circuit  being  measured  have  equal  time-constants. 

But  if  Tb  is  greater  than  Tg,  then  F  is  a  proper  fraction. 
The  wattmeter  reads  too  high,  and  the  real  watts  are  less  than 
the  observed.  If  T^  is  less  than  T^,  then  the  observad  readings 
are  too  low.  If  Tg  »  Tg,  then  the  observed  readings  are  correct. 
Hence  the  wattmeter  may  read  too  high,  too  low,  or  correct 
Generally  speaking,  it  reads  too  high,  since  the  time-constant  of 
the  measured  circait  wiU  most  often  be  in  excess  of  that  of 
the  fine-^vire  circuit. 

§  21.  Matual  Induction  of  Two  Oircnits  of  Constant  In- 
ductance.— We  will  conclude  this  chapter  on  the  theory  of 
simple  periodic  currents  moving  in  circuits  of  constant  in- 
ductance by  examining  the  mutual  induction  between  two 
circuits  in  one  of  which  a  simple  periodic  electromotive  force 
operates.  We  suppose  two  circuits  to  be  so  placed  relatively  to 
each  other  that  when  a  change  of  current  occurs  in  one,  which 
is  called  the  Primary  (Pr.),  a  change  of  magnetic  induction 
takes  place  through  the  other,  called  the  Secondary  (Sec  ). 
We  have,  then,  to  regard  the  primary  and  secondary  as  linked 
together  by  loops  of  induction,  and  the  closed  lines  of 
induction,  together  with  the  two  circuits,  must  be  considered 
as  forming  three  links  of  a  chain.  We  shall  suppose  the 
self  and  mutual  inductance  to  be  known,  as  also  the  resistance 
ol  each  circuit.    The  primary  inductance  and  resistance  will 


SIMPLE  PKRIODIO  CURRENTS. 


be  denoted  by  L  and  R,  and  those  of  the  secondary  by  N 
and  S,  and  the  mutual  inductance  by  M.  The  primary  is 
to  be  subjected  to  a  simple  periodic  electromotive  force  of 
which  the  maximum  value  is  £^  and  the  result  is  to  generate 
in  the  primary  circuit  a  primary  current,  which,  as  we  have 
seen,  is  also  a  simple  periodic  quantity,  and  is  to  be  denoted 
by  its  maximum  value,  Ij.  The  change  of  induction  through 
the  secondary  follows  the  change  of  current,  and  gives  rise  to 
an  impressed  electromotive  force  in  the  secondary  circuit, 
which,  being  represented  by  the  rate  of  change  of  the  sim  pie 
periodic  induction,  is  also  a  simple  periodic  quantity,  and 
gives  rise  to  a  simple  periodic  current  in  the  secondary,  to  be 
denoted  by  its  maximum  value  I,. 

The  general  description  of  the  phenomena  produced  in  such 
a  system  of  primary  and  secondary  circuits  connected  by  an 
air  magnetic  circuit  is  as  follows  : — 

1.  The  application  of  a  simple  periodic  impressed  electro- 
motive force,  E,  produces  a  simple  periodic  current,  Ij,  moving 
under  an  effective  electromotive  force,  R  I„  and  brings  into 
existence  a  counter  electromotive  force  of  self-induction, 
which  causes  the  primary  current  I^  to  lag  behind  £  by  an 
angle  called  the  primary  lag  d,.  If  n  is  the  frequency  of  the 
vibrations  and  2  irn ^^p,  as  before,  then,  as  we  have  before  seen. 


ton  0, 


Lp 


R 


,  and  this  counter  electromotive  force  of    self 


Induction  is  a  periodic  quantity  of  which  the  maximum 
is  L^I,,  and  of  which  the  phase  is  90°  behind  that  of  the 
effective  electromotive  force  or  current,  or  is  in  quadrature 
with  it.* 

2.  The  field  round  the  primary,  and  therefore  the  induction 
through  the  secondary,  is  in  consonance  with  the  primary 
current  I, ;  but,  since  it  is  also  a  simple  periodic  quantity,  its 
time-rate  of  change,  and  therefore  the  impressed  electromotive 
force  in  the  secondary,  is  in  quadrature  with  the  primary 
current     Since  the  induction  through  the  secondary,  due  to 

*  Mr.  T.  H.  Blakesloy  has  emplojed  the  term  t'n  gvadraiure  to  ezpresi 
the  foot  that  one  simple  periodic  qaantity  lags  90°  behind  another  ;  hence 
the  electromotive  force  of  aelf-indnction  is  said  to  be  in  quadrature  with 
the  eflTective  electromotiTe  force  or  current. — See  T.  H.  Blakesley,  "  On 
Magnetic  Lag,"  £leetrician,  May  26,  1668,  p.  88 ;  Fhil.  Mag.,  Joly,  18 
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«  cmrent  I,  in  the  primary,  is  M  Ij,  by  the  definition  of  M  the 
mazimnm  value  of  the  rate  of  change  of  this  induction  for  » 
palsation  p  is  M;  Ij. 

It  is  useful  to  note  that  in  all  dealings  with  simple 
periodic  quantities,  if  X  is  the  maximum  value  of  a  simple 
periodic  qtiantity  which  runs  through  its  cycle  n  times  in  a 
second,  the  maximum  value  of  its  time-rate  of  change  is  d&- 
Jioted  by p  X,  where  p  =  2 wn. 

If,  then,  as  usual,  simple  periodic  quantities  are  denoted  by 
-the  letter  signifying  their  maximum  values,  prefixing  p  to  any 
-one  gives  us  the  value  of  the  maximum  of  its  first  differential 
coefficient  with  regard  to  time,  or  p  is  here  equivalent  in 

«otaUon  to  -;-. 
dl 

3.  This  secondary  impressed  electromotive  force  gives  rise 

"to  a  secondary  current,  Ij,  moving  under  an  effective  secondary 

-electromotive  force,  S  Ij,  and  creating  a  counter  electromotive 

i-iorceof  self-induction  in  the  secondary,  represented  by  N/^I^. 

The  secondary  current  lags  behind  the  secondary  impressed 

•electromotive  force  by  an  angle  0^  such  that 

N> 

S 


tane,  =  fl?. 


4.  This  secondary  current,  Ij,  reacts  in  its  turn  on  the 
primary,  and  it  creates  what  is  called  a  back  electromotive 
force,  or  reacting  inductive  electromotive  force  on  the  primary 
circuit.  The  phase  of  this  must  be  in  consonance  with  that 
of  the  electromotive  force  of  self-induction  in  the  secondary, 
and  it  is  represented  by  the  quantity  M  I,  p.  This  ia 
obviously  in  quadrature  with  the  phase  of  the  secondary  cur- 
rent or  secondary  effective  electromotive  force. 

6.  There  is,  then,  a  phase  difference  between  the  primary  and 
secondary  currents,  and  also  between  the  primary  impressed 
electromotive  force  and  the  primary  current. 

The  general  problem  is,  then  :  Given  the  value  of  the  induc- 
tances L,  M,  N,  and  the  resistances  R,  S,  and  that  of  the  im- 
pressed electromotive  force  E  and  the  frequency  n,  find  from 
theae  aeven  quantities  other  four,  viz.,  the  primary  current  Ij, 
the  secondary  I,,  and  the  difference  of  phase  between  E,  I, 
•ad  If 

l8 
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We  shall  attack  the  problem  geometrically,  as  this  method 
exhibits  far  better  than  the  algebraic  method  the  relation 
between  the  yarious  quantities  involved.  The  method  adopted 
ia  to  construct  an  electromotive  force  diagrazn,  in  which  all 
lines  represent  on  any  scale  volts ;  and  moreover,  as  each  of  the 
quantities  considered  ia  a  periodic  quantity,  the  lines  all  repre- 
sent the  mazimnm  value  of  each  quantity,  and  the  value  at  any 
instant  can  be  obtained  by  taking  the  projections  of  all  lines  on 
any  straight  line  through  the  centre  of  the  diagram  suitably 
placed. 

Let  O  (Fig.  41)  be  taken  as  a  centre ;  draw  any  line  0  Q', 
and  on  it  set  off  any  length,  OT,  which  we  assume  as  the 
magnitude  of  the  maximum  of  the  primary  current.  All  other 
lines  ^11  be  in  proper  proportion  to  this.  Produce  O  T  to  O  Q 
BO  that  O  Q  =  R  I,.  0  Q  is  thrn  the  effective  electromotive  in 
the  primary  circuit.  From  Q  draw  Q  P  at  right  angles  to 
O Q,  and  set  off  Q P  equal  to  Lp  times  0 T  or  to  Lpl^;  Q P 
represents  the  electromotive  force  of  self-induction  in  the 
primary  circuit.     Join  O  P. 

From  O  draw  OC  at  right  angles  to  0  Q,  and  set  off  0  C 
equal  toMp  times  0  T.  0  C  is  then  equal  to  M/>  I,,  and  0  C 
represents  the  impressed  electromotive  force  in  the  secondary 
circuit  On  O C  describe  a  semicircle,  and  set  off  O 6,  making 

an  angle  COB  with  O  0  such  that  tan  C  0  B 

C  0  B  =  the  ratio  of  the  inductive  to  the  ohmic  resistance  for 
the  secondary  circuit.  Join  B  C.  On  the  same  scale  on  which 
O  C  represents  the  impressed  electromotive  force  in  the  secon- 
dary circuit,  viz.,  M^Ij,  OB  will  then  represent  the  effective 
electromotive  force  in  the  secondary,  or  will  represent  S  I.j,  and 
hence,  if  0  D  is  taken  equal  to  one  S""  part  of  OB,  O  D  will 
represent  !„  or  the  secondary  current.  Next  draw  a  line  O  K 
perpendicular  to  0  B,  and  therefore  parallel  to  B  C,  and  on  it 
set  off  a  length,  0  K,  equal  to  M  p  times  0  D  or  to  M/)  Ij.  O  K 
represents  then  the  back  inductive  electromotive  force  of  the 
•econdary  on  the  primary. 

The  impressed  electromotive  force  which  has  to  be  applied 
to  the  primary  to  produce  in  it  the  primary  current  0  T  and 
to  induce  in  the  secondary  the  secondary  current  0  D  has 
^erefore  to  be  equal  and  opposite  to  the  resultant  of  three 


\^  or  tan 
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electromotive  forces,  or  to  equilibrate  three  electromotive 
forces,  viz.,  the  effective  electromotive  force  of  the  primary 
0  Q,  the  electromotive  force  of  self-induction  in  the  primary 
P  Q,  and  the  back  electromotive  force  in  the  primary  due  to 
the  inductive  etTect  of  the  secondary  on  the  primary,  viz.,  0  EL 

The  resulUnt  of  0  Q  and  Q  P  is  0  P.  If,  then,  we  draw 
P  F  from  P,  and  make  it  equal  and  parallel  to  0  K,  and  join 
0  F,  0  P'  will  be  the  resultant  of  O  Q,  Q  P,  and  OK;  and 
hence  0  F  will  represent  E,  or  the  impressed  electromotive 
force  required  to  be  applied  to  the  primary  to  maintain  the 
currents  Ij  and  I,. 

It  is  to  be  understood  that  in  this  diagram  a  unit  of  length 
stands  for  a  volt,  an  ampere,  an  ohm,  and  a  secohm ;  and  hence, 
on  that  assumption,  E  represents  in  volts  the  impressed 
E.M.F. — that  is,  the  maximum  of  the  simple  periodic  E.M.F. 
required  to  maintain  the  currents  Ij  Ij,  of  which  0  T,  0  D  re- 
present the  maximum  values.  The  relative  phases  are  in- 
dicated by  the  positions  of  these  lines.  To  obtain  the  actual 
values  of  the  E.M.F.  and  currents  at  any  instant  we  have  only 
to  take  the  projections  of  0  F,  O  T,  and  O  D  on  any  line 
drawn  through  O  suitably  placed,  and  the  magnitudes  of  these 
projections  will  give  the  required  quantities.  We  must  then 
suppose  the  whole  diagram  to  be  enlarged  or  diminished 
without  distortion  until  the  length  of  0  F  is  numerically  equal 
to  the  maximum  value  in  volts  of  the  impressed  E.M.F. 
E,  and  then  O  T  and  0  D  will  represent  the  currents  Ij  and  I„ 
in  magnitude.  We  may  consider  the  two  right-angled  triangles 
0  Q  P,  0  B  G  aa  pivoted  together  at  0,  and  revolving  round  O; 
the  fluctuations  of  the  projections  of  OP',  OT,  OD  on  any 
line  will  give  us  the  cyclic  values  of  E,  I„  and  Ij.  We  can 
next  obtain  some  useful  relations  between  these  quantities 
from  the  geometry  of  the  figure.     In  the  triangle  0  B  C, 


Hence 


OC«  =  OB'-fBC«. 
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lip  might  by  analogy  be  called  the  mutoal  indactiTe  re- 
aistance. 

To  obtain  the  viJue  of  Ij  in  terms  of  E,  and  the  inductances 
and  resistances,  we  project  the  lines  O  P  and  O  P  on  the 
vertical  line  0  K,  and  express  the  fact  that  0  P'  or  £  is  in  all 
cases  the  resultant  of  0  K  and  O  P.  Let  the  angle  F  O  Q'  be 
called  <^,  <^  is  the  angle  by  which  the  primary  current  lags 
behind  the  total  impressed  electromotive  force.  Then  GOB 
is  «„  and  T  0  K  =  C  0  B = ^j,  since  Q  0  C  and  K  0  B  are  both 
right  angles. 

Hence  we  have  by  resolution  on  0  K 

Eco«(^  +  fl,)-MpI,+  VE«+jp2L»IiC0B(fli  +  e^; 


but  since 


1,-1. 


My 


we  have  by  substitution 


E  CO.  {4>+  e,)  -  {  ^^— +  JWl^U  cos  (9,  +  e,  }  I„ 

a  relation  established  between  E  and  I,  which  is  known  when 
ift  is  known. 


Since 


i»a6i- 


and  tan5,»:^?. 


it  follows  by  an  easy  transformation  that 


cosC^i  +  e,): 


RS-j3»LN 


hence 


g_MV+B»-p»LN  Ii 

VS'+y-^N'       coe(^  +  fl,) 


To  find  the  value  of  <^,  suppose  that  whilst  E  and  I,  remain 
the  same  the  secondary  circuit  is  suppressed.  We  should 
then  only  have  an  impressed  electromotive  force,  E,  creating 
a  current,  Ij,  and  from  the  diagram  and  from  what  has  been 
before  explained  it  is  obvious  that  the  effective  and  self-indnc- 
tive  electromotive  forces  in  the  circuit  would  then  be  repre- 
sented by  0  Q'  and  Q'  P'.    If  we  denote  these  by  the  symbols 
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E'lj  and  L'|»Ii  we  may  properly  call  R'  and  L'  the  equivalent 
resistance  and  indnctance ;  that  is  to  say,  these  quantities  are 
the  resistance  and  inductance  which  the  primary  circuit  should 
have  in  order  that,  when  the  secondary  circuit  is  removed,  the 
primary  impressed  electromotive  force  may  generate  in  it  the 
same  currentwhich  it  does  when  the  secondary  circuit  is  present 
and  the  primary  has  its  natural  resistance  R,  and  inductance  L. 
We  see,  then,  that  the  eflect  of  bringing  up  the  secondary  and 
allowing  it  to  be  acted  upon  and  react  upon  the  primary  is  to 
increase  the  effective  resistance  and  diminish  the  effective  in- 
ductance of  the  primary ;  in  other  words,  the  equivalent 
resistance  of  the  primary  circuit  is  greater  and  the  equivalent 
inductance  is  less  by  reason  of  the  presence  of  the  secondary 
circuit. 

We  have  then  to  find  the  value  of  cos  (<^  +  d^. 
Cos  (^  +  ^2)  =  co8<^  cos  fl,-8in<^sin  0jj 


but 


and 


hence 


cos  <^ : 


R' 


cos  tfj 


S 


6\ii<i>-- 


Vp 


COB  (<t>  +  6^ 


Bind," 


R'S- 


VS2+;»»  N»      N/R'2+;»aL'» 


Substituting  this  in  the   equation  connecting  E  and  I^, 

arrive  at  

E  =  I  (MV  +  RS-y^LN)    JK^+jFu^ 
'  R'S-L'N;3 

Returning  to  Fig.  41,  we  see  from  it  that  P'  Q'  is  paralle? 
to  P  Q,  and  hence,  if  we  draw  P'  V  parallel  to  Q'  Q,  we  have 

FQ'  =  PQ-PV 

=  PQ-PFco8FPV 


.PQ-PPsiu^ip 


or 


or,  Binco 


L'i>I;-LpI,-MpI, 


M»I. 


I.' 


M'l 


V    S-^+j>2N' 


iB'I^and 


SmPLE  PERIODIC  CCrUBKNTS. 


L'  =  L- 


Abo,  i^aio,  OQ  represents  RI,  and  OQ*  on  the  sama 


OQ'  =  OQ  +  Qg 
-OQ+FV 
-OQ  +  PP'sinFPV 
=  0Q  +  PFco6tf,; 


P 


iience 


*dA  therefore 


RI,. 


R- 


.R  +  _MVS_   .    . 


(B) 


These  formals  (A)  and  (B)  give  us  the  efTcctive  inductance 
and  resistance  of  the  primary  circuit  as  affected  by  the  secon- 
'dary.  They  were  fint  given  by  Clerk  Maxwell  in  a  paper  in 
the  Philosophical  Tranioetions  of  the  Royal  Society  in  1865, 
entitled  "  A  Dynamical  Theory  of  the  Electromagnetic  Field  " 
{Phil.  Tranf.,  1865,  p.  475).* 

If  we  form  from  (A)  and  (B)  the  function  R'  S  -  L'  N  p,  we 
find  it  to  be  M'/)^  +  R  S  -/>*  L  N  ;  and  hence,  by  substitution 
in  the  expression  already  given,  connecting  £  and  Ij,  we 
arrive  finally  at  the  result 

E  =  I,VR'»+p»L'», 

Following  the  usnal  nomenclature,  we  may  call  the  expression 
^^■^  +  pS  L"*  the  (quiralent  impedance  of  the  primary  circuit, 
and  we  have  as  the  final  result  for  the  induction  coil  of  con- 
stant inductance 


Primary  current  ■■ 
strength 


impressed  electromotive  force 
equi%-alent  impedance  of  primary' 
circuit 


Secondary  current  _  •• , 
strength  ~  "    ' 


primary  current 


impedance  of  secondary  circuit 


*  Sti  alto  Lord  Kajleigh  od  "  Forcol  Uannonio  Oscillatioiu  of  Vuiooa 
Pkriods,"  no.  Hag.,  May,  1886,  p.  S7&. 
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The  angle  of  lag  of   primary  current  behind  impressed 

n  T  ' 

£.M.F  =  <^  tan  «^  =  ?—-,  and  the  angle  of  lag  of  the  secondaiy 

A 

current   behind    the    primary   is  seen    to  be  90*  +  ^,    and 


ton  d. 


^P. 


hence  we  have  the  values  and  relative  phases  of 


the  currents  and  the  impressed  electromotive  force. 

In  ihe  above  equations  we  are  to  understond  current  strengtha 
and  electromotive  forces  to  bo  either  the  maximum  values  or 
the  average  values  during  the  period.  If  (^  and  t,  be  the  actual 
values  at  any  time  t,  reckoning  time  from  the  instant  of  the  zero 
value  of  the  electromotive  force,  then,  from  the  principles  pre- 
viously explained  in  this  chapter,  it  is  obvious  that 

tj  =  Ii  sin  (/;  I  -  4>), 


or 


and 


or 


H= 


E 


sin(j)i  +  <l>  +  e,  +  W). 


The  student  will  find  the  above  expressions  for  the  primary 
and  secondary  currents  can  be  deduced  by  analytical  processes 
from  the  simultaneous  equations 

at         at 

at  at 

which  equations  can  be  established  for  two  circuits  by  analo- 
gous methoda  to  that  by  which  in  §  11  a  cunent  equation 
was  arrived  at  for  one  circuit,  subject  to  a  simple  periodic 
electromotive  force.*  It  is  easily  seen  that  if  n  is  very 
great,  or  the  alternations  extremely  rapid,  then 

Ij_N 
1,    M' 


*8—  MMC&rt  and  Jonbort's  "  Electridtj,"  Vol.  I.,  p.  621.     (To  b» 
oMuned  at  the  office  of  The  Eleclrician.     In  2  vols.) 
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If  the  prinuoy  and  aeeondary  eircmta  eonaiBt  (d  two  eqoal 
dtenits  ao  intenroimd  tiiat  for  theee  drcnita  L—M —N,  then 
for  Teiy  npid  altenuUicHu  we  aee  that  the  seoondaiy  cnrrent 
I,  is  eqoal  in  magnitude,  and  exactly  opposite  in  phaae,  to 
the  primary  current  I^  and  the  magnetic  fielda  dae  to  theee 
currents  respectively  are  also  equal  and  opposite  in  direction 
at  every  instanb 


CHAPTER  IV. 


MUTUAL  AND  SELF  INDUCTION. 

§  1. — Eesearches  of  Prot  Joseph  Henry. — ^An  early  worke^^' 
in  the  field  of  electro-magnetic  discovery  opened  up  by  Farada.ji-^' 
was  Prof.  Henry,  of  Princetown,  New  Jersey,  and  his  worlc 
was  fruitful  in  many  new  and  important  investigations.     Aj^»- 
account  of  bis  experiments  is  to  be  found  in  the  Fhilotophica^- 


Fio.  I. 


Magazine,  Vol.  XVI.,  3rd  Ser.,  1840.  (See  also  Tramaction*  of 
the  American  Philosophical  Society,  1838,  Vol.  VI.)  As  this 
memoir  sets  before  tlie  rciwler  in  a  very  clear  manner  the  chief 
phenomena  of  mutual  induction  we  shall  reproduce  bore  the 
main  portions  of  it. 

The  principal  articles  of  apparatus  used  in  the  experiments 
consisted  of  a  number  of  flat  coils  of  copper  riband,  which  were 
designated  by  the  names  Coil  No.  1,  Coil  No.  S,  <kc.,  also 
-aevenU  long  bobbins  of  wire,  and  these,  to  distinguish  them 
from  the  ribands,  were  called  Helix  No.  1,  Helije  No.  2,  ibc 
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Coil  No.  1  vas  formed  of  thirteen  poonds  (rf  copper  plate 
one  inch  and  a-half  wide  and  ninetj-three  feet  long ;  it  was 
^vell  corered  with  two  coatings  of  silk,  and  was  generally  uaed  in 
-Ciie  form  represented  in  Fig.  1,  which  is  that  of  a  fiat  spiral 
^Bxteen  inches  in  diameter.  It  was,  howcTer,  sometimes  formed 
into  a  ring  of  larger  diameter,  as  is  shown  in  Fig.  2. 

Coil  No.  2  was  also  formed  of  copper  plate  of  the  same  width 
^ind  thickness  as  coil  No.  1.  It  was,  however,  only  sixty  feet 
long.  Its  form  is  shown  at  6  in  Fig.  1.  The  opening  at  the 
centre  was  sufficient  to  admit  helix  No.  1.  CoUs  No.  3,  4,  5,  6, 
-^ere  all  about  sirty  feet  long,  and  of  copper  plate  of  the 
I  thickneas,  but  of  half  the  width  of  coil  No.  1. 


Ftc.  2. 


Helix  No.  1  consisted  of  sixteen  hundred  and  sixty  yards  of 
Dpper  wire  -^th  of  an  inch  in  diameter  ;  No.  2  of  nine  hundred 
nd  ninety  yards,  and  No.  3  of  three  hundred  and  fifty  yards  of 
the  same  wire.  These  helices  were  woimd  on  bobbins  of  such 
size  as  to  fit  into  each  other,  thus  forming  one  long  heUx  of 
three  thousand  yards,  or,  by  using  them  separately  and  in 
different  combinations,  seven  helices  of  different  lengths.  The 
wire  was  covered  with  cotton  threivd  (saturated  with  bees'  wax, 
and  between  each  stratum  of  spires  a  coating  of  silk  was 
uterposed. 

Helix  No.  4,  shown  at  a.  Fig.  2,  was  formed  of  five  hundred 
ftnd  fo>rty-«ix  yards  of  wire  -j^th  of  an  inch .  in  diameter,   the 
'teveral  spires  of  which  were  insulated  by  a  coating  of  cement. 
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Helix  No.  6  consisted  of  fifteen  hundred  yards  of  silTered 
copper  wire,  itt*'^  °^  *"  'loh  iu  diameter,  covered  with  cotton, 
and  is  of  the  form  of  No.  4. 

In  addition,  a  long  spool  of  copper  wire  covered  with  cotton, 
^'jfth  of  an  inch  in  diameter  and  five  miles  long,  was  provided. 
It  was  wound  on  a  small  axis  of  iron,  and  formed  a  solid  cylinder 
of  wire  eighteen  inches  long  and  thirteen  iu  diameter. 

For  determining  the  direction  of  the  induced  currents  a 
magnetising  spiral  was  used,  which  consisted  of  about  thirty 
spires  of  copper  wire  in  the  form  of  a  cylinder,  and  so  small  as 
just  to  admit  a  sewing  needle  into  the  axis. 

Also  a  small  horseshoe  is  frequently  referred  to,  which  was 
formed  of  a  piece  of  soft  iron  about  three  inches  long  and  |ths 
of  an  inch  thick  ;  each  leg  was  surrounded  with  about  five  feet  of 
copper  bell  wire.  This  length  was  so  small  that  ouly  a  current 
of  considerable  quantity  could  develop  the  magnetism  of  the  iron. 
This  instrument  was  used  for  indicating  the  existence  of  such  a 
current.  The  battery  which  was  used  was  a  simple  copper-zinc 
cylinder  battery,  having  about  1|  square  feet  of  zinc  surface. 
In  some  experiments  a  series  of  cells  was  used,  but  most  experi- 
ments were  performed  with  one  or  two  ceUs  of  the  above  kind. 
The  manner  of  interrupting  the  circiiit  of  the  conductor  was  by 
scraping  one  end  of  the  conductor  along  a  rasp,  held  in  contact 
with  the  battery  terminal. 

Provided  with  this  apparatus,  a  preliminary  series  of  experi- 
ments was  made  on  the  self-induction  of  these  various  coils. 
The  mode  of  operating  was  to  close  the  battery  cinniit  by 
dipping  the  ends  of  a  coil  or  helix  into  two  mercury  cups,  and 
then  to  break  the  circuit  by  lifting  out  one  end  from  its  mM^ 
cury  cup,  the  hands  being  at  the  same  time  in  contact  with 
the  battery  terminal  and  the  end  of  the  conductor  which  ia 
being  raised.  In  this  way  the  extra  current  or  electro-mag- 
netic discharge  of  the  coil  passed  through  the  operator's  body. 

When  the  electromotive  force  was  small,  as  in  the  case  of  a 
thermopile  or  a  large  single  cell,  and  the  circuit  is  the  flat  riband 
coil  No.  1,  ninety-three  feet  long,  it  was  found  to  give  brilliant 
snaps  at  the  surface  of  the  mercury  when  contact  was  broken, 
but  the  shocks  were  very  feeble,  and  could  only  bo  felt  in  the 
fingers  or  through  the  tongue.     The  induced  current  in  a  short 
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-ctul,  which  thus  produces  deflagration,  but  not  shocka,  may,  for 
distinction,  be  called  one  of  quantity. 

When  the  length  of  the  coil,  was  increased,  the  battery  being 
the  same,  the  deflagrating  power  decreased,  while  the  intensity 
-«f  the  shook  continually  increased.  With  five  riband  coils 
making  an  aggregate  length  of  three  hundred  feet  and  a  small 
"battery,  the  deflagration  was  less  than  with  coil  No.  1,  but  the 
shocks  are  more  intense. 

There  appears  to  be,  however,  a  limit  to  this  increase  of 
intensity  of  the  shock,  and  thi.s  takes  place  when  the  increased 
resistance  or  diminished  conduction  of  the  lengthened  coil 
begins  to  counteract  the  influence  of  the  increasing  length  of 
the  current.     The  following  experiment  illustrates  this  fact. 

A  coil  of  copper  wire  .j^^th  of  an  inch  in  diameter  was  in- 
creased in  length  by  successive  additions  of  about  thirty-two 
feet  at  a  time.  After  the  first  two  lengths,  or  sixty-four  feet, 
the  brilliancy  of  the  spark  began  to  decline,  but  the  shocks 
continually  increased  in  intensity  until  a  length  of  five  hundred 
and  seventy  feet  was  obtained,  when  the  shocks  also  began  to 
decline.  This  was,  then,  the  proper  length  to  produce  the 
maximum  effect  with  a  single  battery  and  a  wire  of  the  above 
diameter.  With  a  battery  of  sixty  cells  (Cruickshank's  trough), 
having  plates  four  inches  square,  scarcely  any  shock  could  be 
obtained  when  the  coil  formed  a  part  of  the  circuit.  If  the 
length  of  the  coil  was  increased,  then  the  inductive  effect 
became  very  apparent. 

When  the  current  from  ten  cells  of  the  above-mentioned 
trough  was  passed  through  the  large  spool  of  copper  wire  the 
induced  shock  was  too  severe  to  be  taken  through  the  body. 
Again,  when  a  small  battery  of  twenty-five  cells  having  plates 
one  inch  squ.ire,  which  alone  would  give  but  a  very  feeble  shock, 
was  used  with  helix  No.  1,  an  intense  shock  was  received  from 
the  induction  when  the  contact  was  broken.  Also  a  slight 
shock  in  this  arrangement  was  given  when  the  contact  is  formed, 
but  it  was  very  feeble  in  comparison  with  tlie  other.  The  spark, 
however,  with  the  long  wire  and  compound  battery  was  not  as 
brilliant  as  with  the  single  battery  and  short  riband  coil. 

When  the  shock  is  produced  from  a  long  wire  as  in  the  last 
experiments,  the  size  of  the  plates  of  the  Ijuttery  may  be  very 
much  reduced  without  a  corresponding  reduction  in  the  inten- 
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Bitj  of  the  shock.  A  Email  battery  was  made,  fonned  of  six 
pieces  of  copper  bell  wire,  about  one  inch  and  a-half  long,  and 
aa  equal  number  of  pieces  of  zinc  of  the  same  size.  When  the 
current  from  this  was  passed  through  the  five  miles  of  wire  of 
the  spool  the  induced  shock  was  given  at  once  to  twentj-aix 
persons  joining  hands. 

With  the  same  spool,  and  the  single  battery  used  in  the 
former  experiments,  no  shook,  or  at  most  a  very  feeble  one, 
could  be  obtained. 

The  induced  current  in  these  last  experiments  may  be  con- 
sidered as  one  of  considerable  intensity  and  small  quantity. 

The  energetic  action  of  the  flat  riband  cod  in  producing 
self-induction  led  Prof.  Heniy  to  conclude  that  it  would  also 
be  the  most  proper  means  for  the  exhibition  and  study  of  the 
phenomena  of  mutual  induction. 

§  2.  Mutual  Induction. — Coil  No.  1.  (see  Fig.  3)  was  arranged 
to  receive  the  current  from  a  small  battery  of  a  single  cell. 


Fio.  3. 

and  coil  No.  2  was  placed  over  it  with  a  plate  of  glass  betweoD 
to  secure  perfect  insulation.  As  often  as  the  circuit  of  No.  1 
was  interrupted  a  powerful  secondary  current  was  induced  in 
No.  2.  When  the  ends  of  the  secondary  were  joined  to  a 
magnetising  spiral  the  enclosed  needle  became  strongly  mag- 
netic. Also  when  the  ends  of  the  second  coil  were  attached 
to  a  small  water  decomposing  apparatus,  a  stream  of  gas  was 
given  off  at  each  pole,  and  when  the  secondary  current  was 
passed  through  the  wires  of  the  iron  horse-shoe  magnetism  was 
developed.     The  shock,  however,  from  the  secondary  coil  was- 
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very  feeble,  and  scarcely  felt  above  the  fingers-  This  secondary 
carrent  had,  therefore,  the  properties  of  one  of  moderate  inten- 
sity but  considerable  quantity  when  developed  by  the  current 
in  one  flat  riband  coil  acting  on  another  flat  riband  coil. 

Coil  No.  1  reniaining  as  before,  a  longer  coil,  formed  by 
uniting  Nos.  3,  4,  and  6,  was  substituted  for  No.  2.  With  this 
arrangement  as  a  secondary  circuit,  the  magnetising  power  of 
the  current  and  the  brilliancy  of  the  spark  at  breaking 
contact  was  less  than  before,  but  the  shocks  were  more  jwwer- 
ful — in  other  words,  the  intensity  of  the  induced  current  was 
increased,  whilst  its  qu.intity  was  decreased. 

A  compound  helix  formed  by  uniting  Nos.  1  and  2  helices, 
and  therefore  containing  two  thousand  six  hundred  and  fifty 
yards  of  wire,  was  next  placed  on  coil  No.  1.  The  weight  of 
this  helix  happened  to  be  precisely  the  same  as  that  of  coil  No.  2, 
and  hence  the  different  efifecta  of  the  same  quantity  of  metal 
(as  secondary  circuit)  in  the  two  forms  of  a  long  and  short  con- 
ductor could  be  compared.  With  this  arrangement  the  mag- 
netising efl'ects  with  the  apparatus  above-mentioned  disappeared. 
The  sparks  were  much  smaller  and  the  decomposition  less  than 
with  the  short  coil,  but  the  shock  was  almost  too  intense  to  be 
received  with  impunity  except  through  the  fingers  of  one  hand. 
The  secondary  current  in  this  case  was  one  of  small  quantity 
but  of  great  intensity. 

The  following  experiment  is  important  in  establishing  the  fact 
of  a  limit  to  the  increase  of  the  intensity  of  the  shock  as  well 
as  the  power  of  decomposition  with  a  wire  of  given  diameter. 

Helix  No.  5,  consisting  of  a  wire  Ts^th  of  an  inch  in  diameter, 
was  placed  on  coU  No.  2,  and  its  length  increased  to  about 
seven  hundred  yards.  With  this  extent  of  wire  neither  decom- 
position nor  magnetism  could  be  obtained,  but  shocks  were 
given  of  a  pecuharly  pimgent  nature.  The  wire  of  the  helix 
was  further  increased  to  about  fifteen  hundred  yards  ;  the  shock 
was  now  found  to  be  scarcely  perceptible  in  the  fingers. 

As  a  counterpart  to  the  last  experiment  coil  No.  1  was 
formed  into  a  ring  of  sufficient  internal  diameter  to  admit  the 
great  spool  of  wire,  and  with  the  whole  length  of  this  (five 
miles)  the  shock  was  found  so  intense  as  to  be  felt  at  the 
shoulder  when  passed  only  through  the  forefinger  and  thiunb. 
Sparks   and   decomposition  were   also  produced,  and  needles 
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rendered  magnetic.  The  wire  of  this  spool  was  -^th  of  an  inch 
in  diameter;  and  we  therefore  see  from  this  eiperiment  that 
bj  increasing  the  diameter  of  the  wire  its  length  may  be  also 
increased  with  increased  effect. 

The  previous  experiments  were  repeated,  using  a  battery  of 
sixty  cells  (Cruickshank's  trough).  When  the  current  from 
this  was  passed  through  the  riband  coil  No.  1,  no  indication,  or 
a  very  feeble  one,  was  given  of  a  secondary  current  in  any  of 
the  coib  or  helices  arraiiged  as  iu  the  preceding  experiments. 
But  when  the  long  helix  No.  1  was  placed  as  a  primary,  instead 
of  coil  No.  1,  a  powerful  inductive  action  was  produced  on  i 
of  the  circuits  used  as  before. 

First,  helices  Nos.  2  and  3  were  united  into  one  coil  and  pis 
within  helix  No.  1,  which  still  conducted  the  buttery  current. 
"With  this  disposition  a  secondary  current  was  produced,  which 
gave  intense  shocks  but  feeble  decomposition,  and  no  magnetism 
in  the  soft  iron  horse-shoe.  It  was  therefore  one  of  intensity, 
and  was  produced  by  a  battery  current  also  of  intensity. 
Instead  of  the  helix  used  in  the  last  experiment  for  receiving 
the  induction  (secondary),  one  of  the  coils,  No.  3  (copper  riband), 
was  now  placed  on  helix  No.  1,  the  battery  remaining  as 
before.  With  this  arrangement  the  induced  current  gave  no 
shocks,  but  it  magnetised  the  small  horse-shoe,  and  when  the 
ends  of  the  coil  were  rubbed  together  produced  bright  sparks. 
It  had,  therefore,  the  properties  of  a  current  of  quantity,  and  it 
was  produced  by  the  induction  of  a  current  from  a  battery  of 
inteusity.* 

This  experiment  was  considered  of  so  much  importance  that 
it  was  varied  and  repeated  many  times,  but  always  with  the 
■ame  result ;  and  it  therefore  established  the  fact  that  an  inten- 
tity  currtnl  can  induct  ont  of  quantity,  and  by  the  preceding 
experiments  the  converse  has  also  been  shown,  t/uU  a  quantity 
eurrtnt  tan  induce  one  of  intentity. 


*  This  iMt  expariment  ii  very  interesting,  as  showing  that  in  1838  Prof. 
Henry  h»d  ftlmdy  realised  that  which  is  sometimes  called  the  reverse  use 
of  the  indnction  ooQ.  He  hsd  employed  a  coirent  flowing  In  a  fine  wire  ot 
many  tarns  aad  atovfaif  ooder  a  high  «l«ctroiiioliTa  f  oroe^  to  indoos  a  ear- 
rent  of  giesUr  atraa(th  ia  a  sacoodary  dnndti  CKwiirtng  of  a  leasar  nanbar 
of  tnros  of  oiq>per  riband,  and  moving  onder  a  lea  electroiBoUTe  foroa.  In 
other  wntda,  he  had  conxtracted  a  ttrp-ioun  li  mufu  mif.  Kota  Prof. 
Haniy's  explicit  statement  in  the  following  pangtapb. 
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§  3.  Induction  at  a  Distance. — In  the  experiments  on  mutual 
induction  detailed  above,  the  primary  circuit  was  separated 
from  the  secondary  only  by  a  pane  of  glass,  but  the  action  was 
so  energetic  that  an  obvious  experiment  was  to  investigate  the 
effect  of  distance  on  the  mutual  induction.  For  this  purpose 
coil  No.  1  was  formed  into  a  ring  of  about  two  feet  in  diameter 
(fee  Fig.  4),  and  helix  No.  4  placed  as  shown.  Wlien  tlie  helix 
was  at  the  distance  of  about  sixteen  inches  from  tlio  middle  of 
the  plane  of  the  ring,  shocks  could  be  perceived  through  the 
tongue,  and  these  rapidly  increased  in  intensity  as  the  helix 
was  lowered,  and  when  it  reached  the  plane  of  the  ring  they 
were  quite  severe.     The  effect,  however,  was  BtUl  greater  when 
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rthe  helix  waa  moved  from  the  centre  to  the  inner  circumference, 
aa  at  c,  but  when  it  was  placed  without  the  ring,  in  contact 
with  the  outer  circumference  at  6,  the  shocks  were  very  slight, 
and  when  placed  within,  but  with  its  axis  at  right  angles  to 
that  of  the  ring,  not  the  least  effect  could  be  observed.  Coil 
No.  1  remaining  aa  before  (the  primary)  helix  No.  1,  which  was 
nine  inches  in  diameter,  was  substituted  for  the  small  helix  in 
the  last  experiment,  and  with  this  the  effect  at  a  distance  was 
much  increased.  When  coil  No.  2  was  added  to  coil  No.  1,  and 
the  currents  from  two  small  batteries  sent  thi-ough,  these 
shocks  were  distinctly  perceptible  through  the  tongue  when  the 
distance  of  the  planes  of  the  coil  and  the  three  helices  united 
as  one  was  increased  to  thirty-six  inches.     The  action  at  a  dis- 
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tance  was  still  further  increased  by  coiling  the  long  wire  of  the 
large  spool  into  the  form  of  a  ring  of  four  feet  in  diameter,  and 
placing  parallel  to  this  another  ring  formed  of  the  four  ribands 
of  coils  No8.  1,  2,  3,  4.  When  a.  current  from  a  single  cell, 
having  thirty-five  feet  of  zinc  surface,  was  passed  through  the 
riband  conductor,  shocks  through  the  tongue  were  felt  when 
the  rings  were  separated  to  a  distance  of  four  feet.  In  another 
experiment  to  illuatrate  induction  across  a  distance  Prof.  Heniy 
{Phit.  Mag.,  Vol.  XVIII.,  1841,  3rd  Series,  p.  492)  joined  all 
his  coils,  so  as  to  form  a  single  conductor  of  about  400  feet  in 
length,  and  this  was  rolled  into  a  ring  of  five  and  a-half  feet 
in  diameter  and  suspended  vertically  against  a  door.  On  the 
other  side  of  the  door,  and  opposite  to  the  coil,  was  placed  a 
helix  formed  of  upwards  of  a  mile  of  copper  wire  one  sixteenth 
of  an  inch  in  thickness  and  wound  in  a  hoop  of  four  feet  in 
diameter.  With  this  arrangement,  and  with  a  battery  of  one 
hundred  and  forty-seven  square  feet  of  zinc  surface  divided  into 
eight  elements,  shocks  were  perceptible  on  the  tongue  when  the 
two  conductors  were  separated  by  a  distance  of  seven  feet,  and 
at  a  distance  of  between  three  and  four  feet  the  shocks  were 
quite  severe. 

In  the  fifty  years  which  have  elapsed  since  Prof.  Henry  per- 
formed the  experiments  described  above,  the  progress  of  know- 
ledge has  placed  in  our  hands  an  appliance  vastly  more  delicate 
than  physiological  shock  for  detecting  induction  at  a  distance, 
viz.,  the  articulating  telephone  receiver.  Aided  by  this,  it  ha» 
recently  been  found  possible  to  find  indications  of  the  mutual 
induction  between  conductors  separated  by  miles  instead  of  feet. 

Along  the  Gray's  Inn-road,  London,  the  English  Poat-offioe 
service  has  a  line  of  iron  pipes  buried  underground  cturying 
many  telegraph  wires.  The  United  Telephone  Company  has  a 
Une  of  open  wires  along  the  same  route  over  the  housetopa, 
situated  80ft.  from  the  underground  wires.  Considerable  dis- 
turbances were  experienced  on  the  telephone  circuit,  and  even 
Morse  signals  were  read,  which  were  said  to  be  caused  by  the 
continuous  and  parallel  telegraph  circuits.  A  very  careful  series 
of  experiments,*  extending  over  some  period,  proved  unmis- 


•  Mr.  W.  H.  Preece  on  "Induction  between  Wires  and  Wires"  {Tht 
Etatriciiin,  Vol.  XVII.,  1886,  p.  410;  Britiih  Auociation  Report,  Birming 
bkm,  1886). 
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ttkably  that  it  was  so,  and  that  the  well-known  pattering  dis- 
turbances due  to  induction  are  experienced  at  a  much  greater 
distance  than  was  anticipated. 

Experiments  conducted  on  the  Newcastle  Town  Moor  extended 
the  area  of  the  disturbance  to  a  distance  of  3,000ft.,  while 
lects  were  detected  on  parallel  lines  of  telegraph  between 
rham  and  Darlington  at  a  distance  of  10^  miles.  But  the 
greatest  distance  experimented  upon  was  between  the  east  and 
west  coast  of  the  Border,  when  two  lines  of  wire  40  miles  apart 
were  affected  the  one  by  the  other,  sounds  produced  at  New- 
castle on  the  Jedburgh  line  being  distinctly  heard  at  Gretna  on 
a  parallel  line,  though  no  wires  connected  the  two  places. 

Distinct  conversation  has  been  held  by  telephone  through  the 
air  without  any  wire  through  a  distance  of  one  quarter  of  a 
mile,  and  this  distance  can  probably  be  much  exceeded. 

Effects  are  not  confined  to  the  air,  for  submarine  cables  half 
a  mile  apart  in  the  sea  disturb  each  other.  It  may  well  be 
doubted  whether  the  inductive  effects  above  described  as  taking 
place  over  very  large  distances  above  mentioned  are  not  com- 
plicated by  leakage,  and  that  the  true  inductive  effect  would 
be  too  small  to  be  observed.  The  question  of  the  limiting  dis- 
tance of  detectable  induction  would  require  for  its  settlement 
the  highest  attainable  perfection  in  insulating  the  circuits  and 
specisd  qualifications  in  the  locality  in  isolation  from  all  other 
telegraph  and  telephone  circuits. 

Practical  application  of  induction  across  large  air  spaces  has 
been  made  in  the  methods  of  carrying  on  telegraphic  conmiimi- 
cation  with  railway  trains  when  in  motion.  There  are  two 
methods  by  which  this  has  been  accomplished.  (1)  The  mag- 
neto-induction method,  which  was  devised  by  Mr.  L.  J.  Phclp» 
and  tried  about  the  year  1885  on  a  line  about  15  miles  long 
between  Haarlem  River  and  New  Rochelle  Junction,  in  the 
United  States.  In  the  other  system  (2)  the  principle  involved 
is  that  of  electrostatic  induction,  and  after  having  been  sug- 
gested in  a  more  or  less  imperfect  form  by  Mr.  W.  Wiley  Smith 
in  1881  (U.  S.  Patent  No.  247,127)  has  been  worked  out  in 
great  detail  by  Messrs.  Edison  and  Gilliland. 

In  the  magneto-induction  system  a  telegraphic  car  attached 
to  the  train  carries  a  great  circuit  of  wire  wound  on  a  frame 
extending  the  whole  length  of  the  car,  and  so  placed  that  one 
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side  of  the  'windings  is  as  near  the  track  as  possible,  and  one 
side  as  higli  above  as  the  height  of  the  car  will  permit.  Between 
the  rails  is  laid  down  a  fixed  insulated  conductor,  and  the 
fluctuations  of  a  current  in  this  last  induce  currents  in  the 
lower  side  of  the  large  coil  carried  on  the  car.  The  secondary 
current  so  induced  is  detected  by  a  telephone  and  by  suitable 
interruptions.  A  Morse  code  of  audible  signals  can  be  trans- 
mitted from  the  fixed  conductor  to  the  moving  train.  The 
signals  are  thus  made  to  jump  over  the  air  space,  and  continuous 
communications  can  be  kept  up  between  a  station  or  stations 
in  connection  witli  the  fixed  conductor  and  a  person  in  the 
moving  telegraph  car. 

Mr.  Phelps  used  a  conductor  of  No.  12  (A.G.)  insulated  wire, 
which  was  placed  in  a  sort  of  small  wooden  trough  mounted  on 
blocks  attached  to  the  sleepers.  The  car  containing  the  tele- 
graphing instruments  carried  beneath  its  floor,  and  about  Tin. 
above  tlie  rail  level,  a  2in.  iron  pipe,  in  which  was  a  rubber 
tube  holding  about  90  convolutions  of  No.  14  (A.G.)  copper 
wire,  BO  connected  as  to  form  a  continuous  circuit  about  a  mile 
and  a-half  long,  and  presenting  something  like  three-quarters 
of  a  mile  of  wire  parallel  to  the  primary  line  wire  mounted 
between  the  metals.  The  instnuaenta  consisted  of  a  delicate 
polarised  relay  as  a  receiving  instrument,  which  acted  as  a 
sounder,  and  a  "  buzzer,"  or  rapid  current-breaker,  for  trans- 
mitting signals  by  means  of  the  Morse  key,  which  were  received 
at  the  station  in  a  telephone.  This  arrangement  was  so  far  a 
practical  success  that  Mr.  Phelps  was  encouraged  to  proceed ; 
but  meantime  it  was  discovered  that  the  patent  above  referred 
to  had  already  been  issued,  while  Edison  and  GUliland  had  also 
been  working  on  similar  lines.  In  Wiley  Smith's  specification 
no  mention  is  made  of  a  *'  buzzer,"  which  turns  out  to  be  an 
important  feature  in  the  invention;  but  the  practical  success  of 
the  experiments  mafle  is  due  to  a  combination  of  the  devices  of 
Phelps,  Edison,  and  Gilliland.  The  latest  system  is  an  improve- 
ment on  that  of  Phelps,  briefly  described  above,  in  that  it  dis- 
penses with  the  insulated  line  wire  laid  between  the  metals, 
and  uses  ordinary  telegraph  wires  strung  on  what  are  known  as 
short  poles  alongside  the  permanent  way.  The  line  wire  is,  in 
fact,  stretched  on  poles  about  16  ft.  high  and  at  an  average 
distance  of  8ft.  from  the  rails.     About  64  miles  of  the  Lehigh 
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Valley  Railroad,  U.S.,  from  Perth  Junction  to  Elaston,  have  been 
80  fitted,  and  on  that  piece  of  road  experiments  were  made  in 
1887.  As  a  rule  the  roof  of  the  car,  usually  ghcathcd  with 
metal,  is  available  for  securing  the  necessary  electrical  condi- 
tion, but  where  a  metal  covering  is  absent,  all  that  is  necessary 
is  to  attach  a  wire  or  rod  to  the  roof  and  another  to  some  por- 
tion of  the  metaUic  or  rolling  part  of  the  coach  in  order  to 
obtain  "  earth."  The  instruments  are  inserted  in  this  circuit, 
and  comprise  a  12-cell  chromic  acid  battery  (the  cells  being  2in. 
wide  by  4in.  deep),  which  is  closed  on  an  induction  coil  having 
a  primary  of  about  3  ohms  and  a  secondary  of  about  500  ohms, 
and  provided  with  an  ordinary  vibrating  make-and-break. 
The  messages  are  sent  by  means  of  a  Morse  key  placed  in  the 
secondary  circuit,  this  key  being  of  the  double-pointed  kind 
with  extra  contact.  The  receiving  telephone  baa  a  resistance 
of  about  1,000  ohms ;  but  Mr.  Phelps  states  that  even  when 
wound  so  as  to  have  a  resistance  of  10,000  ohms  the  sound  is 
quite  clear,  so  high  is  the  electromotive  force  of  the  induction 
on  the  roof.  The  car-roofs  are  frequently  of  metal,  usually 
painted  tin  plates,  sheet  zinc,  or  galvanised  iron,  and  these 
answer  admirably  as  inductive  receivers ;  but  where  the  roofs 
are  of  wood,  covered  with  painted  canvas,  an  iron  or  brass 
rod  or  tube,  iin.  in  diameter,  is  carried  along  under  the  caves 
throughout  the  length  of  the  train.  The  metallic  roof  or  the 
rod  is  connected  by  a  wire  to  the  secondary  of  an  induction 
ooil,  while  the  primary  of  the  coil  is  connected  to  the  front 
contact  of  the  double-poiuted  key,  aud  through  that  with  the 
battery.  Opposite  the  core  of  the  coU  is  the  "buzzer,"  which 
transmits  a  series  of  impulses  to  the  line  whenever  the  key  is 
worked.  The  extra  contact,  which  is  placed  on  the  upper  sur- 
face of  the  front  contact  of  the  key,  closes  the  secondary  circuit, 
and  rUows  the  charges  to  be  sent  into  the  roof,  while,  when  the 
key  is  on  the  back  contact,  the  secondary  and  primary  coils 
are  cut  out,  and  the  charge  from  the  roof  then  passes  direct  to 
the  key  and  through  the  telephone  to  earth,  which,  as  a  rule, 
is  made  by  connecting  wires  from  the  coil  and  the  telephone  to 
one  of  the  axle-boxes.  The  coil  and  the  key,  with  suitable  con- 
nections, are  mounted  on  a  board  which  is  large  enough  to 
contain  a  telegniph  form  besides,  and  the  telephone  is  attached 
by  flexible  connections,  aud  is,  when  in  use,  strapped  to  the 
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operator's  head.  The  battery  is  put  up  in  a  case  with  a  handle, 
BO  that  the  whole  apparatus  can  be  carried  from  one  end  of  a 
train  to  the  other.  The  arrangements  at  the  terminal  and 
other  stations  on  the  line,  so  far  as  induction  telegraphy  is  con- 
cerned, are  practically  identical  with  those  in  the  railway  coach ; 
but  in  addition  they  have  a  duplex  Morse  equipment,  by  which 
ordinaiy  messages  can  be  sent  by  the  dot-and-dash  system. 


r 


Fio.  6. 

§  4.  Induced  Cnrrents  of  Higher  Orders. — Experiments  to  be 
referred  to  presently  led  Prof,  Henry  to  the  conclusion  that  the 
secondary  currents,  though  only  of  momentary  duration,  should 
also  be  able  in  their  turn  to  induce  others  in  neighbouring 
conductors,  and  it  was  found  on  trial  that  this  was  the  case. 

A  primary  current  was  passed  tlirough  coil  No.  1,  while 
coil  No  2  was  placed  over  it  to  receive  the  secondary  current, 
and  the  ends  of  this  last  coil  joined  to  a  third  coU,  No.  3.  Bj 
this  disposition  the  secondary  current  passes  through  No.  3,  and 
since  this  was  at  a  distance  (lee  Fig.  5),  and  beyond  the  influence 


of  the  primary,  its  separate  induction  could  be  rendered  mani- 
fest by  the  effects  on  hciix  No.  1,  arranged  as  a  secondary 
circuit  to  this  third  coil.  When  the  handles  a  6  of  the  last 
helix  d  were  g^rasped  a  powerful  shock  was  received,  proving 
the  induction  of  a  tertiary  current  in  the  last  coiL    By  a  siinilnt 
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more  extended  arrangement  (shown  in  Fig.  6)  shocka  were 
received  from  currents  of  a  fourth  and  fftk  order ;  and  with  a 
more  powerful  primary  current  and  additional  coils,  a  still 
greater  number  of  successive  inductions  might  be  obtained. 

It  was  found  that  with  a  small  battery  a  shock  could  be 
given  from  the  current  of  the  third  order  to  25  persons  joining 
hands ;  also  shocks  perceptible  in  the  arms  were  obtained  from 
a  current  of  the  fifth  order. 

When  the  long  helix  is  placed  over  a  secondary  current 
generated  in  a  short  coil,  and  which  is  one  of  quantity,  a  ter- 
tiary current  of  inttntity  was  obtained  capable  of  producing 
•hocks.  When  the  intensity  current  of  the  last  eiperiment  was 
passed  through  a  second  helix  and  another  flat  riband  coil 
placed  over  this  {tee  Fig.  7),  a  quantity  current  is  again  pro- 
duced.   Therefore,  in  the  case  of  these  currents  of  higher  orders 


»io.  7. 


ty  eurrmt  can  he  induced  from  one  of  intensity,  and  the 


The  arrangement  in  Fig.  6  shows  these  different  rcsidts  pro- 
iduced  at  once.     The  induction  from  coil  No.  3  to  helix  No.  1 
Iproduces  an   intensity  current,  and  from   helix   No.  2  to  coil 
io.  4  a  quantity  current. 

The  next  stage  in  Prof.  Henry's  inquiry  had  reference  to  the 
direction  of  these  induced  currents.  Bearing  in  mind  that  a 
current  on  starting  in  a  conductor  induces  an  inverse  or  oppo- 
sitely directed  induced  current  in  a  neighbouring  secondarj- 
circuit,  and  a  direct  or  like  directed  induced  current  on  stopping, 
it  is  evident  that  analogy  points  to  the  fact  that  each  tertiary 
current  must  consist,  in  its  simplest  form,  of  two  oppositely 
directed  currents,  succeeding  each  other  instantaneously.  For 
at  the  "  make "  or  "  break  "  of    the   primary  the   secondary 
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circuit  is  traversed  by  a  brief  secondary  current  in  "  op] 
or  "like  "  direction.  We  shall  speak  of  these  as  the  inverse  and 
direct  secondary  currents  produced  on  closing  or  opening  the 
primary  circuit. 

Each  of  these  secondary  currents  rises  to  a  maximum  and 
then  sinks  to  zero  ngnin.  If  there  is  a  tertiary  circuit  present, 
then  during  the  rise  of  the  secondary  current  to  its  maximum 
it  is  developing  an  inverse  tertiary,  and  during  its  decrease  to 
zero  a  direct  tertiary  current.  Since,  as  we  shall  see,  the  dura- 
tion of  the  secondary  current  is  a  very  small  fraction  of  a 
second,  these  two  component  tertiary  currents  must  suc^ 
each  other  at  an  excessively  short  interval  of  time.  Ph 
logically  thair  separate  cirect  is,  so  to  speak,  lumped  into 
and  they  mnke  themselves  felt  as  a  shock.  Prof.  Henty  adoji 
the  method  of  employing  a  magnetising  spiral  containing  a 
sewing  needle  as  a  means  of  detecting  the  presence  of  these 
induced  currents  of  higher  order.  By  inserting  such  a  spiral 
in  the  circuit  of  the  successive  conductors  and  noting  the  direc- 
tion of  the  magnetisation  of  the  steel  needle  he  arrived  at  the 
conclusion  that  there  exists  an  alternation  in  the  direction  of 
the  currents  of  the  several  orders,  and  that  the  directions  of 
the  several  induced  currents  could  be  expressed  by  saying  that 
«t  the  "  make "  of  the  primary  we  get  an  inverse  secondary,  a 
direct  tcriiary  and  inverse  quartemary  current,  and  so  on  ;  or, 


symbolically : — 

Primary   current 

started 

stopped 

SrronJary      ,, 

inverse  — 

direct     — 

Ttriiary         „ 

direct     + 

inverfc   + 

^wxvt^rsuwif  y, 

inveru   - 

direct     — 

£r. 

<{v. 

The  use  of  a  magnetising  spiral  aa  a  means  of  determining  the 
direction  of  an  induced  current  is,  however,  liable  to  lead  to 
errors  in  drawing  conclusions  as  to  direction  of  currents,  and 
the  above  experiment  cannot  be  regarded  as  an  exhaustive 
examination  of  the  whole  phenomena  of  induced  currents  of 
higher  oiden.  Before  entering  into  a  more  detailed  disousaian 
ol  the  ezaot  nature  of  the  effects  which  here  present  themselves^ 
it  will  be  of  aasistMioe  to  gather  together  the  principal  ofaaerra- 
tiona  OQ  the  induction  of  tnusieut  electric  curr^uta. 


mrruAL  and  self  induction. 
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g  6.  Inductive  Effects  Produced  by  Transient  Electric  Cur- 
rents.— Since  secondary  currents,  which  have,  as  we  shall  see,  very 
brief  duration,  can  in  turn  generate  iuduction  currents  of  higher 
orders,  it  was  an  obvious  inference  that  Leydcn  jar  discharges 
or  the  transient  currents  formed  by  discharging  charged  con- 
ductors, should  in  like  manner  be  able  to  give  rise  to  a  family 
of  induced  currents  in  suitably  placed  circuits.  Prof.  Heury 
opened  up  this  field  of  research,  and  it  has  been  also  diligently 
cultivated  by  Mjirianini,  Abria,  Mattcucci,  Keiss,  Verdet,  and 
many  other  physicists.  Henry's  first  experiment  was  as  follows  : 
A  hollow  glass  cylinder  (see  Fig.  8)  of  about  six  inches  in 
diameter  was  prepared  with  a  narrow  riband  of  tinfoil  about 
thirty  feet  long  pasted  spinilly  around  the  outside,  and  a 
riband  of  the  same  length  pasted  ou  the  inside,  so  that  the  cor- 


Fio,  0. 


responding  spires  of  the  two  were  directly  opposite  each  other. 
The  ends  of  the  inner  spiral  passed  out  of  the  cylinder  through 
a  glass  tube  to  prevent  direct  communication  between  the  two 
circuits.  Wlien  the  ends  of  the  inner  riband  were  joined  by  the 
magnetiauig  spiral  containing  a  sewing  needle  and  a  discharge 
from  a  half-gallon  jar  sent  through  the  outer  riband,  the  needle 
was  strongly  magnetised  in  such  a  manner  as  to  indicate  an  in- 
duced cun-ent  through  the  inner  riband  in  the  same  direction  as 
that  of  the  ciurent  of  the  jar.  If  instead  of  using  the  magnetising 
spiral  the  ends  of  the  inner  riband  were  brought  near  together, 
a  small  spark  was  detected  at  the  instant  of  sending  a  jar  dis- 
charge through  the  outer  conductor.  Experiments  were  next 
made  in  reference  to  the  production  of  induced  current  of 
different  orders  by  electric  discharges.      For  this  purpose  a 
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series  of  glass  cylinders  with  tinfoil  spirals  pasted  on  thorn 
prepared  and  joined  up  so  that  the  inner  spiral  of  one  cylinder 
was  in  connection  with  the  outer  spiral  of  another.  When  a 
discharge  was  passed  through  the  outer  riband  of  the  first 
cylinder  it  produced  an  induced  secondary  discharge  circulating 
in  the  inner  spiral  of  the  first  and  the  outer  spiral  of  the  second. 
cylinder.  This  in  turn  generated  a  tertiary  current,  and 
forth.  Each  of  these  discharges  was  a  brief  wave  of  currentJ 
nnd  by  the  use  of  the  maguctising  spiral  in  each  circuit  aa^ 
attempt  was  made  to  determine  the  direction  of  the  discharge. 
Here,  however,  an  anomaly  presented  itself.  By  the  use  of 
this  magnetising  spiral  it  appeared  that  the  induced  discharges 
were  all  in  the  same  direction.  Leyden  jar  discharges  were  then 
passed  through  the  first  member  of  the  series  of  coils  and  helices 
used  in  the  experiments  on  galvanic  currents,  and  here  the 
directions  of  the  induced  discharges  in  the  several  conductors 
were  found  to  aUemafe.  After  various  experiments  Prof.  Henry 
considered  that  he  had  found  the  solution  of  this  anomaly  in  the 
different  distances  of  the  indvicing  and  inductive  circuits.  As 
an  experiment  illustrating  this  he  gives  the  following : — ^Two 
narrow  strips  of  tinfoil  about  twelve  feet  long  were  stretched 
parallel  to  each  other,  and  separated  by  thin  plates  of  mica  to 
the  distance  of  about  ^th  of  an  inch.  When  a  discharge  from 
a  half-gallon  jar  was  passed  through  one  of  these  an  induced 
current  iu  the  savie  direction  was  obtained  from  the  other. 
When  the  ribands  were  separated  to  a  distance  of  about  Jth  of 
an  inch,  no  induced  current,  as  evidenced  by  the  absence  ot^_ 
effect  in  the  magnetising  spiral,  could  be  obtained.  When  th^H 
circuits  were  still  further  separated  the  induced  current  re- 
appeared, but  in  the  opposite  direction  to  the  primary  discharge. 
The  distance  at  which  the  imJuccd  discharge  changes  direction 
appears,  according  to  Prof.  Henry,  to  be  dependent  on  a 
number  of  circumstances,  such  as  the  capacity  and  charge  of 
the  jar,  and  on  the  length  and  thickness  of  the  wires. 

With  a  battery  of  eight  half-gallon  jars  and  parallel  wires  of 
about  ten  feet  long,  the  change  in  direction  did  not  take  place 
until  the  wires  were  separated  by  twelve  or  fifteen  inches. 

The  currents  of  all  the  higher  orders  were  found  to  change 
sign  with  a  change  in  the  distance  between  the  inducing  and 
inductive  circuit. 
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One  interesting  experiment  was  made  by  Henry  to  illustrate 
the  induction  effect  of  jar  discharges  across  considerable  dis- 
tances. In  this  case  a  primary  circuit  was  formed  consisting 
of  an  insulated  wire  eighty  feet  long.  Around  this  and 
separated  from  it  by  a  distance  of  about  twelve  feet  was 
another  wire  one  hundred  and  twenty  feet  long.  When  the 
discharge  from  thirty  large  Leyden  jars  was  sent  through  the 
primary  wire  an  induced  discharge  was  obtained  in  the  other 
sufficiently  strong  to  magnetise  to  saturation  a  small  needle 
placed  in  a  magnetising  spiral  interpolated  in  the  secondary 
circuit.  We  may,  however,  remark  here,  once  for  all,  that  all 
these  experiments  directed  to  determine  the  direction  of 
induced  discharges  in  which  the  magnetising  power  of  the 
discharge  is  made  use  of  for  this  purjMse  are  difficult  to 
interpret,  and  too  much  reliance  must  not  be  placed  on  the 
conclusions  thus  drawn.  Leaving  out  of  account  for  the 
moment  all  consideration  of  what  are  called  electric  oscilla- 
tions, to  which  we  shall  allude  subsequently,  we  can  say 
that  if  two  discharges  are  passed  through  a  magnetising 
spiral,  the  discharges  being  oppositely  directed  and  of  equal 
quantity  but  different  duratiom,  the  resulting  direction  of 
magnetisation  will  be  dependent  upon  several  conflicting 
elements.  Speaking  generally,  the  intensity  of  magnetisation 
is  determined  by  the  relative  magnitude  of  the  maximum 
current  strength  during  the  discharge,  and  of  two  discharges 
having  equal  quantity,  the  one  lasting  the  shortest  time  would 
rise  to  the  highest  current  strength  during  the  period  of  the 
discharge,  and  exercise  the  greatest  magnetising  force.  Even 
then  it  would  not  be  safe  to  draw  too  pronounced  a  con- 
clusion from  the  direction  of  magnetisation  as  to  the  relative 
magnitudes  of  the  maxima  of  two  alternate  discharge  currents 
rapidly  succeeding  each  other,  for,  as  Abria  has  pointed  out* 
long  ago,  the  demagnetisation  of  a  steel  needle  requires  a  less 
magnetising  force  than  that  necessary  to  magnetise  it  in  the 
first  instance,  and  hence  the  final  results  are  complicated 
by  the  relative  order  of  imposition  as  wcU  as  the  relative 
maximum  magnitude  of  the  magnetising  discharge  currents. 
One  fact  which   has  to   be  borne  in  mind  in  attempting  to 


•  Abria,  Ann.  dt  Chem.  tt  de  Phy:,  [SJ  Vol.  I.,  p.  429,  18*4. 
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interpret  these  results  of  Prof.  Henry  is  that  the  magnetising 
current  whose  direction  we  are  seeking  to  determine  acts  by 
induction  on  the  mass  of  the  needle  or  iron  in  the  testing  mag- 
netising coil,  and  generates  in  its  mass  induction  currents  circu- 
lating round  its  surface.  Under  the  head  of  Magnetic  Scruning 
in  a  later  section  we  shall  examine  the  circumstances  under 
which  such  currents  induced  in  a  metallic  mass  shield  to  a 
greater  or  lees  extent  conducting  circuits  lying  beyond  them 
from  inductive  effects.  Meanwhile  we  can  say  that  the  effect 
of  a  very  siulden  discbarge  in  one  direction  in  the  magnetising 
coil  is  to  induce  eddy  currents  in  the  surface  of  the  needle 
which  shield  the  inner  and  deeper  portions  of  the  steel  from 
the  magnetising  action,  and  the  resulting  magnetisation  is 
chiefly  superficial.  If,  however,  the  discharge  is  prolonged  or 
dragged  out  whilst  retaining  the  same  electric  quantity,  the 
shielding  action  wiU  not  be  so  pronounced,  and  the  magnetisa- 
tion will  penetrate  deeper  down  into  the  mass  of  the  steel. 
Accordingly  two  equal  discharges,  i.e.,  discharges  of  equal 
quantity,  may  produce  a  greater  or  less  magnetic  moment  in 
the  steel,  according  as  the  duration  of  the  same  is  greater 
or  less,  a  very  sudden  discharge  having  much  less  relative 
magnetic-moment^producing  power  than  the  same  quantity 
more  dragged  out.  We  may  in  general  also  say  that  the  mag- 
netising power  of  a  discharge  current  is  determined  by  the 
value  of  the  maximum  current  strength  during  the  discharge, 
and  hence,  of  two  equal  quantity  discharges,  the  one  which 
lasts  the  shorter  time,  and  which  has,  therefore,  the  greatest 
maximum  value,  will,  if  the  discharges  are  approximately  equal 
in  duration,  produce  the  greatest  magnetising  effect. 

The  tertiary  currents,  produced  by  ordinary  galvanic  currents, 
and  the  secondary  currents,  produced  by  Leyden  jar  discharges, 
consist,  as  we  have  seen,  in  their  simplest  form  of  a  double  dis- 
cbarge or  flow,  one  part  inverse,  or  oppositely  directed  to  its 
inducing  parent  current,  and  the  succeeding  part  direct,  or 
similarly  directed,  the  two  component  ciurrenta  of  the  total 
discharge  having  equal  quantity  but  different  durations.  In 
general  the  first  portion,  or  the  inverse  current,  is  that  which 
has  the  greatest  maximum  value  and  the  shortest  duration,  the 
second  half,  or  the  direct  current,  being  more  dragged  out  in 
time ;  and,  for  a  reason  to  be  stated  further  on,  the  approxima- 
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tion  of  the  iuduced  and  inducing  circuita  exaggerates  this 
difference,  or  increases  the  maximum  value  of  the  inverse 
current  at  the  expense  of  its  duration.  The  explanation  which 
may  be  offered,  then,  of  the  phenomena  of  the  magnetisation  of 
ateel  by  tertiary  currents,  or  by  the  secondary  currents  due 
to  Leyden  jar  discharges,  is  as  follows : — When  the  induced 
and  inducing  circuits  are  not  very  near  to  each  other,  and  when 
the  inducing  current  reaches  its  maximum  not  very  suddenly, 
the  two  halves  of  the  induction  current  are  not  very  different 
in  duration,  but  the  first  or  inverse  current  has,  of  the  two,  a 
rather  greater  maximum  and  less  duration.  There  results  then 
a  magnetisation  in  the  ucodle,  which,  on  the  whole,  is  in  the 
Jirection  produced  by  the  inverse  current,  and  the  inference 
from  the  direction  of  magnetisation  is  that  the  induced  and 
inducing  currents  are  in  the  opposite  direction.  If,  however, 
the  inducing  current  reaches  its  maximum  value  very  suddenly, 
as  it  docs  if  the  circuits  are  very  close,  then  the  first  half,  or 
the  inverse  induced  current,  is  so  brief  in  its  duration  that  the 
magnetisation  of  the  needle  due  to  it  is  very  superficial.  On 
the  other  hand,  the  magnetisation  due  to  the  rather  more  pro- 
longed direct  current  is  more  diffused  through  the  needle,  and 
the  resultant  magnetisation  found  on  testing  the  needle  is  that 
apparently  due  to  the  direct  current,  and  the  inference  from 
the  resulting  magnetism  of  the  needle  would  be  that  the 
induced  and  inducing  currents  are  in  the  same  direction.  By 
some  such  explanation  as  the  above  we  may  reconcile  these 
anomalous  results  of  Prof.  Henry  with  known  facts,  but  it  is 
evident,  since  the  resulting  magnetisation  of  the  needle  is  an 
effect  determined  by  the  relative  maximum  values  of  the  two 
portions  of  the  total  induced  current,  and  by  their  duration,  as 
H  Well  as  by  their  order  of  superposition,  that  considerable  caution 
is  necessary  in  attempting  to  interpret  the  results  of  experi- 
ments made  with  a  magnetising  helix.  Henry  was  followed 
in    the    same    field    of    investigation    by   Abria,    Marianini, 

Reiss,  and  Matteucci.     Matteucci    endeavoured  to   determine 

Hthe  direction  of  the  induced  discharges  by  employing  a  pro- 
cess founded  upon  the  experiment  of  tiie  pierced  card,  in 
which  the  hole  made  by  the  spark  on  a  piece  of  paper  or  a  card 
j  is  always  nearer  to  the  negative  electrode.  By  means  of  this 
[process,  combined  with  the  employment  of  the  galvanometer, 
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Matteucci  considered  that  the  inductive  discharges  are  deter- 
mined by  the  following  law  : — If  the  inducing  and  induced 
circuit  are  both  closed,  the  induced  discharge  is  in  the  oppotilt 
direction  to  the  inducing  discharge.  If,  however,  the  induced 
circuit  is  interrupted  at  any  point  so  that  there  is  a  spark,  the 
induced  discharge  is  in  the  <am«  direction  as  the  inducing. 
Abandoning  these  methods  above  described,  M.  Verdet*  em- 
ployed another,  which  depends  upon  the  polaritation  of  dee- 
troda  in  dilute  sulphuric  acid. 

PVom  more  recent  knowledge  we  may  state  the  facts  with 
regard  to  the  action  of  alternate  ciirreuts  upon  a  dilute  sul- 
phuric acid  voltameter  as  foUowst : — 

If  a  current  of  electricity  consisting  of  alternate  short  fluxes 
of  current  of  opposite  sign  is  passed  through  a  voltameter  having 
platinum  electrodes,  and  if  these  electrodes  are  large,  there  is  no 
visible  decomposition,  but  if  the  electrodes  be  reduced  in  size 
below  a  certain  limit  visible  decomposition  begins.  For  every 
current  there  is  a  certain  size  of  electrode,  below  which  gas  is  not 
visibly  evolved,  and  for  every  given  size  of  electrode  there  is  a 
current  below  which  gas  is  not  apparently  liberated.  When 
the  conditions  are  suitat'lc  for  the  liberation  of  gas  the  gases 
collected  at  both  electrodes  have  the  s&me  composition.  If  the 
quantities  of  electricity  passing  in  each  alternate  and  oppositely 
directed  flux  are  equal,  then  the  electrodes  are  not  sensibly 
polarised.  If,  however,  the  quantities  are  not  equal,  then  there 
is,  on  the  whole,  a  greater  flow  of  current  in  one  direction  than 
the  other,  and  the  electrodes  exhibit  the  state  known  as 
polarisation,  and  yield  a  reverse  current  when  connected  with 
the  galvanometer.  Verdet,  in  his  experiments,  made  use  of 
flat  spirals,  the  wires  of  which  were  insulated  from  each  other 
with  great  care  by  silk  and  a  layer  of  gum-lao  varnish.  The 
primary  spind  was  made  of  copper  wire  |ths  of  an  inch  in  dia- 
meter and  92  feet  in  length,  forming  24  spirals.  The  secondary 
circuit  consisted  of  three  spirals  of  wire  ,\jth  of  an  inch  in  dia- 
meter and  167  feet  in  length,  making  95  turns.  The  inducing 
dtwhuige  was  supplied  from  a  Leyden  jar  battery  of  9  Urge 
J«a.     The  induced  discharge  was  sent  through  a  voltameter 

■  VfnlM.  Aum.  dt  OKm-ttdtPh^,  plVoL  XXIX.,  p.  SOU  I85a 
t  5«  »  Pkp«r  bx  HM.  UaaeaTnor  and  J.  ChaH»u,  abnncted  in  Th$ 
,  JsM  Sa.  UaSL  VoL  XXL.  |x  SS7. 
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I  Laving  small  platinum  electrodes,  and  which  could  bo  connected 
>rith  a  delicate  galvanometer  for  detecting  polarisation  of  the 
electrodes  immediately  after  the  discharge.  M.  Verdet's  expe- 
rimenta  led  him  to  recognise  that  when  the  induced  circuit  is 
continuous,  and  not  interrupted  anywhere  except  by  the 
insertion  of  the  voltameter,  no  traces  of  polarisation  are 
obtained  except  by  very  powerful  discharges.  This  indicates 
that  the  induced  discharge  consists  of  a  double  current  of  two 
oppositely  directed  and  equal  quantities  of  electricity.  In  the 
case  of  very  powerful  discharges  there  was  a  slight  galvano- 
metrio  deflection,  indicating  a  preponderating  secondary  dis- 
charge in  the  lame  direction  as  the  primary.  If  the  induced 
or  secondary  circuit  is  interrupted  at  one  point,  so  that  the 
discharge  has  to  pass  as  a  spark  at  that  place,  then  very  per- 
ceptible polarisation  of  the  electrodes  presents  itself,  and  the 
direction  of  this  is  such  as  to  indicate  a  predominant  induced 
current  passing  in  the  lame  direction  as  the  primary. 

To  sum  up.     It  follows  from  all  the  numerous  researches  on 

induced  discharges  that  this  is  a  very  complex  phenomenon, 

and  is  influenced  by  a  large  number  of  conditional  circumstances, 

^Hknd  also  by  the  very  mode  employed  for  determining  it.     It 

^■bay  be,  however,  taken  as  proved  that  an  induced  discharge, 

^^broduced   either  aa  a  secondary  discharge    by  a  transitory 

^|»rimary,  suoh  as  the  discharge  from  a  Leyden  jar,  or  a  tertiary 

current  produced  by  induction  by  a  secondary  current  of  very 

brief  duration,  is  in  its  simplest  form  a  wave  of  electric  current. 

Consisting  of  two  short  fluxes  or  currents  in  opposite  directions, 

iMid   succeeding  each  other  immediately.      This  Poggcndorff* 

Holds  to  be  shown  by  the  action  of  such  tertiary  or  higlier  order 

currents  on  a  galvEmometer.     If  these  currents  are  led  through 

a  galvanometer  of  which  the  arrangement  is  such  that  the 

magnetic  axis  of  the  needle  is  accurately  at  right  angles  to  the 

direction  of  the  magnetic  axis  of  the  coil,  then  no  deflection  of 

the  needle  is  observed,  or  tit  most  a  very  slight  one.     If,  how- 

e-ver,  the  needle  makes  an  angle  with  the  plane  of  the  coils, 

then  these  induction  currents  cause  a  deviation  of  the  nccdlo. 

This  efTect  (der  doppelsinnu/en  Ahtenkun/j)  arises  from  the  fact 

lat  the  magnetism  of  the  needle  is  not  rigid,  and  that  tho 


*  Poggendorff,  Pogg.  Awn.,  Bd.  XLV.,  p.  8S3, 18181 
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alternate  twisting  couples  to  which  the  needle  is  subjected  are 
not  equal,  by  reason  of  the  fact  that  one  of  the  halves  of  the 
complete  induced  current — say  the  direct  half — increases  the 
magnetic  moment  of  the  needle,  and  hence  increases  slightly 
the  deflecting  couple  in  the  direction  tending  to  increase  the 
deviation  of  the  needle;  the  other  half — say  the  inverse  part  of 
the  induced  current — tends  to  reduce  the  moment  of  the  needle, 
and  hence  to  subject  it  to  a  smaller  reverse  couple.  Hence  it 
follows  that,  if  discharges  of  equal  quantity  and  opposite  sign 
succeed  each  other  through  a  galvanometer  when  the  needle  is 
accurately  in  the  plane  of  the  coils,  little  or  no  deviation  is 
observed  ;  but  if  the  coils  are  turned  so  that  the  needle  makes 


Fio.  9. 


an  angle  with  them,  then  these  alternate  currents  will  affect 
the  needle  and  increase  the  angle  of  deflection.  _ 

This  behaviour  towards  a  galvanometer,  and  the  action  oa  ■ 
Toltameter  o£  liberating  mixed  gases  of  equal  composition  m 
each  pole  prove  that  each  induced  current  of  the  third  and 
higher  order  consists  of  two  oppositely  directed  discharges,  pro- 
duced by  the  operation  of  two  successive  electromotive  impulses 
of  opposite  sign  and  very  brief  duration  acting  upon  the  circuit. 
The  quantities  of  these  discharges  are  equal ;  but  the  durations 
are  difTerent,  and  hence  the  maximum  value  of  the  current 
strength  during  the  opposite  discharges  may  be  veiy  di£fereut. 

This  may  bo  illustrated  graphicaUy  thus  : — 
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Let  the  i 


P6Qc(Fig.9)bei 


,  current  curve  represent- 
mg  two  waves  of  current  of  opposite  sign  succeeding  each  other. 
Let  the  horizontal  line  a  e  be  a  time  line,  and  vertical  ordinates 
represent  instantaneous  current  strengths.  Then  the  areas 
(ihaded)  will  represent  the  quantity  in  each  discharge.  Let 
these  shaded  areas  be  equal,  then  the  diagram  represents  two 
discharges  of  equal  quantity  succeeding  each  other  in  opposite 
directions,  but  having  very  different  mftTiTniim  current  strengths 
I  and  I'.  The  duration  of  the  first  discharge  is  represented  by 
o  6,  and  that  of  the  second  by  h  e.  This  diagram  represents, 
then,  what  we  find  in  the  simplest  case  of  tertiary  current.  If 
the  instantaneous  value  of  the  current  at  any  time  is  called  %, 
then  the  whole  quantity  of  the  discharge  will  be  represented 

hy  the  shaded  area  and  by  the  integral  l  idt  between  proper 

limita. 

We  may  classify  the  effects  of  induced  discharges  or  currents 
•n  the  following  way : — 

(1)  Those  effects  dependent  upon  jidt,  or  upon  the  whole 

Tjtiantity  of  the  discharge.  These  are  the  galvanometric  and 
^he  eltctro-ehemieal  effects.  If  a  discharge  is  passed  through  a 
galranometer,  the  duration  of  which  is  very  small  compared 
vritb  the  time  of  free  oscillation  of  the  needle,  the  galvanometer 
needle  experiences  a  "  throw  "  such  that  the  sine  of  half  the 
«ngle  of  deflection  is  proportional  to  the  whole  quantity  of  the 
Recharge.  Also  in  a  voltameter,  by  Faraday's  law,  the  whole 
<{uantity  of  the  electrolyte  broken  up  is  proportional  to  the 
quantity  of  electricity  which  has  pass  through  it. 

(2)  Those  effects  dependent  upon   jv'dt,  ot  upon  the  aver- 

.age  of  the  square  of  the  strength  of  the  current  at  every  instant 
'during  the  discharge.  These  are  the  healing  and  the  electro- 
■dynamie  effects.  By  Joule's  law  at  every  instant  the  rate  of 
dissipation  of  energy  is  proportional  to  the  square  of  the  current 
fltrength,  and  hence  the  whole  heat  generated  by  the  diachurge 
is  proportional  to  the  integral  above.  Similarly,  if  the  dis- 
charge passes  through  a  circuit,  part  of  which  is  movable  and 
«an  react  upon  a  fixed  part,  so  that  attraction  or  repulsion  m*y 
take  place  between  them,  the  force  is  dependent  at  any  instant 
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on  the  square  of  the  current  strougth,  and  hence  the  whole 
effect  or  average  force  upon  the  same  integral. 

(3)  We  have,  lastly,  effecta  dependent  chiefly  upon  the 
maximum  ordinate  I,  or  upon  the  rate  of  change  of  the  cur- 
rent— that  is,  upon  the  steepness  of  the  slope  of  the  current 
curve.  These  are  the  pht/tiological,  Ulephonie,  luminoui,  and 
Toaffnetie. 

The  physiological  effect  of  a  discharge  in  giving  a  shock 
appears  to  depend  in  great  part  upon  the  suddenness  with 
which  the  maximum  current  strength  is  reached.  Of  two  dis- 
charges which  reached  equal  maxima,  that  which  arrived  at  ill 
in  the  shortest  time  would  be  the  most  effective  in  producing 
shocka.  The  value  of  the  maximum  current  strength  is  alBO> 
important.  Two  induced  currents  of  equal  quantity  but  differ- 
ent duration  cause  a  greater  shock  in  proportion  to  their  lesser 
duration.  The  telephone  in  this  respect  resembles  the  animal 
body.  It  ia  affected  more  by  the  rate  of  change  of  the  current 
strength  than  by  the  absolute  current  strength  at  any  instant. 

The  magnetic  effect  depends,  as  has  been  shown  by  Lord 
Rayleigh,*  upon  the  maximum  current  strength  during  the 
discharge,  or  upon  the  initial  current  strength,  in  those  casea  ia 
which  the  current  dies  gradually  away.  In  the  two  Papers. 
referred  to  below  it  is  shown  by  direct  experiment  that,  since 
the  time  required  for  the  permanent  magnetisation  of  steel  is 
small  compared  with  the  duration  of  induced  currents  generally, 
the  amount  of  acquired  magnetism  depends  essentially  on 
the  initial  or  maximum  current  strength  during  a  transitory 
current,  without  regard  to  the  time  for  which  it  lasts.  It  is, 
then,  not  difficult  to  understand  that  the  effort  to  settle  by 
experiment  with  a  magnetising  coil  the  direction  of  induced 
discharges  may  lead  to  very  conflicting  results,  and,  in  any 
case,  it  is  hardly  competent  to  do  more  than  indicate  the  direc- 
tion in  which  the  maximum  current  flow  takea  place  during  the 
discharge. 

The  ipark  effects  are  also  included  in  this  category.  The 
air  or  other  dielectric  is  broken  down  when  the  difference  of 
potentials  between  the  two  discharging  points  reaches  a  certain 

•  See  Pha.  Mag.,  Ser.  4,  Vol.  XXXVUI.,  18C9,  p.  8 :  The  Hon.  J. 
W,  Btrutt,   "On  imiTie  El«>ctromagnetic  Phenomena"    AUo  Phil.  Mag. 
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cnagnitude,  and  in  the  case  of  a  yarying  electric  pressure  the 
question  whether  a,  spark  will  pass  or  not  is  evidently  deter- 
mined by  the  maximum  magnitude  of  that  quantity.* 

It  is  evident  from  the  above  considerations  that  the  complete 
Analysis  of  the  effects  and  phenomena  of  induced  currents  of 
■the  higher  orders,  and  of  those  of  secondary  currents  due  to 
discharges  from  condensers,  requires  a  knowledge  of  the  form 
of  the  CTirrent  curve  in  each  case.  We  proceed  to  consider  the 
problem  of  the  theory  of  induced  currents  in  some  of  its  simpler 
-aspecta. 

§  6.  Elementary  Theory  of  the  Induction  Coil — Aiming 
ather  at  the  elucidation  of  principles  than  very  copious  treat- 
tnent,  we  shall  consider  the  problem  of  the  induction  coU  in  its 
simplest  form.  Let  there  be  two  bobbins  of  wire  in  suitable 
positions  for  producing  mutual  induction  and  without  iron  cores. 
Lret  the  constant  inductance  of  the  first  or  primary  be  denoted 
•by  L  and  its  ohmic  resistance  R,  and  the  similar  quantities  for 
the  second  or  secondary  coil  be  N  and  S,  and  let  M  be  the  co- 
■«fficient  of  mutual  inductance,  t 

Let  there  be  a  source  of  constant  electromotive  force,  E,  which 
<»n  be  applied  or  withdrawn  from  the  primary  circuit.  We 
-denote  by  x  the  strength  of  the  current  in  the  primary  at  amy 
'time  t  after  closing  the  primary  circuit  by  applying  the  battery 
-to  it.  Also  we  denote  by  y  the  current  in  the  secondary  circuit 
.at  any  time  reckoned  from  the  same  zero. 

If,  then,  at  any  instant  the  currents  are  x  and  y,  the  follow- 
ing state  of  things  exists  in  the  circuits. 

The  electromotive  force  £  is  the  impressed  force  on  the  pri- 
vnary  circuit. 

»The  effective  electromotive  force  producing  the  current  x  is 

Bav  the  counter-electromotive  force  of  self-induction  u  ~  L  j-j 
the  counter-electromotive  force  of  mutual  induction  due  to  the 
-current  y  at  that  instant  in  the  secondary  circuit  is  -  M  "t;, 

*  Stt  B«rtin,  "Note*  on  Electrodynamic  IndDctioo,"  Ann.  d*  Chimie, 
•4th  8er..  Vol  XXIL,  April,  1871,  p.  486. 

t  CoDtineotal  writers  often  csU  L  and  N  the  potentimis  of  the  bobbini  oa 
tbemaelvM,  And  M  the  potential  of  one  bobbin  oa  the  other. 
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uid  heooe  the  reUtion  which  at  anj  iostant  bolda  good  betweea 
tbe«e  quantities  is 

which  18  an  expression  of  the  fact  that  the  external  electro- 
motive force  balances  the  internal  electromotiye  forces,  and  the 
effcctiTe  electromotive  force  driving  the  current. 

Similarly,  for  the  secoudarj  circuit  we  have  an  induced  elec- 
tromotive force  due  to  the  induction  of  the  primaij  on  the 

dx 
Moondary  equal  to  M  -^  and  a  counter-electromotire  force  of 

dy 

iclf-induction  N  -jr ;  henos 


dt 


■inoe  there  is  no  extcmal  impressed  electromotive  force.  The 
complete  Bohitiou  of  the  problem  of  finding  the  currents  z  and 
y  uX  any  instant  is  obtained  by  the  solution  of  these  simul- 
tttueous  diflbrential  equations — 

As  our  object  is  not  specially  to  deal  with  difficulties  of 
aunlysis  we  shall  simplify  the  problem  by  supposing  that  the 
two  circuits  are  similar  in  every  respect.  This  makes  R  — S 
and  L  —  N,  and  the  equations  become 


.-|.M^^^.R..K 


if-) 


^+Mlf  +  i; 


'dt 


dt 


(ii.) 


Bearing  in  mind  that  L  is  in  ordinary  parlance  the  "  number 
of  lines  of  foreo  "  whioii  are  linked  with  the  primary  circuit  due 
to  unit  currout  in  its  own  circuit,  sad  that  M  signifies  the 
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number  of  lines  of  force  which  ore  oommon  to  both,  or  linked 
in  with  both  circuits,  when  unit  current  flows  in  each,  we  see 
that  M  can  never  be  greater  than  L,  but  that  under  all  oii^ 
cumstances  we  must  have 

M  <or  =  L, 
alao  M  <  or  =  N ; 

hence  M'<or"iLN, 

or  L  N  —  M'  always  a  positive  quantity,  and  the  maximum  value 
which  the  co-efficient  of  mutual  inductance  M  can  have  ia 

V  LN,  or  the  square  root  of  the  product  of  the  sclf-inductancea. 
In  order  to  separate  the  differentials  in  (i.)  and  (ii.)  we  dif- 
ferentiate each  equation  with  respect  to  t,  and  obtain — 


L +  M -  L  T>  " 


dt^ 


dt 


■     ("»-) 


(iv.) 


Multiply  (iii.)  by  L,  (iv.)  by  -  M,  and  (i.)  by  It,  and  then  adding 
the  three  equations  together  we  obtain — 


cf»«      2LR   dx 


R« 


ER 


dt*     U-Wdt     U-U*       U-li* 

and  a  similar  elimination  gives  us 

tPy      2LR  dy         R»  ^ 

dt*     U-Wdt     L?-W 


(A) 


(B) 


We  have  now  separated  the  differentials  in  x  and  y,  and  the 
■olution  of  these  equations  depends,  as  is  well  known,*  upon  the 
solution  of  an  auxiliary  quadratic  equation-^ 


,^  2RL 


R» 


L»-M»        L*-M« 


-0, 


the  solution  of  which  is 


'"--irMi''"-irrM' 


Set  Boole'*  "  Differaatial  Equatioiu,"  p.  193,  2Dd  Edition. 
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Hence  the  general  solution  of  (A)  and  (B)  ia 


and 


«  =  Ae    '-+>'+ Be    '^•'  +  ^,      . 

.    .    (6) 

Rl                      Rl 

.    .    (6) 

where  A,  6,  A',  B'  are  constants  of  integration  to  be  determined 
from  the  circumstances  of  the  flow.  To  do  this,  however,  a 
preliminary  discussion  is  necessary.  Let  us  suppose  that  the 
primary  current  is  fully  established,  and  has  a  steady  value  I, 
and  hence  that  M I  lines  of  force  penetrate  through  the 
secondary  circuit.  This  quantity  is  then  the  electro-magnetic 
momentum  of  the  secondary  circuit,  because  when  the  current 
in  the  primary  is  steady  there  is  no  current  in  the  secondary 
circuit. 

Let  UB  now  suppose  that  the  primary  circuit  is  broken,  .ind 
that  the  circumstances  of  the  "  break  "  are  such  that  all  these 
M I  lines  of  force  are  removed  at  a  uniform  rate  in  a  small  time, 
i  t,  from  the  secondary  circuit. 

During  this  time  S  t  an  electromotive  force  will  operate  upon 

the  secondary  circuit  equal  in  magnitude  to  -  yr,  or  to  the  rate 

of  decrease  of  the  included  lines  of  force.  We  have  seen  in 
Chap.  III.  that  when  an  electromotive  force  E  acts  on  a  circuit 
of  inductance  L  and  resistance  K  that  the  current  i  at  any  time 
t  after  the  commencement  of  the  application  of  the  electro- 
motive force  is  given  by  the  equation 


E 
11 


(l-«- 


H 


Now,  in  the  case  considered  the  inductance  and  resistance  of 
the  secondary  circuit  are  L  and  R,  and  the  impressed  electro- 
motive force  applied  during  a  time  £  t  is  -jj.     Hence,   at   any 

time  during  the  interval  of  time  S  t  the  value  of  the  secondary 
current  is  given  by  the  equation 

.     MI  „      -z*\ 


I 


I 
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This  giTes  us  the  value  of  the  inyerse  mdoced  current  at 
J  time  during  the  breaking  of  the  primary      Expand  the 
>boTe  expression  bj  the  exponential  theorem  and  it  becomes 

At  the  instant  when  the  removal  of  lines  of  force  or  the  ces- 
sation of  the  induction  through  the  secondary  takes  place  the 
impressed  electromotive  force  ceases  and  the  secondary  current 
begins  to  die  away.  If  we  suppose  the  "  break  "  of  the  primary 
to  be  very  sudden,  S  t  becomes  practically  cero,  and  we  have 

that  is  to  say,  the  secondary  current  starts  with  a  value  equal 

to  —  of  that  of  the  steady  primary. 
Ij 

The  state  of  things  in  the  secondary  circuit  immediately 

lifter  the  break  of  the  primary  is,  then,  tliis  :  the  electromotive 

impulse  due  to  stoppage  of  the  primary  has  generated  a  current 

M 

of  initial  value  -y-  I  in  the  secondary,  but  there  is  no  impressed 

electromotive  force  in  the  secondary  circuit  If  at  any  instant 
jJter  the  break  the  current  iu  the  secondary  circuit  is  i,  the 
law  of  decay  of  this  current  is  expressed  by  the  equation 


The  solution  of  this  is 


L'J-'+Ri-O. 
dt 


i-crt* 


and  the  constant  C  is  found  from  the  condition  that  when 

M 

<  ••  0  t—  -7  I.    Heuce  we  have 

»-^h«~^* {">') 

li 

This  gives  ns  the  value  of  the  direct  or  "  break  "induced  cur- 
rent in  the  secondary  at  any  instant  after  the  break  of  the 
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primary.  Graphically,  this  may  be  represented  by  &  eorre, 
8ach  as  that  in  Fig.  10.  During  the  time  0  T  in  which  the 
primary  is  being  broken  the  induced  electromotive  force  is 
creating  an  induced  current,  the  rising  strength  of  which  is 
represented  by  the  rise  0  P.  The  time  occupied  by  the  break 
8  (  is  0  T.     As  O  T  is  diminished  in  value,  the  magnitude  of 

M 

the  maximum  ordinate  P  T  approximates  to  -jt  I,  and  this  is 

the  initial  value  of  the  inverse  secondary  current  when  the 
break  is  very  sudden.  After  the  break  the  current  decays 
away  along  a  path  represented  by  P  Q,  and  becomes  sero  only 
after  an  infinite  time. 


rio.  la 


The  whole  quantity  of  the  induced  current  is  obtained  by 
integrating  equation  (7)  with  respect  to  the  time  from  zero  to 
infinity,  thus: 


/:"'-/: 


M 


I, 


We  see,  then,  that  both  the  maximum  value  and  whole 
quantity  of  the  direct  secondary  current  are  proportional  to 
the  coefficient  of  mutual  induction  and  to  the  strength  of 
the  primary  current,  and,  moreover,  that  the  whole  quantity  of 
electricity  set  in  motion  in  a  secondary  circuit  of  total  resistance 
R  by  suddenly  removing  from  it  M I  lines  of  force  is  equal  to 
the  quotient  of  number  of  lines  removed  by  the  total  resistance 
of  the  secondary  circuit 
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If  the  induced  current  is  sent  through  a  galvanometer  the 

ixudications  are  proportional  to  the  magnitude  of  — .     If,  how- 

^rrer,  the  induced  current  is  employed  to  magnetise  steel 
xieedles,  the  ma^etisatiou   acquired  is  dependent  upon  the 

xnagnitude  of  — -,  and  ia  therefore  greater  in  proportion  as 

't.he  coefficient  of  self-induction  of  the  secondary  circuit  is  less. 
I_ord  Rayleigh  has  pointed  this  out,*  and  shown  by  experiment 
^hat  within  certain  limits  the  magnetising  effect  of  the  break- 
induced  current  on  steel  needles  is  ffrtater  the  smaller  the 
xiumber  of  turns  of  which  the  secondary  consists,  the  opposite 
iDeing,  of  course,  true  of  the  galvanometer.  The  galvanometer 
'takes  account  of  the  induced  current  as  a  whole ;  whilst  the 
Euagnetising  power  depends  mainly  on  the  magnitude  of  the 
current  at  the  first  moment  of  its  formation,  without  regard  to 
t:he  time  which  it  takes  to  subside. 

Returning  to  the  equations  (5)  and  (6)  we  can  now  find  the 
Constanta  of  integration,  counting  the  time  from  the  instant 
of  "  make  "  of  the  primary.  It  is  obvious  that  when  <  -=  0,  y  =  0 
and  X  — 0,  and  that  the  whole  quantity  of  the  make-induced 

current,  or  /  ydt,  must  be  equal  to  the  whole  quantity  of  the 

**  .MI 

lireak-induced  current,  which  we  have  seen  is  equal  to  -p-. 

In  (6)  put  «  =  0,  y  =  0;  we  get 


[3lence, 


and 


A'  +  B'-O, 


orB'=-A'. 


=  A' 


L-HM 


) 


2  AM 
ydt g-. 


I  Hence  the  whole  quantity  of  the  "  make  "-induced  current  is 

2  A'  M  MI 

P — ,  and  this  must  be  equal  to  -p-,  which  ia  the  whole 


quantity  of  the  "  break  "  current. 


Hence  A'  =  -  -s". 
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Therefore  we  get  for  the  instantaneotis  strength   of  the 
"  make  "  secondary  current 


I    /      «i-      _-ii\ 


(8) 


Agun  in  (6)  put 
aad  we  get 
or 


«  =  0,        «-0, 
A+B  +  I-0, 
B=-(I  +  A); 


&nd  hj  aubstitution  in  (5) 

at  m 

x-A«~  t+M  -(A  +  I)  e~r=ii  +  I. 

From  this  equation  we  can  find  the  value  of  A  by  Bubstitut- 

d  y  d  X 

ing  the  value  of   j-r  derived  from  equation  (8),  and  -t-t  derived 

from  the  above  in  the  original  differential  equation  (i.),  and  we 

find  A  -  -  -H-'     Hence  we  arrive  at  the  equation  for  the  value 


of  the  prlmaxy  current  at  any  instant,  and  it  is 
I  /  -J^^      -T^^i-X 


(9) 


This  gives  the  law  according  to  which  the  primary  current 
grows  up  in  its  circuit.  If  M  »  0,  that  is,  if  there  is  no  second* 
aiy  circuit ;  then 

which  is  the  ordinary  law  of  current  growth.     If  M  •=  L,  which 
is  the  greatest  possible  value  of  M,  then 


:=l(l--2  e'9' 


Henee  it  is  obvious  that  the  presence  of  the  secondary  circuit 
hastens  the  rise  of  the  primary  current  and  opexates  on  it  to 
reduce  its  inductance. 
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^^  On  making  the   primary  we   get  a   "make"    or    inverse 

I  aecondary  current  according  to  the  law  of  growth  expressed  by 

I  the  equation 


'--2(< 


— •  \ 


and  we  see  that  under  the  circumstances  assumed  the  "  make  " 
secondary  starts  from  an  initial  value  zero,  rises  up  to  a  maxi- 
mum, and  then  decays  away  again.     To  find  the  time  of  reach- 

dy 
ing  maximum,  equate  -rr  to  zero,  and  we  find 


U-W 


2RM 


'°8  (l^)' 


and  this  function  increoMi  as  M  decreatet.  So  that  the  more- 
nearly  M  is  equal  to  L  the  sooner  does  the  secondary  reach 
its  maTimum,      It  is  not  difficult  to  show  that  when  M  =  L  the 

above  value  for  <*  becomes  zero,  and  when  M  •=  0  t'  =  ~ji. 

If,  then,  we  trace  a  series  of  curves  (Fig.  11)  representing 
the  values  of  y,  or  the  make-induced  current  at  each  instant 

for  various  and  increasing  values  of  —  as  the  coils  are  moved 

M 

further  apart,  we  find  a  series  of  curves  with  decreasing  moximar 
but  the  maxima  happening  later  as  M  decreases. 

Lastly,  on  breaking  the  primary  curreuX  we  have  a  break- 
induced  current  in  the  same  direction  as  the  primary,  which,  at 
any  instant  after  the  "  break,"  is  decaying  away  according  to 
the  law 

f-j-I,    1- 

If  the  break  was  absolutely  instantaneous,  the  induced  current 

M 
would  start  with  a  finite  value  equal  to  —  of  that  of  the  primary, 

Li 

but  as  no  form  of  break  entirely  eliminates  sparking,  the  rise  of 
the  direct  secondary  current  is  a  gradual  one.  Also  we  have 
another  element  of  disturbance  which  enters  into  the  case. 
The  self-induction  of  the  primary  creates  direct  electromotive 
force  in  its  own  circuit  at  the   instant  when  the   induction 
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through  the  primary  due  to  its  own  current  vanishca.  When 
the  primary  is  broken  either  at  a  mercury  cup  or  ut  a  platiniim 
point  the  fusion  and  volatilisation  of  motal  which  takes  place 
keeps  open  for  a  little  time  a  conductive  path  through  which 
flows  the  extra  current  due  to  the  self-induction  of  the  primary. 
This  extra  current  may  have  at  a  particular  instant  a  higher 
value  than  that  of  the  strength  of  the  steady  current,  so  that  for 
a  short  instant  the  primary  current  may  be  actually  increased 
on  beginning  to  break  the  circuit  before  it  commencea  to 
decay. 


Fio.  11. 

Oqttm  lapntenUag  roqgMj  Uie  current  vuliie  of  the  Drnketijiliiead  eiintol  lor 
dlllennt  uid  Increulng  valuei  of  M, 


k 


This  direct  extra  current  in  the  primary  will  have  its 
elTect  in  introducing  a  very  short  inverse-induced  current, 
which  will  precede  the  main  direct-induced  current  duo  to  the 
decay  of  the  primary  current.  In  any  event  it  will  introduce 
an  electrical  oscillation  tending  to  render  the  growth  of  the 
direct  secondary  current  a  gradual  matter.  It  is  an  interesting 
case  to  examine  the  relative  maximum  values  and  duration  of 
the  two  induced  currents  under  an  assimiption  very  nearly 
realised  when  the  primary  and  secondary  are  wound  together 
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the  same  bobbin,  viz.,  when  M  —  L.     In  this  case  the  Taluee 
'«3f  p  and  z  become 


W  T».«    ~,n 


I      *• 

2 


i-I< 


The  maximum  of  the  direct  currents  ("  break  ")  is  I,  and  that 

«Df  the  inverse  (or  "  make  ")  is  -.     If  we  wish  to  know  at  the 
^  '      2 

'«Dd  of  what  times  t  and  t'  the  strengths  of  the  two  induced 

1 


£ 

W" 


currents  y  and  3  are  reduced  to  —  of  that  of  the  primary  we 

tn 

btain  bj  substitution  of  -  for  y  and  z  in  the  two  above  equa- 
m 
~tions  the  following  : — 


-  — « 

m 


mi 

b 


for  the  direct-induced    current, 


I 


1  1  -— 

—  "-«    "*   for  the  inverse- induced  coirent, 
m     2 

and  therefore  ^ -  2  /'l  -  j??—  Y 

t         V       logw/ 

We  see  that  t'  is  always  greater  than  t,  and  that  in  propor- 
tion as  m  increases,  t'  tends  towards  a  limit  2  t,  or  the  inverse 
current  has  a  duration  about  double  that  of  the  d  irect  secondary. 
We  shall  now  see  how  this  theory  is  confirmed  by  experiment. 

§  7.  Comparison  of  Theory  and  Experiment. — Masson  and 
Breguet  carried  out  a  series  of  experiments  on  induced  cur- 
rents. The  principal  part  of  their  apparatus  was  a  commu. 
tstor  keyed  on  a  revolving  shaft,  which  enabled  them  to 
separate  the  direct  and  inverse-induced  currents.  Two  brass 
wheels  were  keyed  on  one  shaft,  but  insulated  from  it,  and 
the  wheels  had  depressions  cut  in  their  periphery  which  were 
filled  up  with  ivory.  These  wheels  could  be  shifted  rela- 
tively to  each  other,  and  were  insxilated  from  each  other  and 
from  the  shaft  (««  Fig.  12).  Two  springs  pressed  against  the 
edge  of  the  wheels,  and  two  against  the  hub  of  the  wheel.   The 
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whole  arrangement  aerved  as  a  means  to  break  and  make  one 
circuit,  and  at  the  same  time  to  control  a  second  circuit  so  that 
it  was  broken  at  the  time  when  the  first  was  made,  and  made 
at  the  time  when  the  first  was  broken,  or  vice  ver$A.  One  of 
these  wheels  was  inserted  in  the  circuit  of  a  primary  coil  and 
battery,  and  the  other  in  the  circuit  of  a  secondary  coil  and 
galvanometer.  On  rotating  the  wheel  at  a  certain  fixed  speed 
the  series  of  "  break  "  and  "  make  "  induced  currents  are  sepa- 
rated out;  all  one  set  are  stopped  out  and  all  the  other  are  sent 
through  the  galvanometer.  In  this  way  it  was  shown  that  the 
quantities  of  the  induced  currents  were  equal,  but  very  different 


Fia.  la, 

in  maximum  magnitude,  and  hence  in  duration,  the   break- 
induced  currents  being  greatly  superior  in  making  sparks. 

Lena*  wound  a  spiral  of  wire  on  the  soft  iron  armature  of 
a  magnet  and  connected  the  ends  of  the  wire  to  a  ballistic 
galvanometer.  He  detached  the  armature  suddenly,  and  ob- 
served the  throw  of  the  galvanometer.  If  6  denotes  the 
angle  of  deflection  and  x  the  number  of  windings,  he  found 

1         0 
that  the  product  -  sin  -  was  a  constant  quantity,  which  shows 
X        2 

that,  eceterU  parihut,  the  quantity  of  electricity  set  in  motion 

was  in  proportion  to  the  number  of  lines  of  induction  with- 


*  Lenx,  Poggmdarfi  Annalen,  Bd.  XXXL,  p.  3S6,  183S. 
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drawn  from  the  circuit.  He  also  established  erperimentally, 
in  confirmattoa  of  Faraday,  that  the  electromotive  force 
of  inductioa  was  independent  of  the  width,  thickness  or 
material  of  the  wire  windings,*  and  by  other  experimentalists 
also  the  fact  has  been  established  that  the  electromotive 
force  is  independent  of  everything  except  the  form  of  the 
conductor  and  the  nature  of  the  change  it  experiences  in  rela- 
tion to  the  magnetic  induction  through  it.  Felici  f  carried 
out  an  extensive  series  of  experiments  on  induction,  using  a. 
form  of  induction  balance. 

In  this  apparatus  a  secondary  circuit,  consisting  of  two  ooiIb, 
is  arranged  in  series  with  a  galvanometer.     These  coils  ore  so 


H'!'!'f 


Bat 
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Car  apart  as  not  to  influence  one  another.  In  contiguity  to 
each  secondary  coil  is  a  primary  coil,  and  the  primaries  are 
wound  in  opposite  directions.  The  primaries  are  in  circuit 
with  a  battery  and  a  key.  The  circuits  can  be  so  arranged,  by 
adjusting  the  distances  of  the  coils,  that  the  induction  of  the 
primaries  on  their  respective  secondaries  balance  each  other, 
and  the  galvanometer  indicates  no  current,  however  strong  may 
be  the  primary  current.    If  three  pairs  of  coils  (tee  Fig.  13)  are 

*  See  Faraday,  "Exp.  R«aearchn,"  8«r.  11.,  §  193,  et  leq.;  alao  for  electro- 
lytic circuitR,  ate  L.  Hennuin,  Pogg.  Aim.,  1871.  p.  •*>H& 

t  Felici,  Nuovo  Cimento,  Vol.  IX.,  1859,  p.  346,  abo  .ilnn.  dc  Chinit  [3], 
VoL  XXXIV..  1802,  p.  U. 

O 
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thus  taken  and  balanced,  two  and  two,  so  that  the  induction  of 
A  on  a  is  equal  to  that  of  B  on  6  and  C  on  e,  then,  if  we  con- 
nect the  primary  A  in  series  with  B  and  C  in  parallel,  so  that 
the  current  divides  between  them  in  the  ratio  of  their  resist- 
ances, and  connect  the  secondaries  with  a  galvanometer,  all  in 
series,  so  that  the  current  in  a  is  opposed  to  that  in  b  and  in  c, 
then  no  induced  current  is  detected  when  the  battery  circuit  is 
made  and  broken.  This  proves  that  the  qviantity  of  the  induc- 
tion current  is  proportional  to  the  strength  of  the  priaiai^ 
current. 

If  a  primary  and  secondary  coil  are  taken  in  fixed  positions 
and  the  "  throw  "  of  a  galvanometer  observed  when  a  definite 
steady  electromotive  force  E  is  applied  to  the  primary,  then  if 
the  position  of  battery  and  galvanometer  are  reversed,  the 
application  of  the  same  electromotive  force  £  to  the  secondary 
will  give  the  same  "  throw  "  on  the  galvanometer  now  attached 
to  the  primary  circuit,  provided  that  the  galvanometer  and 
battery  either  have  equal  internal  resistance  or  that  their  resist- 
ance is  negligible  in  comparison  with  that  of  the  coUs.  Hence 
we  may  assert  that  the  induction  of  a  circuit  A  upon  B  is  the 
same  as  that  of  B  upon  A.  For,  if  the  resistances  are  R  and  S, 
then  we  have  seen  that  the  total  quantity  Q  of  the  secondary 

current  is  -—,  where  I  is  the  steady  value  of  the  primary  and 


E 


M  is  the  mutual  inductance;  but  I  =•  -,  hence  Q 


If,  then, 


ME 

R'  "   'SR" 

the  positions  of  battery  and  galvanometer  are  reversed,  wc  get 

M  E 
a  quantity  of  induced  current  equal  to  ^=r-^,  which  is  the  same 

R  S 

as  before.     For  any  two  coils  it  is  possible  to  find  a  number  of 

relative  positions  in  which  the  interruption  of  a  current  in  one 

produces  no  induced  current  in  the  other.     lu  such  cases  the 

coils  are  said  to  be  conjvgaU  to  each  other.     It  is  manifest  that 

when  in  these  positions  the  lines  of  induction  produced  by  one 

ooil  do  not  pass  through  the  other.     It  is  possible  to  use  one 

coil  in  this  way  to  explore  the  field  of  another. 

Let  P  be  a  primary  coil  and  S  be  a  small  flat  secondary  coil, 
both  being  shown  in  section  in  Fig.  1 4.  Then,  if  S  is  placed 
in  a  position  conjugate  to  P,  it  will  be  found  possible  to  move 
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the  coil  S  along  a  certain  line  ABC,  maintaining  the  flat  face 
of  the  coil  always  tangent  to  that  line  and  so  that  in  all  these 
poaitions  P  and  S  are  conjugate  It  is  evident  that  such  a  line 
as  a  line  of  induction  of  the  coil  P. 

When  one  coil  is  in  a  conjugal*  position  to  the  another,  as 
iar  aa  regards  inductive  action  they  may  be  considered  to  be  at 
mh  infinite  distance  apart  It  follows,  therefore,  that  if  a  coil 
is  moved  suddenly  from  a  conjugate  position  to  one  not  conju- 
^te  in  the  field  of  a  primary  traversed  by  a  steady  current, 
And  then  the  primary  current  stopped  at  the  instant  of  arriv- 
ing at  the  second  position,  a  galvanometer  in  the  second  circuit 
will  have  its  needle  jerked  from  one  position  of  rest  to  another 


Pi 


^•Ssi- 
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of  rest,  because  the  interruption  of  the  current  takes  out 
of  the  circuit  of  the  second  coil  just  as  many  lines  of  induc- 
tion due  to  the  first  coil  as  the  motion  from  one  position  to  the 
other  put  in.  A  series  of  well-devised  experiments  on  the 
conjugate  positions  of  two  coils  has  been  carried  out  by  Mr. 
W.  Grant.* 

An  elaborate  investigation  into  the  duration  of  induced  cur- 
rents was  made  by  Blasema.t 


•  See  Proc.  PhyBical  Soc.  London,  VoL  III.,  p.  121;  »Iao  Proe.  PbyMe»l 
Boc  Ijondon,  Vol.  IV.,  p.  861. 

i  BUaema,  " Sul  sviluppo e la  durata delle Corrent! dlnduzione,"  GiomaU 
■li  Seienee  ifatunUi.  VoL  VL  (Palermo,  1870). 
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A  commutator  was  constructed  which  consisted  of  two  inau' 
lating  cylinders  keyed  on  one  shaft  and  having  on  part  of  their 
siirface  brass  coverings  cut  into  steps  {»ee  Fig.  15).  These 
cylinders  were  capable  of  being  set  in  any  relative  position  to 
each  other  on  the  shaft.  The  shaft  could  be  revolved  at  a  high 
rate  of  speed,  and  its  velocity  ascertained  by  a  siren  plate 
attached  to  the  axis.  This  siren  plate  consisted  of  a  disc 
pierced  with  holes  against  which  was  directed  a  jet  of  air. 
From  the  pitch  of  the  musical  note  given  out,  when  ascertained 
by  comparison  with  standard  tuning  forks,  the  speed  could  be 
determined.  Two  springs  pressed  against  the  hubs  of  these 
cylinders  and  two  against  the  surfaces  of  these  cylinders,  and  a 
current  entering  by  the  hub  was  conducted  to  the  brass  coating 

C   d  di 


M, 
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and  escaped  by  the  other  spring,  if  the  cylinder  was  in  such  a 
position  that  this  last  spring  was  pressing  on  the  metal  part. 
The  apparatus,  therefore,  formed  a  device  by  which  each 
pair  of  springs  might  be  brought  into  electrical  contact  for 
a  definite  portion  of  the  time  of  a  revolution  of  the  cylin- 
ders and  be  insulated  also  for  a  given  time,  each  pair  of 
springs  being  in  connection  relatively  to  the  other  in  a  deter- 
mined manner  for  a  determined  time.  In  the  circuit  of  the 
one  cylinder  and  pair  of  springs  m  M  was  placed  a  battery 
primary  coil,  and  tangent  galvanometer,  and  in  the  circuit 
of  the  other  pair  a  secondary  coil  and  sensitive  galvano- 
meter. This  being  prepared,  the  primary  coil  P  and  the 
secondary  S  were  placed  a  given  distance  apart.     On  revolving 
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-the  commntator  it  periodically  interrupts  the  primary  current, 
-the  time  during  which  the  primary  current  is  kept  on  depend- 
ing upon  the  position  of  the  spring  M  on  its  cylinder.  The 
•other  cylinder  can  be  so  set  as  to  collect  either  the  direct  or 
inTcrae  aecondary  currents,  and  send  them  in  series  through  the 
flensitire  galvanometer,  the  time  during  which  this  secondary 
circuit  is  closed  being  cajiable  of  regulation  by  the  adjustment 
of  the  spring  M,.  In  his  experiments  Blasema  first  investi- 
gated the  duration  of  each  of  the  induced  currents.  The  in- 
terrupters were  so  arranged  relatively  to  one  another  that 
whilst  the  primary  circuit  was  made  and  broken,  the  secondary 
circuit  was  not  closed  until  a  small  time  after  "  making; "  the 
primary,  and  then  broken  again  before  the  primary  wus  broken. 
By  adjusting  the  secondary  interrupter  a  position  could  bo 
found  in  which  the  gal vauumeter  just  showed  no  current.  The 
interval  between  the  closing  of  the  primary  and  the  opeuing  of 
the  secondary  was  then  the  interval  occupied  by  the  secondary 
current,  and  this  was  the  duration  of  the  "  make  "-induced 
current.  Blasema  found  that  the  "mixke"  secondary  (inverse) 
lasts  a  longer  time  than  the  "  break  "  current  (direct).  For  the 
cotls  used  the  times  were — 


I 


Inverse  aecondan-  lasts  •000-485  second. 
Direct   secondary  lasts  '000273  second. 

He  neit  proceeded  to  obtain  the  curve  of  each  current,  and 
to  determine  the  time  of  arrival  at  a  nuiximum. 

The  secondary  iutemtpter  was  so  set  that  the  secondary 
circuit  was  closed  just  before  the  primary,  and  opened  after  at 
a  certain  definite  interval  of  time.  The  galvanometer  thus 
received  a  current  which  was  made  up  of  repeated  doses  of  the 
whole  quantity  of  the  induced  current  up  to  a  certain  fraction. 
Knowing  the  speed  of  the  commutator  and  the  coefficient  of  the 
galvanometer,  the  value  of  the  whole  quantity  of  the  induced  cur- 
rent, extending  over  a  certain  fraction  of  its  whole  duration,  was 
known ;  and  from  those  observations,  repeated  at  regular  pro- 
gresaiTe  intervals  during  the  whole  period  of  the  current^  the 
value  of  the  ordinates  of  the  current  curve  can  be  obtained. 
For  if  the  curve  (Fig.  16)  A  P  P'  B  (upper  figure)  represents  the 
variation  of  current  during  a  time  A  B,  so  that  P  X  =  y  repre- 
jKnta  the  corrent  strength  at  a  time  X  and  P'  X'  represents  the 
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current  strength  after  a  very  small  interval  of  time,  X  X'  •  (f  C 
Then  the  area  P  F  X'  X  =  y  </  <  represents  the  quantity  of  elco- 
tricity  which  has  po&scd  in  the  time  XX'.      Call  thia  <^Q. 

.rfQ 
dt 


Eence  d CI" yd t,  or  y-_-l 


Suppose  another  curve  A'  P*  R  (lower  curve)  is  drawn  on  an 
equal  abscissa  A'  B',  such  that  its  ordinate  at  every  point  pepro- 
Bcnts  the  whole  area  of  the  upper  curve  up  to  the  corresponding 
jjoiut — that  is  to  say,  the  lower  curve  ta  a  curve  such  that  it» 


Fiii.  16. 


ordinate  F  X'  is  proportional  to  the  area  A  P  X  of  the  upper 
curve,  A  X  (upper  curve)  being  equal  to  A'  X'  (lower  curve),  when 
t)ie  time  interval  d  t  becomes  very  small.  It  is  easily  seen  that 
if  the  area  A  P  X  (upper  curve)  is  called  Q,  and  the  ordinate 
P  X  is  called  y,  that  the  tangent  of  the  angle  P'  Y  X'  (lower 
curve)  which  the  geometrical  tangent  drawn  at  P'  makes  with  the 

axis  A'  K,  and  which  is  represented  by  — -,  is  proportional  to- 

dt 

the  ordinate  P  X.     Hence  the  upper  curve  is  a  derived  curve  of 
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the  lover,  and  if  ve  are  gmn  »  cm^m  tt*  &>  lower  cnrrcv  Um 
ordiiiatea  of  wtkieb  mawit  tbe  wWle  yntitji  «f  aleetnaitgr 
-which  he*  bom  m  gii»«  epoch  iowod  pHk  *  paiB^  v«  «a%  Vf 

thia  w»v  it  io  powflila  to  dBcriba  the  cmibbI  wii^  mad  to 
<l«t«nnine  its  faem  end  poeitMa  of  maeaaanm. 

BUeetM  hnad  that  the  graotar  the  ^ttiMe  ifartai  tfc* 
pmBMijr  BIO  eeeoMfiaiy— is  other  wora^  the  !■■  the  ■■taol 
indactaaoe — tbe  lev  «■■  the  iuaiieeum  lafaw  cf  the  eenenilBij 
ctnrent,  and  the  greater  the  dciaj  in  the  affteannee  ef  that 
mmriTiiiim.  TUb  k  in  »"'■■*■""»  witii  theofj.  In  the  ease  of 
tbe  "  break,"  or  direet  aeeoodarf  ennent,  he  faoMl  the  deiej 
in  estabbahing  tbe  inaTJimnn  not  ao  great,  and  the  laniiinin 
ordinate  waa  greater,  tboo^  the  total  dnr&tion  of  the  enzrent 
lees.  He  estaUiabed  bj  direct  eA|ifiin>fiit  the  eqoality  of  the 
quantity  of  the  tvo  tnrfaced  cuiiwiita  Whaa  the  eoih  were 
Teiy  near  together  tbe  iadneed  eatzoBt  at  starting  eatabGahed 
itedf  by  a  aeriea  of  eJettrieai  MeillmtioiUL 

By  tbe  help  of  the  same  ^^lazatas  Blaaenia  inTeetigated 
tbe  rise  of  a  cnirent  in  a  ooil  wiien  the  aame  is  |rfaoed  eoddenly 
in  oonnectkn  vith  a  coiwtant  sooroe  of  electmnoCiTe  foro& 
For  the  "make"  extra  eorrent  only  one  of  the  revolTing  inter- 
nipten  was  used,  and  tbe  eimnt  was  ootnpleted  by  the  means 
(A  a  battery,  galTanometer,  and  ootL  When  tbe  commntator 
was  rerolTed  it  fint  started  the  cmrrent  and  then  after  an 
intenral  cut  it  off  again,  and  the  effect  on  tbe  galTanometer  is 
doe  to  the  som  of  all  these  small  quantities  of  electricity  so  cut 
off  and  integrated  whilst  the  current  is  in  process  of  inereaaiag. 
As  the  duration  of  the  time  of  contact  waa  iaenased  the  gahm- 
nnneter  deflection  increased  (speed  of  revolution  remaining 
conatant),  but  when  the  time  of  contact  was  long  enough  to 
fuDy  establish  the  current,  then  increase  of  speed  of  rotation 
did  not  increase  tbe  galranometer  deflection.  By  thia  appantna 
the  &ct  waa  established  that  the  primary  current  establiabed 
itself  in  its  coil  by  a  series  of  cscillatioDs. 

Similarly,  on  breaking  tbe  circuit  the  cooise  of  the  current 
waa  inveatigated.  For  this  purpose  one  revolTing  interrupter, 
I,  was  inserted  in  the  circuit  of  a  battery,  B,  and  coil,  C,  and 
,  the  ends  of  the  coil  {$te  Fig.  17)  other  wires  were  brou^t 
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and  led  through  the  galvanometer  O,  and  other  interrupter  I', 
arrange  as  a  shunt  on  the  coiL  The  break  in  the  battery 
circuit  at  p  was  so  arranged  that  each  time  the  current  was 
fully  established  before  being  broken  again.  The  break  in  the 
galvanometer  or  shunt  circuit  was  so  arranged  relatively  to 
the  other  that  the  shunt  circuit  was  closed  a  little  before  the 
battery  circuit  was  broken,  and  then  opened  at  a  definite 
interval  afterwards.  In  this  way  there  was  a  little  flow  of 
cturent  through  the  galvanometer  due  to  the  steady  current, 
but  this  could  be  estimated  and  allowed  for.  On  plotting  out 
a  current  curve  from  the  quantity  curve  it  was  found  that  the 
current  decayed  away  on  interrupting  the  circuit  by  a  series  of 


T 
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oscillations  which  followed  each  other  much  quicker  than  those 
on  the  establishment  of  it,  and  the  whole  duration  of  the  extra 
current  at  "break,"  or  the  time  of  falling  from  steady  current 
to  practical  zero,  was  less  than  the  time  required  to  fully  estab- 
lish the  current  It  was  found  that  the  first  oscillation,  on 
beginning  to  interrupt  the  steady  current,  had  a  much  greater 
amplitude  than  any  of  those  on  starting  the  current. 

The  duration  of  an  oscillation  was  pterhaps  three  or  four  ten- 
thonsandths  of  a  second,  and  about  50  to  1 00  oscillations  pro- 
bably happened  before  the  current  became  steady ;  hence  the 
whole  duration  of  the  variable  period,  or  of  the  extra  current, 
was  about  two  to  three-hundredths  of  a  second.     Very  roughly, 
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Hie  nAtore  of  the  oedDatary  ckameter  of  the  ctuient  at  the 
make  azid  break  might  graphicaDj  be  npnwated  by  the 
.diagnm  in  Fig.  18.'*' 

Blaaema  dreir  from  his  otserrations  the  dedoction  that  there 
is  an  interyal  of  delay  in  the  starting  of  the  eecoi^daiy  currents, 
and  that  a  smaU  but  measurable  time  elapses  between  the 
mstant  of  making  or  breaking  the  primary  circait  and  the 
beginning  of  the  secondary  current.  From  this  he  mode  a 
calculation  as  to  the  velocity  of  electromagnetic  induction,  a»»^ 
he  also  stated  that  the  interposition  of  dielectric  substances 


such  as  glass  or  shellac  between  the  coils  reduced  the  so  calcu- 
lated velocity. 

Bernstein  (Pogg.  Ann.,  Bd.  CXLII.,  p.  72, 1871)  repeated  these 
observations  of  Blasema,  but  did  not  confirm  these  last  results. 
He  found  that  the  fiiflt  oscillation  always  began  at  the  instant 
of  breaking  or  making  the  primary  circuit,  and  he  found  no 
effect  produced  by  the  interposition  of  dielectric  media. 

•  In  IV  XUetrieian  for  June  1, 1R88.  »cnr»e  is  gi»eii  by  Mr.  T.  Higgint. 
■ImBiag  tha  riie  ol  eorrcnt  in  the  ma^meta  of  type-printioff  telegnpha,  and 
tts  llHslmj  eb»nct«T  of  tiM  cnrmt  at  ctartiar  is  well  maxked.  ICt. 
Biigini^  curve  giyea  the  itnilta  o(  actual  obfuUiiML 
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Holmholtz  has  carefully  ezaminod  these  results  of  Blosema 

and  criticised  them.*     Ue  remarks  that  Blnsema  tised  for  his 

coils  flat  spirals  of  wire  with  niaiiy  turns,  and  also  he  used  the 

current  from  several  Bunsen  cells  to  create  the  primary  current. 

Not  only  do  the  spirals  act  like  a  condenser,  giving  the  whole 

apparatus  a  sensible  electrostatic  capacity,  but  the  use  of  a 

battery  of  high  electromotive  force  causes  a  considerable  spark 

at  the  break,   which  spark  has  a  very   sensible   and    rather 

irregular  duration.     Also  in  Blascma's  experiments,  the  two 

circuits  were  placed  at  various  distances  apart.     If  a  current 

is  started  in  a  primaiy  coil  the  etVect  of  the  induced  currcn^^ 

created  in  the  secondary  by  its  ro-oction  on  the  primary  is  t^H 

hasten  the  rise  of  the  primary  current,  and  at  the  break  t^^ 

I  accelerate  its  decay.     As  the  secondary  circuit  is  moved  further 

I  off  this  effect  is  loss  marked.     Heuce,  the  rise  and  fall  of  the 

[primary  is  more  gradual  and  the  arrival  of  the  secondary  cv 

I  rent  at  its  maximum  value  is  more  delayed.    From  this  result 

then,  an  apparent  retardation   of  the   time  of  the  arrival 

the  maximum  of  the  induced  current. 

Helmholtz  conducted  a  series  of  experiments  by  means  of  his 
pendulum  chronoscope.    A  heavy  iron  pendulum,  P  {see  Fig.  1  9^h 
the  lower  end  of  which  carried  two  plates  of  agnte,  couLl  h^H 
made  to  execute  one  swing  and  then  be  caught  by  a  detent. 
These  plates  of  agate  in  the  coiu^e  of  the  swing  were  cans 
to  strike  against  and  tip  over  two  little  levers  /,  C.    One  of  the 
leven  was  fixed,  and  the  other  could  be  moved  forward  so  as  < 
make  the  blows  successive.     One  was  made  to  break  the  circuit 
of  a  primary  coil,  Pr,  when  tipped  over,  and  the  other  by  its 
movement  separated  a  connection  between  a  condenser  and  th^^ 
ends  of  a  secondary  coil,  >Sec,  attached  to  it.  ^H 

These  being  arranged,  the  fall  of  the  pendulum  executed  these 
two  "breaks"  8ucce88ivcly,8eparatedbyanintervalof  timecapable 
of  being  calculated  from  the  known  motion  of  the  pendulum. 
The  two  circuits  wore  placed  1 70  centimetres  apart.  The  pri- 
mary consisted  of  12  turns  of  thick  wire,  and  the  secondary  of 
560  turns  of  fine  wire.  The  current  was  sent  from  one  DanJell 
cell.  The  two  ends  of  the  secondary  were  connected  to  the 
two  plates  of  the  condenser,  and  when  the  pendulum  fell  it 

•  Helmhnltx,  "  On  the  Velocitr  nf  the  Propogntinn  of  Electrodynamio 
Effecto,"  JPM.  Map.,  Ser.  4,  VoL  XLIL,  1S71,  p.  233. 
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broke  the  primary  current  and  started  in  the  secondary  cizciiit 
an  oscillatory  current  reverberating  to  and  fro  in  the  secondary 
-wire,  the  condenser  acting  as  a  resonator.  At  a  definite  interral 
after  rupture  of  the  primary  the  condenser  was  separated  and 
examined  by  a  Thomson  electrometer.  The  charge  in  the  con- 
denser showed  the  phant  of  the  electrical  oscillation  existing  at 
the  instant  of  such  separation.  In  one  case  Helmholts  observed 
35  oscillations  in  ^th  of  a  second.    In  order  to  discover  if  any 
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retardation  took  place  with  increased  distance  of  the  coil,  it- 
was  necessary  to  fix  attention  upon  some  phase  in  the  oscilla- 
tions. The  successive  zero  points  of  the  current  were  very 
sharply  defined,  and  suitable  for  this  purpose.  Uelmholtx 
found  that  alteration  of  the  distance  between  the  primary  andi 
secondary  coils  made  no  perceptible  difference  in  the  position  of 
the  zero  points,  and  that,  as  for  as  the  apparatus  he  was  using 
could  detect,  the  velocity  of  the  eleotro-maKnetio  impulse  must 
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be  greater  than  195  miles  per  second.  He  pointed  out  in  this 
paper  that  the  commencement  of  the  secondary  current  is  not 
a  sharply  marked  thing.  The  spark  which  takes  place  at  break 
of  the  primary  lasts  an  appreciable  time,  and  aU  this  time  the 
primary  is  dying  gradually,  and  the  induced  current  therefore 
is  increasing.  The  period  of  duration  of  the  break  spark  may 
be  something  like  xtsuti'^^  ^  Tiroirv^^  ^^  "■  second,  and  ia, 
therefore,  a  large  fraction  of  the  duration  of  a  single  electrical 
oscillation,  which  amounted  to  about  ^Vtt^^  °f  *  second.  The 
■duration  of  the  break  spark  can  be  found  by  observation  of  the 
time  which  elapses  from  beginning  of  break  up  to  the  first  zero 
point  of  the  secondary  current  oscillations,  as  compared  with 
the  mean  value  of  the  duration  of  an  oscillation.  The  interval 
up  to  the  first  zero  point  is  the  duration  of  the  break  spark  plu* 
the  time  of  half  a  complete  oscillation.  The  duration  of  the 
spark  is  never  constant,  and  depends  a  good  deal  on  the  amount 
of  platinum  thrown  off  from  the  contacts  each  time.  The 
.average  duration  of  the  spark  in  Hehuholtz's  experiments  was 
found  to  be  about  one-tenth  of  the  whole  period  of  an  oscilla- 
tion. Helmholtz  also  noticed  in  some  earlier  observations 
evidence  of  electrical  oscillations  set  up  in  a  flat  spiral,  one  end 
of  which  was  insulated.  In  this  case  some  45  oscillations  were 
detected  in  the  space  of  j'^th  of  a  second.  Prof.  Henry  also 
noticed  that  the  time  of  subsidence  of  the  current,  when  the 
circuit  is  broken  by  means  of  a  surface  of  mercury,  is  very 
small,  and  probably  does  not  much  exceed  the  ten-thousandth 
part  of  a  second.  It  has,  however,  a  quite  appreciable  duration, 
for  Prof.  Henry  found  that  the  spark  at  ending  presents  the 
appearance  of  a  baud  of  light  of  considerable  length,  when 
viewed  in  a  mirror  revolving  at  the  rate  of  six  hundred  revolu- 
tions p>er  second. 

Bernstein,  with  the  aid  of  a  contact  break  somewhat  different 
from  that  used  by  Blasema,  also  examined  the  duration  of  the 
oscillations  set  up  in  a  secondary  coil.  He  found  that  the 
duration  of  the  first  oscillation  at  breaking  primary  was  longer 
than  that  of  the  subsequent  ones.  The  mean  duration  when 
using  a  single  Grove  cell  in  the  primary  circuit  was  '0005 
second,  and  when  using  a  Daniell  cell  only  -0001  second.  We 
shall  return  later  to  consider  more  recent  researches  on  these 
electrical  oscillations. 
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•leiqazated  bgr  m  oMtallie  iheet,  ^017  fooad*  tkat  a  aotaU* 
decreue  took  plMC  in  tlie  iatcaatf  of  AeaiodtakcBviAtluB 
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opoo  the  aeeoodaiy  oofl.  If  a  ndkl  dh  was  eat  ia  a  eneohr 
meuflie plate  tha Mmalling effect  wa« slfai^tthw  iloffuL  Utha 
two  edges  of  the  ^p  («t  Kg.  30)  aanfoBHihed  vith  Vina  laaA- 
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make  erideot  the  entenee  in  thepkta  of  a  eomat  iadaeed  tgriha 
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action  of  the  primary.  A  flat  coil  of  insulated  wire  was  sub- 
stituted for  the  metal  pUle,  and  it  was  found  that  the  screen- 
ing sction  of  this  ooil  was  onlj  sensible  when  the  two  ends  were 
joined  so  as  to  complete  the  circuit.  This  action,  by  which  the 
induction  of  a  primary  coil  on  a  secondary  is  prevented  by  the 
interposition  of  a  metallic  plate  cylinder  or  closed  circuit  of 
insulated  wire,  is  called  maynttie  tcrtening.  The  elementary 
explanation  of  this  effect  is  not  difficult  to  arrive  at.  Suppose 
a  small  conducting  circuit  of  resistance  R  to  be  placed  in  a 
magnetic  field  so  that  it  is  traversed  normally  by  N  lines  of 
magnetic  induction.  Let  the  constant  coefficient  of  self-induc- 
tion be  L.     If,  then,  in  any  small  time  dt  a  variation  of  tlic 

•  FkA.  ilag.,  VoL  XTL,  1840,  p.  *37. 
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lines  of  induction  traversing  this  circuit  takes  place,  the  im- 
pressed electromotive  force  on  that  circuit  will  be  represented 

hj  -  — ,  and  if  at  that  instant  the  ciurent  in  the  circuit  is 
dt 

i,  by  the  principles  laid  down  in  the  last  chapter,  the  current 

equation  will  be 


dt 


or 


U'-'*'') 


dt 


+  Ri  =  0. 


Suppose  the  conductivity  of  this  circuit  to  be  perfect,  and  B 
therefore  zero,  we  have,  by  integration  of  the  above  equation, 
the  result 

L  i  +  N  =  const. ; 

in  other  words,  the  lines  of  induction  L  t,  added  to  the  circuit 
by  the  induced  current  generated  in  it,  are  oppotite  in  direction 
to  those  whose  variation  is  producing  it,  and  together  with 
them  make  up  a  constant  number.  Hence,  if  the  variation  of 
N  is  such  as  to  take  lines  of  induction  out  of  the  circuit,  the 
operation  of  the  current  thereby  induced  is  to  add  or  increase 
them  in  the  circuit  at  an  equal  rate.  If  we  suppose  our  circuit 
to  bo  a  perfectly  conducting  motal  plate,  and  just  behind  this 
metal  plate  there  is  another  small  closed  circuit,  then  any 
variation  of  lines  of  induction  passing  through  this  plate  will 
not  take  effect  in  producing  any  induction  current  in  the  small 
circuit,  because  the  operation  of  the  current  induced  in  the 
plate  nullifies,  as  far  as  the  small  circuit  is  concerned,  any 
variation  of  the  external  field.  It  is  clear  that  these  con- 
elusions  would  apply  to  any  surface  of  finite  extent  which 
possessed  perfect  conductivity ;  the  induced  currents  which 
any  variation  of  the  external  field  would  produce  in  this  surface 
would  always  be  such  that  the  induction  through  each  portion 
would  be  kept  constant — in  other  words,  that  the  perpendicular 
component  of  the  magnetic  induction  at  each  point  on  the 
surface  would  retain  a  fixed  value.  It  follows  that  a  closed 
surface  of  zero  resistance  is  a  complete  screen  for  all  points  in 
the  interior  against  the  effects  of  variation  of  the  field  on  the 
other  side  of  the  surface  ;  these  effects  reduce  to  the  production 
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of  surface  currenta,  which  keep  the  field  in  the  interior  constant 
or  at  zero. 

Faraday  describes  ("Exp.  Researches,"  Vol.  I.,  §  1720  e«  »eq.) 
an  experiment  which  at  first  sight  seems  to  disprove  the  fact  of 
magnetic  screening.  He  placed  a  flat  copper  wire  spiral,  which 
wnt  in  connection  with  a  battery  and  key,  between  two  other 
flat  spirals  which  were  respectively  connected  with  the  two 
coils  of  a  differential  galvanometer.  The  coils  were  so  joined 
op  that  the  inductive  effect  of  a  break  and  make  of  the  battery 
circuit  produced  no  movement  of  the  galvanometer  needle 
because  it  was  subjected  to  two  equal  and  opposite  impulses 
€rom  the  two  coils.  When  an  exact  balance  was  obtained  a  fiat 
plate  of  copper,  nearly  three-quarters  of  an  inch  thick,  was 
interposed  between  the  primary  spiral  and  one  of  the  secon- 
daries. The  galvanometer  needle  was  not,  however,  any  more 
afifected  than  if  the  copper  was  away.  To  imderstand  this  we 
must  bear  in  mind  that  the  V)reak  or  make  of  the  primary 
current  produces  in  the  copper  a  secondary  current,  but  as  the 
effect  of  the  primary  coil  on  the  secondary  coil  on  tliat  side  is 
balanced  by  the  other  one  we  may  regard  the  secondary  coil 
next  the  copper  plate  as  free  to  receive  any  inductive  eflTect  it 
can  from  the  eddy  current  induced  in  the  copper  block.  This 
soooudary  current  induced  in  the  copper  generates  a  tertiary 
current  in  the  secondary  spiral,  and  this  tertiary  current  con- 
sista,  as  we  have  seen,  of  a  double  short  flux  of  electricity  equal 
in  quantity  and  opjjosite  in  sign.  The  galvanometer  is  then 
traversed  by  two  small  e<[ual  quantities  of  electricity  in  oppo- 
site directions,  and  as  this  does  not  sensibly  affect  a  not  very 
aensitive  galvanometer  no  movement  of  the  needle  is  seen.  If, 
however,  instead  of  the  dificrential  galvanometer  Faraday  had 
used  a  differential  telephone  he  would  have  foimd  distinct  evi- 
dence of  a  screening  action.  Again,  suppose  that,  instead  uf  a 
tfimple  make  or  break,  Faraday  had  employed  a  steadily  periodic 
at  alternate  current  in  the  primary,  this  would  luive  set  up  a 
Steady  periodic  secondary  current  of  equal  frequency  in  the 
copper  plate,  and  this  again  would  have  set  up  in  the  secondary 
ooil  on  that  side  a  steadily  periodic  tertiary  current  of  equal 
period,  and  this  might  have  been  detected  by  the  use  of  a 
dificrential  electro-dynamometer  or  a  aoft  iron  needle  galvano- 
meter. 
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Heniy  found  that  a  sheet  of  tinfoil  afforded  a  ■vetj  small 
amount  of  screening  for  shock,  but  a  thick  sheet  of  copper  a 
yery  considenible  one  in  the  case  of  induction  by  battery  cur- 
rents, and  in  the  case  of  induction  by  Leyden  jar  discharge*  ■ 
the  same  phenomenon  was  apparent.  In  the  case  of  an  iron 
screen  there  is  an  additional  effect,  due  to  the  fact  that  the 
iron,  by  its  small  magnetic  resistance,  conducts  away  the  line* 
of  induction  somewhat  through  its  mass,  and  prevents  them 
from  extending  to  the  space  on  the  other  side.  In  this  caa»  ( 
also  a  considerable  thickness  of  metal  is  necessary  to  bring' ' 
about  the  effect  of  annulment.  In  the  case  of  Sir  W.  Thomson'* 
ironclad  galvanometer  a.  very  thick  shell  of  iron  is  necessary  to 
annul  all  permanent  Hold  in  the  interior  space.  When  we  ore 
limited  to  the  use,  as  we  are  in  practice,  of  materials  whose  , 
conductivity  is  far  from  being  perfect,  it  is  found  that  a  thin 
screen  of  metal  hardly  affords  any  sensible  pnitection  from 
inductive  effect.  In  other  woi-ds,  the  field  on  the  other  side  of 
the  screen  is  very  far  from  constant.  This  has  been  well 
demonstrated  in  certain  investigations  by  Prof.  D.  E.  Hughes 
in  carrying  on  some  highly  valuable  experimental  researche» 
into  the  means  of  preventing  induction  upon  lateral  tele- 
gi-aph  wires.*  It  has  many  times  been  proposed  to  annul 
mutual  induction  between  telegraph  and  telephone  wires  by 
covering  them  over  with  thin  metal  covering,  which  covering 
is  kept  "  to  earth."  It  is  now  known,  and  well  exemplified 
in  Prof.  Hughes's  experiments,  that  this  shielding  affords  no 
protection  when  the  covering  is  not  very  thick  and  when  the 
rate  of  change  of  the  currents  is  not  very  rapid.  A  gutta- 
percha wire  was  enclosed  in  ten  coverings  of  tinfoil,  and  such 
arrangement  was  not  foimd  to  afford  protection  to  induction, 
as  detected  by  a  telephonic  wire  stretched  alongside.  Evea 
when  twenty  coatings  of  thin  charcoal  iron  were  put  round 
the  wire,  not  only  was  there  found  to  be  a  very  sensible  perma- 
nent field  outside  the  iron,  but  changes  of  field  were  made 
manifest  also.  It  is  not  to  be  taken  that  these  experiments 
invalidate  the  fact  of  magnetic  screening,  but  only  that  the 
low  conductivity  of  the  envelopes  used  is  ineffective  at  the 
speed  of  current  change  employed  to  render  visible  the  effect 

*  Su  A  Paper  by  Prof.  Hughes  "  On  Lateral  Induction  in  TelefjTapb 
Wire*,"  read  before  the  Society  of  Telegraph  Enfaneers,  March  12,  1879. 
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of  magnetic  screening.  It  is  different,  however,  if  the  induc- 
tive effects  are  being  produced  bj  a  very  rapid  rate  of  change 
of  field.  For  suppose  that  a  small  circuit  as  before  is  placed 
in  a  uniform  field,  and  traversed  by  q  lines  of  induction  due 
to  this  external  field.  Suppose  q  varies  according  to  a  simple 
periodic  law,  so  that  9  =  Q  cos  p  (,  where  p  =  2  r  n, »  being  the 
frequency  of  the  alternations.    Then  we  have 

at 

bnt  -  — ^  is  the  value  of  the  impressed  electromotive  force  in 
dl  *^ 

the  circuit,  and  if  we  call  the  current  at  any  instant  i,  then,  by 

the  principles  in  Chap.  HI.,  we  have 

» .= -— S^=  sin  0> « -  ^ 

in  which  R  is  the  resistance  and  L  the  inductance  of  the  cir- 
cuit, and 

tf-tan-*^. 
B 

Suppose  that  R  is  rery  small  compared  with  L  p,  which 
is  the  case  when  n  or  the  frequency  of  alternation  is  made 
very  great,  then  R  vanishes  compared  with  Lp,  and  if  we  call 
»"  the  value  towards  which  i  approximates  in  this  case,  we  have 


or 


f--^CQBpt, 

L^^-Qj>smpt--.^ 


Hence 


or 


dt 


L  »'  + 5  =  constant. 


Hence  the  field  due  to  the  current  in  the  circuit,  together 
with  the  external  field,  is  a  constant  quantity,  and  we  get  the 
condition  of   perfect  shielding.      We  may  sum  up  the  fore- 
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going  by  saying  that  if  a  screen  of  absolutely  no  electrical 
resistance  is  interposed  between  a  primary  and  secondary  coil,  it 
effects  a  perfect  magnetic  screening,  whatever  may  be  its  thick- 
ness. If,  on  the  other  hand,  the  screen  has  a  tinite  conductivity, 
then  the  screening  will  be  very  imperfect,  unless  a  very  great 
thickness  of  material  is  used,  and  the  above  will  be  true  when 
the  change  of  field  or  the  change  of  primary  current  is  a  simple 
"make"  and  "break"  or  a  slowly  periodic  change.  AATien, 
however,  the  change  of  current  in  the  primary  ia  very  rapidly 
periodic,  then  the  screening  effects  of  even  imperfect  conductors 
will  make  themselves  felt,  and  a  comparatively  thin  screen  of 
metal  will  effect  a  nearly  perfect  shielding  for  induction.  This 
theory  is  strikingly  confirmed  by  some  very  beautiful  experi- 
ments of  Mr.  Willoughby  Smith,  which  are  described  in  the 


T\a.  21. 

Journal  of  the  Society  of  Telegraph- Engineert  (November  8, 
1883,  Vol.  XII.,  p.  458),»  and  entitled  "  Experiments  on  Volta. 
Electric  Induction."  Mr.  Willoughby  Smith's  apparatus  con- 
sisted of  two  flat  coils  A  and  B  {tee  Fig.  21),  placed  a  certain 
distance  apart.  One  of  these  was  a  primary  coil  connected  with 
a  battery,  and  the  other  was  connected  with  a  seusitivo  galvano- 
meter. In  the  circuit  of  both  were  current  reversers,  which 
reversed  the  galvanometer  and  battery  alternately,  and  hence 
made  the  opposite  induced  currents  both  affect  the  galvano- 
meter in  the  same  direction.  This  being  arranged,  the  commu- 
tator was  started  so  as  to  reverse  the  currents  very  slowly,  and 
a  sheet  of  copper  interposed  between  the  spirals.  Under  these 
circumstances  the  interposition  of  the  copper  produced  but  little 


•  Se«  aUo  Tke  EUelHeian,  Notfember  17,  1883,  p,  18, 
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•^affect.     If,  however,  the  commutator  waa  driven   at  a  verj 
*Tipid  rate  the  copper  plate   caused  a  marked  diminution  in 
"*he  galvanometric  deflection,  and  this  diminution  was  greater 
in    proportion  as   the   speed  was  greater.      For   the   original 
IPaper  a  curve  is  given    (Fig.  22)   which  shows  the  decrease 
in    the  galvanometer  deflection,  expressed  as  a  percentage  of 
the  original  undiminished  deflection,  corresponding  to  various 
8pe«ds  of  reversal.     It  will  be  seen  that  the  Uu  the  conduc- 
tivity of  the  metal  the  grtater  must  be  the  speed  in  order  that 
the   magnetic   screening   may  approach   perfection.     Iron,   of 
course,  occupies  an  exceptional  position.     It  cuts  off,  even  at 


n  1000  1500 


Fio.  22. 


very  low  speed  reversals,  a  large  portion  of  the  field,  not  by  a 
true  screening  action,  but  by  conductuig  away  the  lines  of 
magnetic  force  and  preventing  their  access  to  the  secondary 
coil.  It  will  be  seen  that  at  any  given  speed  the  order  in 
which  the  metals  reduce  the  deflection  is  the  order  of  their 
electric  conductivity,  and  that  as  for  as  the  diagram  goes 
the  lines  all  (except  iron)  slope  upward,  indicating  that  at 
very  high  speeds  the  screening  of  even  the  worst  conductors 
will  approach  perfection.  It  would  no  doubt  be  found  that  if 
the  telephone  were  used  as  a  detector  the  magnetic  screening 
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tolophone  emits  ft  steady  rattle  or  hum.  If  a  massive  copper 
rod  is  introduced  into  the  primary  bobbin  as  a  core,  the  tele- 
phonic rattle  is  more  or  less  suppressed  ;  if  a  core  of  soft  iron 
wire  is  introduced  the  noise  is  increased ;  if  a  core  of  solid 
iron  or  steel  is  used  the  noise  may  be  increased,  but  not  so 
much  as  when  the  divided  iron  is  used.  The  explanation  of  the 
exalting  effect  of  the  soft  iron  wire  is  simple.  The  presence  of 
the  iron  reduces  the  "  magnetic  resistance "  of  the  circuit  of 
magnetic  induction  due  to  the  primary  current.  More  lines  of 
induction  therefore  flow  through  the  secondary  circuit,  and 
hence  the  strength  of  the  secondary  current  is  increased,  and  the 
mean  rate  of  change  of  induction  through  it  is  also  increased. 
The  diminishing  effect  of  the  copper  core  is  explicable  by  the 
light  of  the  knowledge  that  in  such  a  conducting  core  the 
primary  current  generates  induced  currents,  and  these  in  their 
turn  re-act  upon  the  secondary  circuit,  inducing  in  it  a  tertiary 
current.  Tlio  direction  of  the  currents  induced  by  the  primeay 
in  the  solid  core  and  in  the  secondary  circuit  are  the  same. 
The  direction,  however,  of  the  first  half  of  the  tertiary  current 
developed  in  the  secondary  by  the  current  in  the  copper  core  i» 
opposite  to  the  direction  of  tlie  current  developed  in  the  secon- 
daiy  by  the  action  of  the  primary.  Hence  it  results  that  the 
current  in  the  secondary  circuit  is  more  or  less  wiped  out  by 
the  opposing  inductions  due  to  the  primary  circuit  and  the 
currents  induced  in  the  copper  core.  Otherwise  the  operation 
might  be  regarded  thus : — Suppose  the  primary  circuit  to  be 
traversed  by  a  periodic  current  creating  a  simple  periodio  flux 
of  induction  through  the  copper  core.  As  we  have  seen  under 
the  head  of  magnetic  screening,  this  variation  of  inductioa 
would  induce  currents  in  the  copper  core  which  would  them- 
selves generate  a  flux  of  induction,  which  would,  if  the 
conductivity  of  the  core  were  perfect,  or  the  rapidity  of  change 
of  induction  infinite,  be  exactly  equal  and  opposite  at  each 
instant  to  the  flux  of  induction  producing  those  currents. 

If  the  conductivity  is  not  quite  perfect,  or  the  rate  of 
variation  not  very  great,  yet  nevertheless  the  direction  of 
the  field  of  magnetic  force  inside  the  copper,  due  to  the  cur- 
rents induced  in  its  mass,  will  more  or  leas  oppose  the  field  of 
force  at  every  instant  which  is  by  its  fluctuations  generating' 
those  currents.     If  the  thick  white  lino  1 1  1  in  Fig.  24  represents 
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the  sinusoidal  or  simple  periodic  changa  of  induction  or  mag- 
Mtic  field  in  the  interior  of  the  copper,  due  to  the  primazy 
helii,  and  if  the  dotted  line  2  2  represents  roughly  the  changing 
6eld  due  to  the  eddy  currents  generated  in  the  core,  which  an 
Mttrly  180'  behind  the  primary  in  phase,  the  integral  or  sum  of 
both  superimposed  fields  represented  by  3  3  at  any  instant  is  leas 
than  the  original  one  due  to  the  primary  alone  at  the  correspond- 
ing instant.  Also  the  Tiuan  rate  nf  change  ol  the  resultant  field 
is  lees,  and  the  secondary  circuit  experiences  at  every  instant 
a  less  inductive  electromotive  force.  The  same  reasoning  which 
we  have  employed  in  the  case  of  magnetic  shielding  applies 
here,  and  the  differences  in  the  reducing  effect  of  cores  of 
various  metals  would  be  fotmd  to  be  less  at  high  speeds  of 
alternation  than  at  low.  In  some  small  induction  coils  used 
for  medical  purposes  the  strength  of  the  secondary  current  is 


Hm.  24. 

griuluatcd  by  drawing  in  or  out  of  the  primary  coil  a  copper 
tube  which  slips  over  the  bundle  of  fine  iron  wires  used  as  a 
core.  The  rationale  of  the  action  of  this  copper  tube  in  so 
operating  is  in  a  rough  general  way  to  be  found  in  the 
principles  laid  down  above. 

When  Prof.  Henry  obtained  possession  of  the  "  Experimental 
Researches  "  of  Faraday,  as  detailed  in  the  fourteenth  series  of 
his  "  Experimental  Researches,"  he  was  exercised  in  his  mind 
to  reconcile  the  results  obtained  by  Faraday  on  the  interposi- 
tion of  metallic  screens  between  inducing  and  induced  circuits 
with  his  own.  Faraday  had  found  that  when  the  galvanometer 
was  used  as  a  current  finder  "it  makes  not  the  least  differ- 
ence "  whether  the  space  between  the  primary  and  secondary 
coils  was  air,  sulphur,  shellac,  or  such  conducting  bodies  as 
copper  and  other  non-magnetic  metals.     On  the  other  hand, 
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tolephone  emits  a  steady  rattle  or  hum.  If  a  massive 
rod  is  introduced  into  the  primary  bobbin  as  a  core,  th 
phonic  rattle  is  more  or  less  suppressed  ;  if  a  core  of  sol 
wire  is  introduced  the  noise  is  increased ;  if  a  core  oj 
hx>n  or  steel  is  lued  the  noise  may  bo  increased,  but  : 
much  as  when  the  divided  iron  is  used.  The  explemation 
exalting  effect  of  the  soft  iron  wire  is  simple.  The  pres< 
the  iron  reduces  the  "  magnetic  resistance "  of  the  cin 
magnetic  induction  due  to  the  primary  current.  More  li 
induction  therefore  flow  through  the  secondary  cirouil 
hence  the  strength  of  the  secondary  current  is  increased,  a 
mean  rate  of  change  of  induction  through  it  is  also  inci 
The  diminishing  effect  of  the  copper  core  is  explicable 
light  of  the  knowledge  that  in  auch  a  conducting  ooi 
primary  current  generates  induced  currents,  and  these  ii 
turn  re-act  upon  the  secondary  circuit,  inducing  in  it  a  t( 
current.  The  direction  of  the  currents  induced  by  the  pi 
in  the  solid  core  and  in  the  secondary  circuit  are  the 
The  direction,  however,  of  the  first  half  of  the  tertiary  c 
developed  in  the  secondary  by  the  current  in  the  copper 
opposite  to  the  direction  of  the  current  developed  in  the 
daiy  by  the  action  of  the  primary.  Hence  it  results  th 
current  in  the  secondary  circuit  is  more  or  less  wiped  c 
the  opposing  inductions  due  to  the  primary  circuit  ai 
currents  induced  in  the  copper  core.  Otherwise  the  opt 
might  be  regarded  thm : — Suppose  the  primary  circuit 
traversed  by  a  periodic  current  creating  a  simple  jwriodl 
of  induction  through  the  copper  core.  As  we  have  seen 
the  head  of  magnetic  screening,  this  variation  of  ind 
would  induce  currents  in  the  copper  core  which  would 
selves  generate  a  flux  of  induction,  which  would,  i 
conductivity  of  the  core  were  perfect,  or  the  rapidity  of  c 
of  induction  infinite,  be  exactly  equal  and  op]X)(iite  at 
instant  to  the  flux  of  induction  producing  those  currents. 
If  the  conductivity  is  not  quite  perfect,  or  the  n 
variation  not  very  great,  yet  nevertheless  the 
the  field  of  magnetic  force  inside  the  copper,  due 
rents  induced  in  its  moss,  wiU  more  or  ler 
force  at  every  instant  which  is  by  its  fla 
those  currents.     If  the  thick  white  line  1 }  ' 
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Prof.  Henry  found  that  a  shock  from  a  secondary  coil  which 
would  paral3r80  the  arms  was  so  much  reduced  by  the  interpoay 
tion  of  a  metallic  plato  as  hardly  to  be  sensible  on  the  toag 
Here  was  evidently  something  to  be  explained,  and  in  a  lo 
memoir  (Phil.  Mag.,  Series  3,  Vol.  XVIII.,  1841,  p.  492; 
Trantaeliont  of  the  Ameneem  Philosophical  Society,  Vol.  VII 
1840)  Prof.  Henry  examined  this  and  other  matters.     He  fittt' 
-verified   Faraday's  experience    by   attacliing   the    ends   of    a 
secondary  coil  to  a  galvanometer  and  bringing  up  sudden]|^| 
towards  it  a  permanent  magnet,  or  a  coil  traversed  by  a  stead^^ 
current.    The  swing  of  the  galvanometer  was  found  to  be  quite 
unaffected  in  extent  by  the  interposition  of  a  plate  of  coppe^^H 
Again,  in  place  of  the  copper  plate,  a  closed  metallic  conducto^l 
(an  endless  coil)  was  employed,  but  whether  the  circuit  of  this 
coil  was  open  or  closed  it  made  not  the  slightest  difference 
the  galvanometer  deflection. 

Forty  feet  of  copper  wire,  covered  with  silk,  were  wound  on  ( 
short  cylinder  of  stiiT  paper,  and  into  this  was  inserted  a  holla 
cylinder  of  sheet  copper,  and  into  this  again  a  rod  of  soft  ir 
When  the  latter  was  rendered  magnetic,  by  suddenly  bringin 
io  contact  with  its  two  ends  the  different  poles  of  two  maguet 
a  current  was  generated  in  the  wire,  but  the  strength  of  th 
current,  as  measured  in   the   galvanometer,    was    the 
whether  the  copper  cylinder  "was   present  or   was  remove 
Prof.  Henry  then  noticed  that  there  was  one  element  of  differ? 
ence  between  the  indications  of  a  galvanometer  and  that  of  the 
magnetising  spiraL     If  the  two  secondary  currents  at  "  break  " 
and  "  make "  of  a  primaty  were  sent  through  a  magnetising 
spiral  and  through  a  galvanometer,  the  arrangement  might  be 
such  that  the  induced  current  at  "  make  "  of  the  primary  was 
unable  to  give  any  sensible  magnetisation  to  the  steel  needle 
enclosed  in  the  spiral,  but  at  "  break  "  was  able  to  magnetise 
it  to  saturation.      Nevertheless,  in  both  cases  the  "throw"  of 
the  galvanometer  was  the  same.     Similarly  with  the  degree  of 
shock  felt,  the  galvanometer  indications  being  alike  for  the 
inverse  and  direct  induced  current ;  yet  that  induced  current 
gave  the  greatest  shock  which  was  able  to  produce  the  greatest 
magnetisation.     The  explanation  of  these  facts  became  clear  as 
soon  as  it  was  seen  that  the  defiections  of  the  galvanometer 
depended  upon  the  whole  quantity  of  the  discharge,  and  must 
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necessarily  be  alike  for  the  inverse  and  for  the  direct  current, 
but  that  the  magnetising  effect  and  the  physiological  shock 
depended  upon  the  maximum  value  of  the  instantaneous  dis- 
charge current,  and  might  therefore  be  vety  different  for  the 
tTO  induced  currents.  It  was  then  evident  that  any  actions  by 
-wliich  tliis  maximum  value  of  an  induced  current  was  decreased, 
whilst  its  duration  was  increased  and  total  quantity  left  unal- 
tered, would  result  in  rendering  this  current  less  easily  detect- 
able by  shock  or  magnetisation,  but  make  no  difference  in  ita 
effiect  on  a  galvanometer.  Aided  by  this  thought,  he  repeated 
Faraday's  experiment  with  the  balanced  coils  referred  to  in  §  8 
{"Experimental  Researches,"  Vol.  I.,  §  1,790  et  leq.).  A  galvano- 
luctcr  was  provided  having  two  equal  wires  of  the  same  length 
and  thickness  wound  on  the  same  frame,  and  also  a  double 
magnetising  spiral  was  prepared  by  winding  two  equal  wires  round 
the  same  piece  of  hollow  straw.  Coil  No.  1,  connected  with  a 
battery,  was  supported  perpendicularly  on  the  table,  and  coils 
Noe.  3  and  4  were  placed  parallel,  one  on  each  side,  and  each 
coil  connected  in  series  with  one  coil  of  the  differential  galvano- 
meter and  with  one  spiral  of  the  magnetising  helix.  The  two 
uutside  coils  were  then  adjusted  so  that  when  the  battery  circuit 
was  made  and  broken,  and  the  current  started  and  stopped  in 
the  middle  coil,  no  indication  was  given  by  the  galvanometer, 
And  no  magnetisation  produced  in  a  steel  needle  placed  in  the 
double  helix.  A  thick  zinc  plate  was  then  introduced  between 
the  primaiy  coil  and  one  of  the  secondaries,  and  it  was  found 
that  the  needle  of  the  galvanometer  still  remained  stationaty 
on  making  and  breaking  the  primary  current,  but  that  the 
steel  needle  in  the  spiral  became  powerfully  magnetic.  This 
indicated  that  the  two  secondary  currents,  whilst  still  equal  in 
total  quantity,  had  been  so  affected  that  one  had  a  less  maxi- 
mum value  than  the  other,  and  hence  a  differential  magnetising 
action  was  produced.  A  similar  effect  was  observed  when  a 
galvanometer  and  magnetising  spiral  were  together  introduced 
into  the  secondary  circuit  of  a  single  primary  and  secondary 
circuit.  The  interposition  of  a  metal  sheet  considerably  reduced 
the  magnetising  power  or  the  shock,  but  left  the  galvanometer 
deflection  unaltered.  In  order  to  increase  the  number  of  fbcts, 
this  last  experiment  was  varied  by  the  exchange  of  a  soft  iron 
needle  for  the  hard  steel  needle  in  the  magnetising  coil,  the 
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DMtal  screen  being  interposed  in  each  case,  and  it  was  found 
that  whereas  the  metal  screen  cut  off  almost  entirely  the  power 
of  the  secondary  current  to  magnetise  hard  steel,  it  could  yet 
■lightly  magnetise  the  soft  iron.  A  screen  of  cast  iron,  half  an 
inch  thick,  however,  not  only  neutralised  the  power  to  mag- 
netise hard  steel,  but  reduced  the  deflection  of  the  galvanometer 
as  well.  The  general  explanation  of  the  foregoing  facta,  as  due 
to  Henry,  is  as  follows : — The  secondary  current,  as  we  have 
•een,  is  a  brief  discharge,  which  rises  very  suddenly  to  ita 


Direct  part 


7ia.  8& 


maximum  value  and  then  fades  gradually  away.  The  current 
curve  of  the  secondary  current,  due  to  the  rupture  of  a  primary 
circuit,  may  be  represented  by  the  thick  firm  line  in  Fig.  25. 
If  a  metal  screen  is  interposed  between  the  primory  and  the 
aecondaiy  circuit  the  screen  gets  a  similar  secondary  current 
generated  in  it,  and  this  last  again  acts  by  induction  to  gene- 
rate a  tertiary  current  in  the  secondary  circuit.  This  tertiai^ 
current  consists  of  two  portions — first,  an  inverse  part  opposite 
in  direction  to  the  secondary  current  in  the  screen,  and,  secondly. 
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a  snccoeding  direct  current.     Let  the  current  curve  of  this  ter- 
tiary current  in  the  secondary  circuit  be  represented  by  the 
fine  firm  line  in  Fig.  25.     Tlie  total  quantities  of  electricity 
flowing  in  each  part  of  the  two  portions  of  tlie  tertiary  current 
are  equal.     The  resultant  effect,   then,   of  the  action  of  the 
primary  current  when  interrupted  is  to  cause  in  the  secondary 
circuit  the  true  secondary  current,  which  is  an  unidirectional 
flux  (thick  curve),  and  a  superimposed  tertiary  current,  which 
ka  bi  directional  flux,  its  algebraic  total  of  quantity  being  zero. 
If  we  add  together  at  each   instant  the  ordinatos  of  the  two 
current  curves  we  get  a  resultant  curve  (dotted  line)  which 
IliepreBents  the  actual  current  curve  in  the  secondary  circuit. 
[The  total  area  (electric  quantity)  enclosed  between  the  hori- 
Izontal  line  and  the  dotted  curve  must  be  equal  to  the  total 
,  enclosed  between  the  thick  firm  line  and  the  horizontal, 
»iise  we  have  added  and  subtracted  equal  areas ;  but  the 
nmum  ordin.>ite  of  the  dotted  curve  will  be  less  than  that  of 
Ithe  thick  firm  line  curve,  and  the  fonn  of  the  curve  will  be 
■Tery  different  also.     It  is,  then,  clear  that  the  superposition  of 
I  complete  tertiary  current,  which  ia  of  itself  but  very  little 
kble  to  affect  a  galvanometer  on  a  secondary  current  which 
pres  a  definite  galvanometer  indication,  is  not  able  to  alter 
[that  galvanometer  deflection,  depending  as  it  does  on  the  total 
iquantity  of  the  discharge.     The  magnetising  power  and  shock, 
fliowever,  depend  upon  the  maximum  value  or  suddenness  with 
which  the  induced  current  rises  to  its  maximum  value,  and  this 
factor  is  very  much  affected  by  the  overlaying  of  a  secondary 
current  by  a  tertiary.      We   see,  then,  that  the  experiences 
of  Faraday  and  Henry  may  be  completely  reconciled,  and  that 
magnetic  screening  is  a  phenomenon  which  in  this  case  depends 
upon  the  nature  of  the  detecting  instrument  in  the  secondary 
circuit. 

I  The  practical  outcome  of  much  of  the  foregoing  discussion  of 
magnetic  screening  is  that  the  use  of  lead-covered  cable  for  the 
conveyance  of  periodic  currents  of  the  usual  frequency  (60 — 100 
alternations  per  second)  is  of  no  advantage  in  respect  of  pre- 
vention of  inductive  disturbance  in  neighbouring  telephone 
wires.  Not  only  is  the  lead  too  poor  a  conductor,  but  the 
frequency  of  alternation  is  too  small  to  render  the  magnetic 
^creeping  effective.      The  only  really  satisfactory  method  of 
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annulling  the  inductive  disturbance  is  to  carry  the  periodio 
current  along  a  conductor  which  lies  in  the  aiis  of,  and  is 
insulated  from,  a  concentric  enclosing  tube  or  sheath,  which 
acts  as  a  return.  This  return  must  be  itself  insulated  from  the 
earth,  and  the  condition  to  be  fulfilled  is  that  at  any  instant, 
and  at  any  section,  the  algebraic  sum  of  the  currents  in  the 
core  and  sheath  must  be  lero ;  reckoning  current  in  one  direc- 
tion positive,  and  in  the  other  negative. 

The  whole  question  of  magnetic  screening  has  been  worked 
out  mathematically  by  several  mathematicians,  and  besides  the 
section  in  Clerk-Maxwell's  Treatise  (Vol.  II.,  §  654, 2nd  Ed.),  the 
advanced  student  may  be  referred  to  memoirs  by  Prof.  Charles 
Niven  "On  the  Induction  of  Electric  Currents  in  Infinite  Plates 
and  Spherical  Shells"  {Phil.  Tram.  Roy.  Soc.,  1881,  p.  307),  and 
also  to  Prof.  H.  Lamb  "On  Electrical  Motions  in  a  Spherical 
Conductor"  (PAH.  Traru.  Roy.  Soc.,  1883,  p.  619). 


§  9.  Reaction  of  a  Olosed  Secondary  Oircnit  on  the  Pri- 
mary.— If  a  BcH  velephono  is  placed  in  scries  witli  a  coil  of 
many  turns  of  fine  wire  wound  on  a  hollow  bobbin,  and  if  both 
are  placed  in  series  with  the  secondary  circuit  of  a  small  induc- 
tion coil,  the  strength  of  the  secondary  oirrcnt  can  be  so  ad- 
justed that  the  telephone  emits  a  low  murmur  or  rattle.  This 
being  the  case,  let  a  solid  bar  of  copper  be  introduced  into  the 
bobbin  of  fine  wire,  and  it  will  be  found  that  the  noise  of  the 
telephone  is  increated.  If  a  bundle  of  fine  iron  wires  is  substi- 
tuted for  the  copper  rod,  it  wHl,  on  the  other  hand,  retluce  the 
noise  or  stop  it  altogether.  The  explanation  of  tliis  effect  is  to 
be  found  in  the  reaction  which  a  closed  secondary  circuit  has 
upon  its  primary  in  reducing  the  impedance  of  the  primary. 
We  have  shown  in  Chapter  III.  (p.  152)  that  the  re-active 
effect  of  the  second.iry  is  to  increase  the  resistance  and  reduce 
the  inductance  of  the  primaiy  circuit,  and  we  have  deduced 
two  formulsB  given  by  Ma.Twell  for  the  value  of  the  equivalent 
resistance  R'  and  the  equivalent  inductance  L'  of  a  primary 
coil  of  resistance  R  and  inductance  L  in  the  presence  of  a 
secondary  coil  of  resistance  S  and  inductance  N,  the  mag- 
netic circuit  having  a  constant  resistance,  and  the  mutual  in- 
ductance being  M.  Hence  the  equivalent  impedance  Im'  of  the 
primary  coil  in  presence  of  the  secondary  is  ^11'*  -i-p^  L'*,  and 
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ita  isolated  or  intrinsic  impedance  is  Im  equal  to^/R*+p-L*. 
The  question  is,  which  is  the  greater — Im'  or  Im  t  To  dis- 
cover this,  take  for  R'  and  L'  the  values  given  on  page  153,  and 
Tre  iiave 


and 


L'-L--, 


;)»M*N 


Forming  from  these  the  function  R**  +p-  L**,  we  have 


OS 


(Im')«-{Im)»-2^'-R? 


ju«M«(2LN-M») 


If  Ssx,  or  the  secondary  circuit  is  open,  the  riglit-haud 
side  of  the  above  equation  is  zero,  and  we  find  that  the  inipe- 
daace  of  the  primary  circuit  is  not  altered  by  the  presence  of 
the  open  secondary,  as  of  course  it  should  not  be.  If  S  is 
made  very  small,  the  value  of  the  difference  of  (Im')'  and  (Im)' 

continually  approximates  to  the  value  -  — — ^^ — -— — '. 

Now,  L  N  -  M*  is  always  a  jjositive  quantity  if  not  sero,  and 
the  other  quantities  in  this  last  fraction  are  sciuares.  Hence 
the  value  uf  this  last  fraction  is  always  a  positive  quantity  if 
not  lero.  Hence  it  foUows  that  if  Im'  is  not  equal  to  Im  it  is 
always  let*  than  it ;  in  other  words,  the  presence  of  the  closed 
secondary  circuit  always  diminishes  the  effective  im{)edance  of 
the  primary.  We  have  seen  (page  153)  that  the  maximum 
value  of  the  primary  current  for  the  induction  coil  without  iron 
and  with  simple  periodic  impressed  electromotive  force  applied 
to  the  primary  circuit  ia 

E 


I- 


W' 


or       Maximum  current  =  - 


Maximum  E.M.F. 


Effective  impedance  of  primary 

Hence,  since  the  closing  of  a  secondary  circuit  around  a 
primary  reduces  its  impedance  it  must  also,  if  the  primary 
coil  is  subjected  to  a  constant  impressed  electromotive  force, 
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increase  the  flow  of  current  through  the  primary.  The  expla- 
nation of  our  experiment  with  the  copper  rod  is  now  simple. 
The  introduction  of  the  copper  rod  into  the  fine  wire  helix  is 
equivalent  to  approximating  to  a  primary  coil  a  closed  secondary 
circuit.  The  impedance  of  the  fine  wire  circuit  to  the  alter- 
nating current  from  the  secondary  circuit  of  the  induction 
coil  is  hence  reduced  ;  it  gets  more  current,  and  the  telephone 
is  made  to  emit  a  louder  sound.  If,  however,  a  core  of  divided 
fine  iron  wire  is  introduced  into  the  fine  wire  helix,  the  result 
is  simply  to  increase  the  impedance  of  that  circuit,  and  there- 
fore to  reduce  the  current  actuating  the  telephone.  When 
considering  in  particular  the  theory  of  the  induction  trans- 
former  as  applied  to  electric  distribution  we  shall  see  the  above 
principles  have  important  practical  bearings. 

In  a  paper  recording  some  oxperimcntal  results  on  the  self- 
induction  and  resistance  of  compound  conductors*  Lord  Rayleigh 
has  given  some  comparisons  of  the  results  of  theory  and  experi- 
ment on  Maxwell's  formulas  above  alluded  to.  By  the  use  of  & 
resistance  and  inductance  bridge,  very  similar  to  one  designed  by 
Prof.  Hughes,  the  measurements  of  the  inductance  and  resist- 
ance of  a  circuit  can  be  made  separately  with  ease.  A  pair  of 
wires  was  wound  on  one  bobbin ;  each  wire  had  a  resistance  of 
nearly  ■!  ohm,  and  a  diameter  of  'OSTin.  Each  coil  consisted  of 
nine  double  convolutions.  In  certain  arbitrary  units  the  resist- 
ance of  one  of  these  copper  wires  to  steady  currents  was  1'76, 
and  its  inductance  11*"2.  The  values  were  obtained  when  the 
other  coil  was  on  open  circuit.  On  closing  tlie  unused  coil,  the 
resistance  of  the  first  rose  to  2-67  and  its  inductance  fell  to  4**7. 

To  compare  this  with  the  theorj*. 


The  formulte  are 


R'  =  R-t- 


L'-L- 


p^  M«  N 


Now   R. 
resistance, 
and 

and 


.  S  -  1-75  X  0492  X  lO*  absolute  C.-G.-S. 

L-N-ll°-2xl553  centimetres, 
M=  11*  X  1553  centimetres, 
/>=  2  :rn- 2x31415x1050. 


units 


See  fhU.  Mag.,  December,  1886,  p.  4G9. 
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Theperiodk< 
hence,' 

Therelan 
and 


[mb^jaeaejot  1050  per  i 


yM«  _. 


L'-L(l-<)-  -iL; 
1-6X1-75-2-8-R*, 
-4xir-J-4*5-.L'. 


These  calculated  Tahua  campaie  verj  feToaxably  with  the 
obaerred  valoea,  riz. : 

R-2-67,  L-4'-7; 

and  azperimeDtaDy  eoaim  the  truth  of  llaiveil%  fannolK  for 
the  increaaed  iiaiiilaiiiii  tad  diaunialied  indinitaimn  of  a  eixcoit 
when  placed  near  a  elowd  WKimAmrj  circuit. 

g  10.  Hughes's  Induction  Balance  and  Sonometer. — In  1879 
Prof.  Hoghes  eoostmcted  and  described  a  Tery  perfect  induc- 
tion baknoe,  with  which  he  was  able  to  ocoduct  raearches  of 
an  exceedingly  interesting  character.  In  order  to  have  a 
perfect  induction  balance,  he  found  it  necessary  to  make  all  the 
four  coils  exactly  similar.*  Four  boxwood  bobbins  {tee  Fig.  26) 
are  each  wound  orer  with  100  metres  of  No.  32  copper  wire. 
These  coils  are  arranged  in  pairs  at  a  considerable  distance 
apart,  so  that  the  coefficient  of  mutual  induction  between  the 
separated  pain  is  negligible.  Two  of  the  coils,  A  and  B,  are  joined 
in  series  with  each  other  and  with  a  battery  and  interrupter  I, 
and  the  other  two  coils,  C  and  D,  are  employed  respectJTely  as 
secondary  coils  to  these  two.  These  secondary  coils  are  in  seriea 
with  each  other  and  with  a  telephone  reoeirer  T,  and  are  so 
joined  up  that  the  direction  of  the  induction  of  A  on  C  is  oppo- 
site to  that  of  B  on  D.  One  pair  of  coils  is  placed  in  a  fixed 
position,  and  the  other  pair  can  be  slightly  moved  to  or  from 
each  other  by  means  of  a  micrometer  screw.    The  coils  are  first 


*  "  On    an    Inductioa    Currmt  Balance.*' 
Pro*.  A>jf.  Sot.,  Xo.  196,  May  5th,  1879. 


By  ProL  D.   £.   Hughai. 
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adjusted  bo  that  the  iaductioas  are  equal  and  opposite,  and 
listening  at  the  telephone  the  opposing  secondary  current 
produce  at  best  but  a  very  slight  sound,  which  can  be  perfectly 
abolished  by  adjusting  the  distance  of  one  pair  of  coils.  Wha 
this  is  the  case,  if  we  insert  in  the  opening  of  the  bobbin  of  ou 
of  the  primary  coils  a  disc  or  piece  of  metal  d,  the  balance  ia 
destroyed,  and  we  hear  sounds  more  or  less  intense.  In  order 
to  get  some  comparative  measurements.  Prof.  Hughes  designed 
a  companion  tustrumcut,  called  a  sonometer.  In  this  instrument 
a  pair  of  primary  coils  are,  as  before  (»e«  Fig.  27),  joined  in 
series  with  each  other  and  with  a  battery.    The  coils  arc  fixed 
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at  the  extremities  of  a  bar.  Between  these  primary  coils  slide 
a  single  secondary  coil,  and  the  primary  coils  are  so  wound  that 
their  inductions  on  this  secondary  coil  aro  ecjual  and  opposit 
When  this  sccondaiy  coil  is  exactly  between  the  two  prima 
coils,  a  telephone  placed  in  series  with  the  secondary  coil  gives- 
out  no  sound  when  tlie  primary  current  ia  rapidly  interrupted. 
If,  however,  the  sccoudaiy  coil  is  slid  from  one  primary  and 
towards  the  other,  the  differential  action  creates  an  induced- 
current  detected  by  the  tcIo[)hoQe.  By  reading  off  on  the  bar  the 
extent  of  displacement  ncccs8.iry  to  create  in  the  telephone  a 
sound  of  a  certain  magnitude  an  arbitrary  reading    oau 
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obtained  corresponding  to  every  different  value  of  the  secondary 
current.  A  switch  is  provided  by  means  of  whicli  the  same  tele- 
phone can  be  shifted  rapidly  from  the  induction  balance  secondary 
circuit  to  the  sonometer  secondary  circuit.  The  experiments  first 
performed  consisted  in  placing  within  one  primary  coil  of  the  in- 
duction balance  certain  equal-sized  discs  of  dilTerent  metals,  aaul 
then  so  arranging  the  sonometer  secondary  coil  that  the  noise  in 
tlie  telephone  protluced  by  the  current  in  the  secondary  of  thf 
sonometer  was  judged  by  the  ear  to  be  equal  to  the  sound  [iro- 
duced  in  the  telephone  when  it  was  shifted  to  the  secondary 
circuit  of  the  induction  balance,  and  in  which  the  inductive 
balance  had  been  broken  down  by  the  insertion  of  the  disc  of 
metal.  Discs  of  various  metals  the  size  and  shape  of  an  English 
shilling  were  made,  and  when  inserted  in  the  induction  coil,  the 


II 


Fio.  27. 


sonometer  bar  readings,  reckoned  from  the  centre  or  absolute  zero 
of  sound  given  in  certain  arbitrary  degrees,  were  as  follows  : — 


Silrer  (chemically  pure)  125 

OoM    117 

Silrer  coin  IIS 

Aluminium 112 

Copper    100 

Zinc _...  80 

Broiue » 76 

Tiu  „ 74 

IruD  (ordiimry)  52 


German  Silver   60 

Iron  (pure) 10 

Copper  (nlloy) 40 

Lead    38 

Antimony   35 

Mercury  30 

Biamuth 10 

Zinc  (nlloy) 6 

Carbon    2 


This  list  does  not  agree  in  order  entirely  with  that  of  any  of 
the  lists  of  electrical  conductivity.  In  some  degree  it  evidenth- 
has  reference  to  conductivity,  because,  roughly  speaking,  the 
best  conductors  come  at  the  top  and  the  worst  at  the  bottom  ; 
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but  vhilst  it  IB  headed  by  silver,  which  has  the  highest  conduo- 
tivity  per  unit  of  volume,  wo  find  alurninium,  which  has  the 
highest  conductivity  per  unit  of  mass,  occupying  a  positioi^^ 
above  that  of  copper.     The  disturbing  effects  of  the  metal  <M^H 
the  induction   balance   is   not,    however,    simply  proportional^ 
either   to   the   coiidtictivity  per  unit  of  moss  or  per  unit  of 
volume.     In  more  recent  experiment*  a  graduated  zinc  wcdg 
pushed  in  more  or  less  between  one  pair  of  coils  of  the  indt 
tion  balance  was  employed  to  obtain  comparative   numbers 
representing  the  disturbance  produced  when  discs  of  various 
metals  are  inserted  in  the  other  coil.    The  elementary  theory  of_ 
the  induction  balance  is  of  courae  contained  in  all  that  has  got 
before  in  this  and  the  la-st  chapter.     It  is,  generally  speakir 
dependent  for  its  action  on  effects  similar  to  those  producit 
magnetic  sliiclding.     If  the  discs  are  slit  so  as  to  prevent  cir- 
ctmifcrcntiul  electric  currents    in  their  mass,  their  action 
disturbing  the  inductive  balance  is  mitigated  or  annulled, 
the  metal  disc  i.s  replaced  by  a  copper  coil  with  open  extren 
ties  no  effect  is  observed  ou  the  inductive  balance.     If  the  end 
of  the  coil  arc  joined,  the  coil  behaves  as  if  it  were  a  metallic 
disc  and  cau-ses  loud  soiuids  in  tlie  telephone.     The  effect  due 
to  the  iron  disc  is  a  nii.xcd  one.     It  in  part  acts  like  any  other 
metal  disc,  but  it  diffei-s  from  them  in  one  respect.     If  any  non- 
magnetic disc  is  pliwcd  edgeways  in  the  centre  of  the  prii 
bobbin  it  has  a  diminished  effect  in  disturbing  the  balance  ; 
the  case  of  iron  the  disturbance  is  increased  by  turning  the  dig 
edgeways.     lu  order  to  have  before  us  a  typically  simple  case, 
imagine  an  induction  balance  made  of  two  very  long  primai]^H 
helices  and  each  embraced  near  the  centre  by  a  small  secon^V 
ary  coil.     Let    the  primary  coils  be   traversed   by  a    simple 
periodic  current.     We  liave  then  in  the  interior  of  the  primary 
coil  a  uniform  msignetio  field  varying  synchronously  with  the 
primary  current  in  a  simple  periodic  manner,  and  the  rate  of 
change  of  the  magnetic  field  at  any  instant  will  be  a  measure 
of  the  electromotive  force  acting  in  the  secondary  circuit.    Sup- 
pose into  one  primary  helix  is  inserted  a  thin  copper  tube;  this 
will   form  a  closed  secondiuy  circuit,  and  secondary  periodic 
currents  will  bo  induced  in  it,  flowing  round  the  cylinder  in 
directions  parallel  to  the  turns  of  the  primary  helix.     As  this 
copper    cylinder  possesses  a    very  sensible  time  eoTulant,  the 
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phase  of  these  secondary  currents  in  the  cojipcr  cylinder  will 
be  nearly  opposite  to  that  of  tlic  primary  current.  The  resul- 
tant ma^etic  field  in  the  interior  of  the  cylinder  is  therefore 
that  due  to  the  resultant  of  these  two  simple  periodic  currents 
which  are  nearly  opposed  in  phase.  Hence  the  absolute  mag- 
uitiido  of  the  interior  field  and  its  rate  of  variation  will  be  less 
than  if  the  copper  cylinder  was  removed.  It  results,  therefore, 
that  the  induction  through  the  secondary  helix  und  the  electro- 
motive force  impressed  on  it  will  be  diminishcil  by  the  presence 
in  the  primary  coil  of  this  copper  cylinder.  The  diagram  given 
on  page  148,  showing  a  geometrical  coiisti-uction  for  the  magni- 
tudes of  the  primary  and  secondary  currents  in  an  induction 
coil  without  iron,  shows  us  why  the  jirimary  and  secondary 
currents  are  thus  more  or  less  oppo.>iitc  in  phase.  Since,  in  a 
general  way,  the  higher  the  condxictivity  of  the  tube  or  disc 
introduced  into  the  primary  the  greater  the  time  constant  and 
the  greater  the  lag  in  phase  of  the  currents  induced  in  this 
metallic  circuit  behind  the  phase  of  the  inducing  primary,  it 
follows  that  the  resultant  interior  ficlil,  iicting  to  produce 
juductirc  electromotive  force  in  the  secnndan-  helix,  wiil  btr 
diminished  by  the  intro<hiction  of  discs  of  very  high  conduc- 
tivity more  than  by  discs  of  very  low  conductivity. 

From  the  principles  discussed  under  the  !»ead  of  magnetic 
«hielding,  it  would  appear  that  the  diflerences  between  various 
metals  inserted  as  discs  in  the  induction  iialaucc  would  bo  lets 
marked  at  very  high  speeds  of  interniption  than  at  very  low 
ones.  With  respect  to  the  action  of  iron,  two  effects  have  to  be 
considered  which  are  the  result  of  very  dift'erent  actions.  The 
introduction  of  the  iron  into  the  primary  coil  reduces  the  mag- 
netic resistance  of  the  circuit  of  induction  of  that  coil,  and  this 
cause,  if  it  operated  alone,  would  destroy  the  inductive  balance 
by  raising  the  inductive  electromotive  force  in  that  secondary 
circuit  corresponding  to  the  primary  into  which  the  iron  is  intro- 
duced ;  but  the  iron  disc,  like  every  other  disc,  gets  circum- 
ferential induced  currents  created  in  it,  and  these,  if  they  actctl 
alone,  would  destroy  the  inductive  balance  by  Icncering  the 
inductive  electromotive  force  in  that  secondaiy  coil. 

These  two  efTects  conflict,  and  it  is  an  interesting  confirmation 
of  theory  to  find  that  Prof.  Hughes  says  it  is  jjossible  to  intro- 
duce into  one  primarv  coil  of  the  induction  balnnce  a  disc  of 
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iron  and  some  soft  iron  wires  in  such  positions  that  these 
opposite  notions  nullify  each  other,  and  though  each  moss  ofiH 
iron  separately  would  destroy  the  induction  balance,  yet  th^^ 
two  together  being  introduced,  complete  silence  in  the  telephone 
is   the  result.     The   sensibility  of    the   induction  balance  toj^l 
minute  differences  of  electric  conductivity  and  magnetic  per^l 
meability  is  very  remarkable.     If  into  one  coil  of  a  carefully- 
adjusted  balance  we  place  a  good  sovereign,  or  shilling,  and 
into  the  other  a  bad  one,  the  telephone  detects  the  base  coin 
with  unerring  certainty  by  the  loud  noise  given  out.     In  the 
same  way,  if  two  pieces  of  soft  iron  are  introduced  into  the  two 
primary  coils,  and  a  balance  is  obtained,  the  mere  magnetisa- 
tion of  one  of  them  will  be  at  once  detected,  because  tbiit 


B 


imagnetiscd  piece  becomes  thereby  less  permeable,  and  destroj 
the  balance.  We  may  present  the  rough  general  theory  of 
induction  balance  in  uuother  way.  Let  the  "coin"  1x3  sim 
regarded  as  a  closed  circuit,  between  which  and  the  prima 
circuit  surrounding  it  there  is  a  certain  cocfticient  of  mutu 
induction.  The  two  i)rimary  coils  forming  one  prima 
•circuit  have,  on  the  whole,  no  action  on  the  two  secondary 
coils,  forming  ono  secondary  circuit,  and  we  may  therefore 
consider  the  primary  circuit  as  if  it  were  in  a  position 
cotijvtgate  to  the  secondary.  The  coin,  however,  is  acted  upon 
inductively  by  the  primary  circuit,  and  the  eddy  currents  or 
secondary  currents  generated  in  it  react  on  the  secondary  circuit 
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causing   in  it  tertJaiT  currenta,  which  affect  the  telephone. 
Looking  at  it   from  this  point  of  view,  we  might  construct 
UD  induction  balance  thus.     Let  A  (see  Fig.  28)  be  a  single 
primary  ooil,  and  B  a  secondary  coil,  having  a  telephone  in 
tseries  with  it.     Place  the  coU  B  in  a  position  conjugate  to  A — 
that  is,  with  ite  axia  at  right  angles  to  that  of  A.     Then  let 
variation  of  current  in  A  produce  no  current  in  B.    Now  hold 
A  aheet  of  copper  anywhere,  say  at  C,  and  the  telephone  wfll 
be  oaused  to  sound.     For  A,  though  it  cannot  affect  B  induc- 
tively directly,  yet  it  can  produce  a  secondary  current  in  C 
lield  at  a  non-conjugate  position,  and  these  secondary  currents 
in   C  will  create  other  tertiary  currents  in  B.      The  eipcri- 
Kuent  will  appear  to  indicate  a  sort  of  r^UctioH  of  inductive 
power.* 

Thia  was  eiperimentally  shown  f>y  Mr.  Willoughby  Smith  in 
liis  Paper  on  "  Volta-Electric  Induction  "  (see  Joitmal  of  Soeietf 
•'>/  TtUyraph-Enyinetrt,  Vol.  XII.,  p.  465). 

An  interesting  experiment   of  Mr.  WiUoughby  Smith's  in 

mnduction  is  to  employ  a  simple  Bell  telephone  receiver,  uncon- 

viected  with  any  circuit,  as  an  induction  finder.     If  a  coil  is 

'•raversed  by  a  primary  current,  rapidly  intermittent  or  alter- 

'xiate,  then  a  Bell  telephone  held  anywhere  in  the  new  field 

«mits  a  sound.     The  pulsating  field  disturbs  the  magnetisra  of 

Ibe  telephone  magnet,  and  enables  this,  therefore,  to  detect 

Tapid  electromagnetic  disturbances   at  the   place  where  it  is. 

The  induction  balance,  combined  with   a  telephone,  is  an  appo- 

lutus  of  extreme  sensitiveness.     It  renders  evident  the  smallest 

differences  of  weight,  nature,  degree  of  purity  or  temperature 

of  two  conductors  of  identical  dimensions,  such  as  two  coins 

placed  in  identical  conditions  in  respect  of  the  two  systems  of 

coils. 

It  enables  us  to  detect  very  small  masses  of  metal  in  a  badly 
conducting  body,  and  may  be  employed  with  much  advantage  in 
verifying  the  insulation  of  the  different  wimlings  of  a  coil,  the 
ends  of  which  are  open.     At  the  same  time  it  lends  itself  better 


*  The  fall  theorf  of  the  induction  bkUoce  hu  been  given  by  Prof. 
Oliver  Lodg^  See  Pt<k.  Pkft.  i>oe.  London,  VoL  III.,  p.  187.  Mto  in 
the  ame  roJiune  ia  a  note  by  Prof.  J.  H.  Pojmting  "  On  the  Ondiutioo  of 
the  Sonometer." 
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to  qualitative  than  to  quantitative  work,  as  it  is  difficult  to 
interpret  rigorously  the  results  obtained.* 

§  11.  Transmission  of  Rapidly  Intermittent,  Alternate,  i 
Tery  brief  Currents  through  Conductors.— Some  experiment 
<if   Pre>f.  Hughes  on  tiio   selfinrluction  of  metallic  wires  have 
been   the  means  of  directing   attention   of   late  more  closeW^| 
to  the  nature  of  the  propagation  of  currents  of  rapid  pcriodictt^H 
!  through  metallic  conductors,  and  although  mathematical  writers, 
particularly  Mr.  Oliver  Heaviaide,  had  considered  the  problem, 
^et  these  experimental  results  drew  the  attention  of  many  to 


a 


7r 


^^ 


Fio.  29. 


til  is  question  to  whom  the  more  recondite  investigations  wero 
unknown.     Prof.  Hughes's  experimentsf  on  the  self-induction 


*  For  further  infonimtion  on  the  use  and  theory  of  the  induction  baliuice 
the  student  m»y  consult  Maicart  and  Jouberfs  Eleelricity,  VoL  11.,  §966  ; 
tim  Hughe*'  rka.  Mag.  [5],  Vol.  11.,  p.  50,  1879.  On  the  differential  telp 
phnnc,  tee  ChryBtal,  PhS.  Trann.  Roy.  Soe.  t'din.,  Vol.  XXIX.,  p.  6C'9, 
1880.  O.  Lodge,  yroe.  Phytical  Soe.  lAmdon,  Vol.  III.,  p.  187,  on  inter 
mitloot  currents  and  the  theory  of  the  induction  balance. 

t  These  experiments  formed  tlie  subject  of  IVof.  Hughes's  Inaugural 
Discourao  to  the  Society  of  Telegrapli-Enginecrs  ou  the  occasion  of  his 
election  to  the  office  of  President.  See  Jouma  .Soeirty  TtUffrapk  Enffinttri^ 
January  28,  1886.  "The  Self-induction  of  au  Electric  Current  in  Rdatiou 
to  the  Nature  and  Form  of  its  Conductor." 


VDTDAL  AND   SELF   IltDUCTIOK. 


231 


of  metallic  wires  were  made  with  a  combined  resistance  and 
induction  bridge  of  somewhat  novel  form.  Suppose  that  a 
quadrilateral  be  formed  of  four  conductors  1',  Q,  R,  S,  only  one 

Kf  which,  P,  has  any  sensible  self-induction,  and  let  the  diagonals 
e  completed  by  a  telephone  T,  and  Imttery  B,  with  interrupter 
In  the  first  place,  let  the  resistance-balance  Im3  obtained  for 
steady  currents.  Tliis  can  be  achieved  by  placing  the  telephone 
^'ith  the  interrupter  as  a  conjugate  circuit  to  the  battery  {uc 
Fig.  29),  and  shifting  one  resistance,  R,  until  a  balance  a 


Q 


Dbtaiucd.     By  a  suitable  adjogtment  complete  silence  can  h» 
^}btained  in  the  telephone. 

Next  let  the  interrupter  be  removed  to  the  bftttery  cireoit, 
and  all  other  arnuigementa  remaining  the  Mme  (tet  Fig,  80) 
it  will  be  found  that  the  balance  is  destrojed,  sod  that  no 
L  mere  change  in  the  value  of  the  resisUnoe  B  wiU  «Mbb  »  per* 
I  Icct  balance  to  be  obtained.  The  raaaoa  for  tbk  to  that  on 
closing  the  battery  circuit  tbe  indocUnoe  of  P  iotrodiUM  • 
counter  cIcctromotiTe  force  into  P  and  Um  [MUlMiliil  risen  at 
c  faster  than  at  d,  and  on  brcalung  tlw  cinniC  (W  pottotial  at 
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c  dies  down  faster  than  at  d ;  aud  hence  at  each  make  and 
break  the  telephone  is  subjected  to  an  alternate  flux  of  current, 
nod  this  causes  it  tu  emit  a  sound.  Supposing  that  an  attempt 
ia  made  to  get  rid  of  this  sound  by  shifting  the  point  c  so  as  to 
alter  R,  the  steady  balance  will  be  destroyed  and  the  telephone 
will  be  traversed  by  a  current  during  the  time  when  all  the 
currents  have  become  steady  ;  but  no  such  change  in  the  value 
of  R  will  prevent  a  variation  of  current  taking  place  through 
the  telephone  during  the  complete  period  from  the  first  instant 
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Fio.  3L 


when  the  battery  circuit  is  closed  to  the  instant  wlicn  it  is 
opened  again. 

The  only  way  in  which  a  balance  can  be  obtained  in  this  last 
arrangement  is  by  introducing  into  the  telephone  circuit  an  elec- 
tromotive force  which  shall  be  capable  of  being  made  at  every 
instant  to  balance  the  inductive  electromotive  force  due  to  the 
inductance  of  P.  Prof.  Hughes  does  this  very  ingeniously  bv 
introducing  a  pair  of  mutually  inductive  coils  into  the  bat- 
tery and  telephone  circuitv'and  the  final  arrangement  is  in 
Fig.  31.  M,  and  Mj  are  a  pair  of  coils,  one  of  which,  Mj,  ia 
in  the  battery  circuit    and    is    fixe<I,  and    the   other,  M„  i» 
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in  the  telephone  circuit,  and  can  be  placed  so  that  whilst  its 
centre  coincides  with  that  of  Mj  its  axis  makes  any  required 
angle  with  that  of  M,.  In  this  way  tlie  mutual  inductance 
between  M,  and  Mj  can  be  varied  from  zero  when  the  coil  axes 
are  at  right  angles  to  a  definite  maximum  value  when  thej  are 
co-linear. 

It  is,  however,  found  that  when  the  coils  M,  Mj  are  in  cer- 
tain positions  that  the  inductive  electromotive  force  set  up  in 
the  telephone  circuit  by  the  induction  of  M,  on  Mj  can  bo 
nutde  to  neutralise  the  impulsive  electromotive  force  d\ie  to  tlie 
inductance  of  P,  when,  in  addition,  a  certain  value  is  given  to 
the  resistance  11.     Under  these  circumstances  the  bridge  can 
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M, 


Fig.  32. 


he  balanced  and  the  telcjilionc  completely  silenced,  both  when 
the  interrupter  is  in  the  buttery  circuit  and  in  the  telephone 
circuit :  in  other  words,  can  be  balanced  both  for  steady  and 
for  variable  currents. 

In  the  arrangement  adopted  by  Prof.  Hughes  the  resist- 
ances Q,  R,  and  S,  were  sections  of  one  and  the  same  fine 
fJerman  silver,  1  metre  long,  and  having  a  total  resistance  of 
4  ohms  (tee  Fig  32).  The  ends  of  this  wire  were  joined  to 
the  conductor  under  investigation  P,  and  the  rest  of  the 
apparatus  was  arranged  as  described. 

In  order  to  investigate  the  relation  between  the  resistances 
and  inductances  which  holds  good  when  the  bridge  is  balanced 
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for  Steady  and  for  variable  currents,  let  us  draw  a  (iia 
(Fig.   33)  representing  the  netrwork    of   conductors,  and  call 
the  current  at  any   iiistivut   in   the    inductive   branch  P, 
and  that  in  the  branch  Q,  y,  and  that  iu  the  telephone  circu 
r.     The  cun-ent  in  the  battery  branch  is  then  x  +  y.     Let  L  bo" 
the  inductance  of  P,  and  M  tiie  mutual  inductance  of  the  coil 
placed  iu  the  circuit  B  and  T,  and  let  all  other  circuits,  Q, 
and  S,  hare  no  sensible  inductance.    Let  «  be  tho  electromoti'T 


1<i  these  throe  etjuations  contain  tbe  nic«ns  for  finding  at  any 
ne  t  the  current  in  any  branch.*  If  we  suppose  the  bridge 
*o  bo  balanced  for  variable  currents  then  3  is  icro,  and  on 
Q*&k.iug  this  limitation  we  find  tbe  above  equations  reduce  b> 
the  two, 
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(iii)  Kx  +  z  +T:-Sy-a  =  -M^J|^. 


^^•tt* 


Qy-Pr-L^-R*-Sy 
at 

dt  dt 


I""'urthennore,  let  us  assume  that  tbe  currents  vary  according 
**    *»  simple  periodic  law.     In  this  case,  if  X  b  the  maximum 
^*l*ie  of  X,  then  we  can  write 

j;°=X8in/>(, 

**«re  p  as  usual  =  2  »  »,  n  being  the  frequency  of  the  altema- 

*^»<i«i,  hence  '^^ 


dt 


B'pXcoapt 


dt-         ^  ^ 


Adopting  the  fluxional  notation,  it  is  convenient  to  write  x  for 

75~-  and  J  for  -pi,-     Hence,   for  simple  periodic  variation  of  a 

Current  x,  we  always  have  the  condition 

-*-;>»  X (0) 

If  we  difiercntiatc  tbe  two  equations  (A)  and  (B),  and 
eliminate  x  by  the  help  of  (C),  wo  get  the  following  two 
equations  (E)  and  (F),  which,  together  with  the  original  two  (A) 

*  The  general  method  of  Ending  the  current  equations  (or  »nj  network 
ii  given  in  Maxwdl'i  "Treatue  on  Electricity,"  2nd  Edition,  Vol  U., 
1 755.  JUo  tft  "  IVoblenu  on  Network*  of  Conduotore,"  by  J.  A.  Fleming, 
fk,l.  Ma-j.,  September,  1885,  VoL  XX.,  p.  221  ;  or  Proeredin'jt  Phyi.  Soc., 
Land..  1885. 
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.      (B) 

.    (E) 
•    (F) 

[letcrminant 


and  (B),  give  us  the  necessary  four  for  eliminating  the  varitbli 
We  have 

Qy-Px-Lx     =Rx-Sy.     ...     (A) 

-Mi-My  -R«-Sy.     . 

Qy-Px  +  Lp«jr«Rx-SJr.     . 

Ujy'i  +  'Slp^y     =Ri-Sy.     . 

The  student  who  has  mastereil  the  elements  of 
analysis  will    recognise   that  the  variables  x,  y,  ar,  y  can  be 
eliminated  from  these  equations,  and  the  relation  which  must 
always   hold   good  between   the  constants  can    be  found  by 
equating  to  zero  the  determinant  of  these  four  equations ; 
have,  then 

-L,  O,       -(P  +  R),     (Q  +  S) 

-M,      -M,        -R,  S 

-{P  +  R),     (Q  +  S),  hp\  0 

-R,  S,  Mjo»,         MpJ 

This  determinant  writes  out  uito  the  sum  of  three 
viz. : — 

;.''L[L(M>2  +  s2)-M(S»SQ  +  RQ  +  SR)]  + 
+  {P  +  R)[M«jD=(P  +  Q  +  R  +  S)-S(QR-SP)]  + 
+  (Q  +  S)[.ML/>«{R  +  S)  +  R(SP-RQ)-M»y(P  +  Q 

+  R  +  S)]  =  0 

In  order  that  the  sum  may  be  zero,  each  factor  in  the  square 
brackets  must  be  separately  zero,  and  it  will  be  found  on  reduc^ 
tion  that  these  factors  equated  to  zero  arc  equivalent  to 
two  equations ; — 

QR-SP  =  ML7>' (G; 

and  M(P  +  Q  +  R  +  S)  =  SL    .    .    .    .     (H 

These  equations  express  the  relation  which  holds  good 
between  the  resistances  of  the  brtinchcs  and  the  self  and  mutual 
induction  coefficients  of  a  Hughes  bridge  when  the  bridge  is 
balanced  for  variable  currents. 

•  TliiMO  equations  were  given  by  Lord  Rayleigh  in  the  diacueeion  on 
Prof.  Hughes 8  Taper.  Seo  aljo  Lord  Rayleigh  "On  the  Self- Induction 
and  Kesiatance  of  Compound  Conductors,"  PkiL  Mag.,  Dec.  1886,  p.  471. 
Kquivalent  equations  have  been  also  arrired  at  by  Prof.  H.  F.  Weber  and 
Mr.  Oliver  Hcaviside. 
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It  will  be  seen  that  the  ordinary  relation  of  the  resistances 
for  stcodr  balance,  viz.,  P  :  Q  =  R  :  S  is  departed  from,  and 
tttat  we  have  for  the  resistance  of  branch  P  to  variable  cturenta 
the  value 

p^QR-MLp»_^QR_ML/>« 
S  ^    S  S    * 

**>d  for  the  inductance  of  branch  P  the  valne 

y  _M(P-fQ-i-R+S) 


I«    some  of  his    experiments  Prof.  Hughes  interpreted  his 

O  R 
•faults  on  tho  assumption  that  P  was  always  equal  to  - — ,  and 

^  ^aa  et|ual  to  M,  but  the  complete  investigation  shows  that 
this  is  not  the  case.  A  verr  full  theoretical  and  practical 
*3:att»ination  of  the  induction  bridge  has  been  given  by  Prof.  H. 
*  -  ^Vebcr,  for  which  the  student  is  referred  to  the  pages  of 
t'»e  Electrical  BevUur,  VoL  XVIII.,  p.  321,  1886,  and  VoL  XIX, 
\:  30,1886.* 

Tlie  whole  methixl  of  construction  and  usage  of  tlie  induc- 

ti«.iT»    bridge  has  been  the  subject  of  elaborate  eiaminatinii  by 

^-***^  Rayleigh  in  a  Pai«r  on  the  self-induction  and  resistance 

***    <>orapound  conductors  {Phil.  Mag.,  December,   1886),  from 

^'^icL  we  shall  quote  freely  in  what  follows.     Discarding  tlie 

^***tli-wheel  interrupter,  as  it  does  not  give  a  reguLir  valuation 

**'    Current  corresponding  in  period  to  the  passage  of  a  tootli, 

^*-**^  Rayleigh  used  a  harmonium  reed,  the  vibrating  tongue  of 

^oich  made  contact  once  during  each  period  with  the  slightly- 

*"^^^tMled  end  of  a  brass  or  iron  wire  advanced  exactly  to  the 

'''^»iired  position  by  means  of  a  screw  cut  upon  it.     Blown  with 

*  *tjgulate«l  wind,  such  reeds  are  capable  of  giving  interruptions 

*^  current  of  about  2,000  per  second.     The  one  usually  em- 

Woyed  had  a  frequency  of  1,050  vibrations  per  second.     The 

^^diiction  compensator  consisted  of   two  circular  coils,  one  of 

'^hich  was  fixed  and  the  other  movable  round  an  axis,  so  placed 

^list  the  flat  circular  coils  could  be   placed  either  with  their 

Jjlnnes  coincident  or  at  right  angl««.     If  the  inner  coil  is  very 

^mall  compared  with  the  other,  and  the  coils  are  placed  with 

*  Sn  alto  3Cr.  Olirer  U«STisi<]e  is  the  FhJ.  iltvj..  Augrut,  1886. 
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centres  coincident  and  axes  inclined  at  any  angle,  0,  and  if 
be  tlio  maximum  niutiml  inductance,  and  M  the  inductance 
any  position,  6,  then 

M  =  Mq  cob  0. 

This  law  is,  however,  not  followeil  when  the  coils  arc  sensibly 
of  the  same  size.     In  this  case  Lord  Rayleigh  has  shown  that 
the  mutual  induction  is  vcrj'  approximately  proportional  to  the 
•*ngle  between  the  axes  of  the  cofls  for  a  range  between  40'  and 
140°.   Ill  the  actvial  experiments  the  mutual  inductance  of  the 
coils  was  determined  for  each  degree  of  angular  displaceme 
of  the   axes   by   comparing  it   with  the  calculable  coefficie 
between  two  wires,  wound  in  measured  grooves,  cut  in  a  cylinder, 
and  it  was  found  that  every  degree  of  movement  of  the  movable 
coil,  when  the  axes  were  not  far  removed  from   perpcndicit^^ 
larity,  was  equal  to  776 '3  centimetres  of  mutual  induction,  th^H 
maximum  when   5=0  being   56,100  centimetres.      The  firs^^ 
example  given  in  the  Paper  rcfcn-ed  to  is  one  on  the  8elf-induc-_ 
tion  and  resistance  of  a  coil  of  copper  wire.    In  the  bridge  use 
the  resistances  Q  +  R  +  S   were  together  4-00  ohms.      Resia 
anccs  were,  however,  mea.surod  in  scale  divisions  of  the  bridge 
wire,  each  one  equal  to  2'04  x  IC  centimetres  per  second.    The 
copper  coil  being  balanced  on  the  bridge,  it  was  found  that  the 
readings  of  the  three  resistances  and  of  M  Vere  as  follows  : — 

Q=G10,  R  =  190,  S=l,160, 
M  =  30°  =  36  X  776  centimetres, 

and  the  frequency  n  of  the  vibrations  =  1,0.50,  hence /»  = 
X  1,050.     Taking  the  equation  (G)  and  (H)  on  page  236 
eliminating  L,  wo  have  for  the  value  of  P  the  etiuation 

P     9^  S.  Q.  R  I 

Substituting  the  values  above,  we  find 

P  =  -876  25-87-5  scale  divisions. 
S 

This  gives  the  value  of  the  real  resistance  of  P  to  the  periofUL 
currents,  and  wc  sec  that  if  we  neglected  the  peculiarity  of  tho 
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bridge  and  simply  assumed  the  ordinary  law,  that  the  resist- 
ance of  P  was  equal  to  Q  R  -f  S,  we  should  make  an  error  of 
some  12  per  cent.  On  actually  balancing  the  bridge  for  steady 
currents  the  resistance  of  P  was  found  to  be  87  "3  scale  divi- 
sions, thus  indicating  that  for  this  copper  coil  at  the  frequency 
nsed  the  resistance  to  vai-iable  currents  was  the  same  as  to 
steady  ones. 

On  inserting  a  solid  copper  rod  into  the  coil  and  measuring 
again  the  resistance  and  self-induction  it  was  found  that  the 
values  of  the  rca<ling  were  Q  =  660,  R=  190,  ^M  =  29°  5,  instead 
of  as  before,  Q  =  610,  M  =  36°.  Hence  the  introduction  of 
another  closed  secondary  circuit  (viz.,  the  copper  rod)  increased 
the  real  resistance  and  diminished,  the  real  self-induction  in 
accordance  with  the  principles  cxplainc<l  on  page  153,  at  which 
place  we  demonstrated  Maxwell's  equation  for  the  increased 
resistance  and  diminished  self-induction  of  a  priainry  eircnit 
when  in  contiguity  to  a  close<l  secondary  circuit.  The  next 
example  selected  was  that  of  a  soft  iron  wire,  160  centimetres 
long  and  3-3  mm.  dia.  Here,  with  the  variable  currents  from 
the  reed  interrupter  of  the  same  period  aa  before,  a  balauce 
was  obtained  for 

Q=178        R  =  190        S  =  l,592 

M  — 8x  776  centimetres,  from  which  we  find 

O  Tt 
P  =  -985  -  y  -  =  20-93  scale  divisions. 

The  resistance  to  steady  currents  of  the  same  wire  was 
100x190 


^0"     i;670 


-  =  11-38  scale  divisions. 


Hence  the  effective  resistance  to  variable  currents  of  a  frequency 
1,050  was  1-84  times  the  resistance  to  steady  currents.  Here 
we  have  presented  to  us  tlic  phenomena  characteristic  of  the 
behaviour  of  conductors  to  electric  currents  rapidly  intermittent 
or  reversed.  The  real  resistance  of  the  conductor  is  increased. 
This  is  not  to  bo  confused  with  tlie  fact  that  for  intermittent 
currents  the  impedance  ( JKi+p^U')  measured  in  ohms  is 
greater  than  the  ohmic  resistance  (R)  ;  but  it  is  to  be 
undcrst<>od  as  a  real   increase  in   the   rate   at  which  energy 
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is  dissipated  per  unit  of  current,  and  there  are  many  lines 
of  thou;;ht  which  lead  to  tlic  conception  that  such  increase 
of  resistance  is  due  to  the  fact  that  the  current  density  for 
such  periodic  cuiTcuts  is  not  uniform  over  the  crass-section  of 
the  wire,  but  the  current  density  is  greatest  along  the  outer 
layers  of  the  wire.  Hence,  under  rapidly  jieriodic  currents  the 
inner  portions  of  a  conducting  wire  arc  nearly  deserted  by,  or 
rather  are  never  reached  by,  the  currents,  and,  as  far  as  current 
carrying  duty  is  concerned,  might  as  well  be  away.  One  might 
represent  this  notion  by  a  ycry  coarse  imagery,  thus :  Let 
relative  density  of  current  or  quantity  passing  per  second 
through  unit  of  cross-section  of  a  conductor  per  unit  of  time 
be  represented  like  relative  density  of  population  by  degree 
of  density  of  shading.      Then  the  flow  of  a  steady  current 


Fio.  34. 


Fig.  35. 


through  the  section  of  a  wire  might  be  represented  as  in 
Fig.  34  ;  and  the  flow  of  current  over  the  cross-section  when 
the  current  is  rai>idly  periodic  might  be  represented  as  in 
Fig.  35. 

Certain  lines  of  thought  indicate  that  we  can  consider  that  the 
current  in  beginning  in  a  conductor  starts  its  flow  first  on  the 
outside,  and  soaks  or  penetrates  inwards  into  the  deeper  layers 
by  degrees.  We  see  that  on  this  hypothesis  if  the  current  is 
reversed  in  sign,  or  rapidly  intermitted,  it  will  not  have  timo  to 
Boak  or  diffuse  very  far  into  the  mass  of  the  conductor  before  it 
is,  80  to  speak,  re-called,  and  its  ojierationa  will  be  coufiued  to 
the  outer  layers.  This  is  a  rather  broad  way  of  stating  some 
modem  views  which  are  bcgiiming  to  be  hold  on  the  vioJus 
operandi  of  current  flow.    According  to  these  views  the  currcDt 
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in  a  wire  is  not  got  up  by  a  prooeas  analogons  to  starting  a 
flow  of  water  in  a  pipe  by  a  push  applied  one  end,  but  it  is  put 
into  the  wire  at  all  points  of  its  surface  by  energy  absorbed 
fnim  the  surrounding  dielectric.     Other  things  being  equal,  the 
^^wte  at  which  this  equalisation  of  current  across  the  cross-aec- 
^■tion  of  the  conductor  goes  on  will  be  a  function  of  the  magnetic 
^■permeability  of  the  material.     The  current  in  flowing  along  a 
^P'  magnetisable  circuit  magnetises  it  circularly.     This  magnetisa- 
tion involves  work,  and  the  impressed  electromotive  force  which 
is  increasing  the  current  ha.s  to  do  work,  not  only  against  that 
which  may  be  called  the  formal  inductance  of  the  circuit,  or 
against  tliat  part  of  the  counter  electromotive  force  of  induc- 
tion which  depends  on  the  form  of  the  circuit,  but  has  to  create 
tliis  circular  magnetisation.     By  keeping  to  the  outer  layers  of 

kthe  conductor  the  periodic  current  avoids  magnetising  the 
deeper  layers  of  the  material.  By  this  assumption  as  to  the 
arrangement  of  the  current  under  rapid  intermittance  or  alter- 
batioD  we  are  able  to  offer  a  consistent  theory  of  the  real 
iiicreaae  of  resistance  which  we  find  for  such  currents.  The 
■Bnuer  core  or  central  jiortions  of  the  wire  are  as  good  as  not 
^^ised  by  the  current,  and  as  far  as  conducting  it  goes  might  as 
Well  be  absent ;  hence  the  solid  conductor  does  no  more,  or  not 

iDUch  more,  in  the  way  of  carrying  the  current  than  a  hollow 
<x  tubular  conductor  would  do,  and,  accordingly,  the  real  or 
•hraic  resistance  of  the  conductor  for  such  variable  currents  is 
p'catcr  than  it  is  for  steady  ones. 
Another  way  of  regarding  this  inequality  of  current  dis- 
•ibution  over  the  section  of  a  wire  is  as  follows  : — The  counter 
olectromotive  force  arising  from  self-induction    is    greater   at 
^ffclie   axis  or  central   portion  of  the  wire  than   it  is  near  the 
^^Biirface.     If  we  consider  the  whole  current  flowing  across  any 
^Blcction  of  the  conductor  as  made  up  of  little  streamlets  of 
^^burrcnts  flowing  parallel  to  each  other,  the  central  streamlets 
^|or  filaments  of  current  experience  more  oppnjsition  in  reaching 
full  magnitude  than  do  the  outer  ones,  because  of  the  mutual 
^^uduction  by   those   surrounding   them.     The   current    there- 
^p'orc  arrives  at  its  maximum  value  at  the  surface  of  the  con- 
^^'luctor  before   it  does  at  the  deeper  or  central  portions.     If 
the  current  is  periodic  or  transitory  the  central  streamlets  or 
current  filaments  are  always  greatly  inferior  in   strength  to 
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those  at  the  surface.  There  is  reason,  then,  to  believe  that  *a 
Kuddcn  rush  of  current,  very  brief  in  duration,  such  as  the  dis- 
charge from  a  Lcyden  jar  or  condenser,  moves  chiefly  along  the 
Miirfaco  of  a  discharging  wire,  and  the  same  statement  holds 
g(K>d  for  very  rapid  pulsatory  or  alternate  currents.  Although 
it  may  be  said  that  the  gtuoml  principle  of  this  behaviour  of 
variable  currents  was  virtually  given  by  ^^ax^ve^,*  it  has 
been  subsequently  carefully  develojHid  by  Mr.  Oliver  Hejiviaide 
and  Lord  Raylcigh,  and  has  been  brought  to  the  notice  of 
practical  electricians  chiefly  by  the  experiments  of  Prof. 
Hughes  above  alluded  to,  and  this  increa-se  of  the  resiat- 
juicc  proper  of  a  wire  for  nipidly  jxiriodic  currents  is  one  of 
the  most  striking  of  the  results  of  his  researches.  The  full 
mathematical  development  of  the  problem,  even  for  compara- 
tively simple  cases,  leads  to  some  very  complex  mathematical 
expressions.  Lord  Kayleigh  has,  however,  treated  with  great 
fulncHst  one  or  two  cases  of  practic.'d  importance.  If  R  and  L 
are  the  true  ohmic  resistance  and  inductance  of  a  cylindricil 
straight  wire  of  length  /  and  magnetic  permeability  ft,  to  steady 
currents  or  currents  of  very  slow  alternations,  and  if  an  alter- 
nate cun-ent  of  simple  periodic  variation  and  frequency  n  is 
sent  through  it,  then  the  resistance  is  increased  to  R*  and  the 
inductance  diminished  to  I^^  in  sucli  wise  that  if  ;» =  2  c  n, 
as  usual,  wc  have 


R.  =  Rri-Hl?!^^    ^-^P^V 
L       12      It"         180      R« 


ifcc 


] 


and 


L  V2     48     R5        8640     R«  J  J 

A  being  some  consttiut  depending  on  the  position  of  the  return 


These  formulro  express  the  fact  that   the  resistance  is  in- 
creased and  the  inducUincc  liiininishcd  in  proportion   as  the 


•  Muwell's  "  Electricity,"  Vol.  II.,  §  689-690.  In  thia  partgreph  it  ia 
Bliun'ii  that  the  couuter  electromotive  furcc  uf  ecU-iiiJuctioii  at  any  point 
ill  a  conductor  is  a  function  not  only  of  the  time  but  of  the  poeition  of  the 
|Kjiiit  conaidorcU,  and  varies  over  the  cros»  tection  of  the  conductor. 

t  "On  the  Self-induction  and  Resistance  of  StrMght  Conductors," 
Phil,  itag.,  May,  1886.,  p.  382 
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frequency  of  alternation  gradually  increases  from  zero  to  in- 
finity. 

At  slow  rates  of  alternation  the  chief  opponent  with  which 

the  impressed  electromotive  force  has,  so  to  speak,  to  contend 

is  the  ohmic  resistance ;  and  the  distribution  of  current  across 

the  cross-section  of  the  conductor  under  these  conditions  is 

such  as  to  make  that  resistance  a  minimum,  and  this  is  known 

to  be  80  when  the  distribution  is  a  imiform  distribution.     The 

current  is  then  taking  the  greatest  advantage  of  the  conductor, 

and  the  heat  generated  and  dissipated  per  unit  of  time  ia  less 

under  these  conditions  than  if  tlie  same  total  current  were 

[distributed  in  any  other  way  over   the   cross-section   of   the 

'  conductor.     Tliis  lost  statement  can  be  easily  proved.     Let  the 

cross-section  of  the  conductor,  supposed  to  be  a  cylindrical  wire, 

be  divided  into  two  equal  zones  by  a  circular  line.     Let  the 

resistance  per  unit  of  length  of  the  conductor  be  r  for  each 

portion  corresponding  to  the  outer  and  inner  zone.     Call  the 

L  outer  portion  the  sheath  and  the  inner  the  coro  of  the  con- 

f  ductor  for  brevity.     If  a  total  quantity  of  current,  x,  flows 

through  the  conductor,  then  the  rate  of  dissipation  of  energy 

as  heat  is  —  for  each  portion  per  unit  of  length,  or  — —  for  the 

\vhole  conductor,  on  the  assumption  that  the  current  is  equally 
divided  between  the  sheath  and  the  core. 

If  wc  suppose  the  total  current,  r,  to  be,  however,  distributed 
so  that  a  portion,  y,  travels  by  the  sheath  and  the  remainder 
I,  travels  by  the  core,  then  the  heat  generated  per  unit  of 
length  per  imit  of  time  is  r  y-  for  the  sheath  and  r  z-  for  the 
core.     Hence,  for  the  cqui-distribution  of  current  the  energy 

dissipation  is  — ^  =    ^'^'''  ,  and  for  the  unequi-distribution  it 
2  J 


is  r  (y* -h »*).     Which,  then,  is  greater,  ^^V'^^^  ,  or  r  (y'  +  z») ? 
Consider  the  following  inequalities : — 
(y  -  s)2  ia  greater  than  -{y  —  if, 

jr'  +  a*  —  2y«is  greater  than  -  (y  -  «)*  ; 


b3 
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Hence,      y'  +  j*  -  2  y  s  is  greater  than  -  (y  +  »)*  -  2  y  z. 
Adding  2  y  z  to  both  sides,  we  have 

y*+«*  is  greater  than  -  (y  +  »)'• 
Accordingly  it  follows  that 

ry^-i-rt^  is  greater  than  -  (y  +  z)*i 


or 


rj^^  +  ri^  is  greater  than  -  x* ; 


that  is  to  saj-,  the  rate  of  energy  dissipation  is  greater  for  tl 
iisBumed  unL'(inal  diHtriliution  timn  for  the  distribution  in  whic 
the  current  is  equal  in  density  over  the  cross-section  of  th 
conductor.  The  same  kind  of  proof  may  be  extended  to  an; 
other  arbitrary  distribution  of  current  over  the  cross-sccti* 
and  the  reasoning  will  lend  to  the  conclusion  that  the  equ 
dense  distribution  is  that  which  causes  the  least  rate  of  dissip 
tion  of  energy  per  unit  of  current. 

For  slow  alternations  tlie  ciurcnt,  therefore,  adopts  thai 
mode  of  distributing  itself  over  the  cross-section  of  the  con 
ductor  which  makes  tlie  rate  of  energy  dissipation  a  mini 
mum.  On  tlie  other  hand,  for  rapid  alternation,  tho  curreui 
meets  with  its  greatest  obstacle  from  the  counter  electi 
motive  force  of  self-induction,  and  it  accordingly  distribu 
itself  over  the  cross-section  of  the  conductor,  so  as  to  get 
much  to  the  outside  as  possible,  and  thus  avoids,  in  the  case  ol 
magnetic  conductors,  magnetising  tho  inner  layers  or  portion^^^ 
of  tho  conductor.  The  endeavour  is  to  make  the  self-inductioi»- 
a  minimum  irrespective  of  resistance.  This  is  only  an  instance^' 
of  the  bi-oad  general  principle  that  behaviour  of  current  foe" 
very  rapid  pulsations,  or  alternations,  is  determined  by  tlicr 
inductances  rather  than  the  resistances,  whereas  for  steady  oi* 
slowly  periodic  currents  the  behaviour  is  governed  by  resistance 
rather  than  by  self-induction. 
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In  order  to  ace  under  what  conditiona  the  alternation  of  re- 
sistance and  self-induction  becomes  sensible,  we  have  to  examine 


the  value  of  the  term  — 
12 


1   ptPft? 


R» 


in  the  above-given  series  for 


R'.  We  will  first  take  the  case  of  an  iron  wire  •4  centimetre, 
say,  'IG  inch  diameter  (No.  8  B.W.G.).  The  specific  resistance 
of  iron  in  C.-G.-S.  measure  is  about  10'*,  bo  that 


R_ 


10* 


10« 


jTX'O-t       4ir 


fi*  =  4  it'  n*,  n  being  the  frequency. 

Let  U8  take  n=  100,  so  that  there  are  supposed  to  be  100 
complete  alternations  per  second.  The  value  of  /x  is  more  iliffi- 
cult  to  assign.  For  small  degrees  of  magnetisation,  and  solid 
iron  we  may,  perhaps,  take  /*  =  300  ; 


tlien 

I 


12 


12 


\ir-in^y?P      5-2/i«n» 


R» 


IQi" 


f  /t  =  300,  n  =  100,  /*2  n«  =  9  X  10»,  and  -L  ?*^^  =  -47 

=  nearly  -r). 

Accordingly  for  this  case  R'  =  R  (1  -f-  '47)  nearly,  or  the  resist- 
■Bcc  is  increased  to  about  half  as  much  again. 

If  »  =  1,000  we  should  find  R'  =  48  R,  or  the  resistance  would 

increased  nearly  fifty  times. 


I 


Ck>iiBider  next  the  case  of  copper.  The  specific  resistance  is 
1640  C.-G.-S.  units.  If  a  be  the  radius  of  the  wire  in  centi- 
metres, then  we  have 

1  p'Py?  ^11*      g*  ji"-  1-2  a*  «3 

3"^ 


12     W 


(1640f 


10-'' 


If,  08  before,  n=100,  this  fraction  becomes  equal  to  "123*. 
This  shows  that  for  a  diameter  of  one  centimetre  wo  should 


have 


R>  = 


=  R(1-H-12); 

and  hence  for  diameters  of  one  centimetre  and  upwards  the 
reustance  of  round  copper  rods  becomes  very  sensibly  increased 
for  alternate  currents  of  frequency  about  100  per  second  and 
Upwards.     Tlie  practical  conclusions  from  the  above  investiga- 
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tion  of  importance  in  electrical  engineering  are  these — firtt, 
copper  rods  or  conductors  should  be  iised,  and  not  iron,  fot 
transmitting  alternate  or  intermittent  electric  currents  having 
a  moderate  frequency,  say,  of  100  to  1,000  \kt  second  ;  secondly, 
to  avoid,  OS  far  as  possible,  the  increase  of  resistance  duo  to  the 
current  keeping  to  the  outer  portions  of  the  conductor,  the 
conductor  should  be  in  tho  form  of  a  thin  strip,  or,  better,  a 
tube  having  walls  thin  in  proportion  to  the  nidius.  It  is  to  be 
noted  that  mere  stranding  of  the  conductor,  or  building  it  up  of 
separate  insulated  conductors  joined  in  parallel,  will  not  prevent 
this  augmentation  of  resistance  unless  the  stranding  is  of  such 
a  kind  that  portions  of  the  cable  which  at  one  point  of  its 
length  form  the  inner  parts  or  heart  of  the  cable  at  another 
part  of  its  length  form  the  outside. 

The  object  to  be  achieved  is  to  construct  some  kind  of  strand- 
ing by  which  all  portions  of  the  cable  are  otiually  accessible 
from  tho  dielectric,  so  that  the  energy  arriving  froip  .lie 
dielectric  finds  all  jKirts  of  the  mass  of  tho  cable,  both  surface 
and  interior,  equally  accessible.  In  order  to  avoid  exterual 
inductive  disturbance,  the  proper  form  to  give  to  a  cable 
intended  to  convey  rapidly  intermittent  or  alternate  current* 
is  a  couple  of  rather  thin  concentric  tubes  of  copper  well 
insulated  from  each  other,  and  both  insulated  from  the  earth, 
of  which  one  forms  the  had  and  tho  other  tho  retvirn.  By 
this  device  the  metal  will  bo  most  economically  employed.  Ao 
cqiiivalent  device  would  be  a  central  core  of  stranded  copper 
cable  covered  with  insulation,  and  then  plaited  over  with  a 
sheath  of  other  copper  wires  which  form  the  return  conductor. 

In  a  further  experiment,  Lord  Rayleigh  (loc.  eit.)  examined 
the  resistance  of  an  iron  wire  of  hard  Swedish  iron  10'03 
metres  long  and  I'G  millimetre  in  diameter.  In  arbitrary 
units  the  resistance  of  tho  wire  to  steady  currents  was  10'4 
units  or -51  ohm,  and  to  currents  of  1,050  complete  alternations 
per  second  its  resistance  was  12'1  units,  or  '595  ohm,  which  is 
an  increase  of  alwut  20  per  cent.  In  the  case  of  a  stoutei 
wire,  18-34  metres  long  and  3'3  millimetres  in  diameter,  the 
resistance  to  steady  currents  was  4"7  units,  and  tho  resistance 
to  the  interrupted  currents  of  tho  above-mentioned  frequency 
was  8'9  units,  or  nearly  double.  This  illustrates  the  fact  that 
for  a  given  frequency  of  oitcn>ation  tho  ratio  in  which  the 
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roeistanoc  ia  increaaed  is  great«r  the  greater  the  diameter  of 
the  conductor,  assuming  it  to  be  a  round  solid  rod. 

Lord  Rayleigh  foand  it  more  convcuicDt  in  many  researches 
to  slightly  alter  the  arrangement  of  the  induction  balance  aa 
described  by  Prof.  Hughes,  and  to  make  it  as  fullowa  (Fig.  36): — 
Two  arms  of  a  quadrilateral,  R  and  S,  consist  of  equal  resist- 
ances of  German-silver  wire,  wound  double,  so  as  to  have 
negligible  inductance.  One  arm,  Q,  consists  of  a  coil  having 
inductance  and  resistance  greater  than  that  of  any  conductor, 


Fio.  36. 


T,  to  be   placed  in  the  fourth  arm.     B  and  1  are  a  battery  and 
nn  interrupter,  T  is  a  telephone  in  the  "bridj^e,"  and  rr'  is  a 
jGennan-silver  wire  of  appropriate  resistance,  along  which  slides 
Ithe  contact  of  the  bridge.     The  arm  P  includes  a  pair  of  coils 
lined   in  series,  and   which  act  upon  each  other  by  mutual 
dtiction,  so    that   the    resulting    self-induction    of   the   two 
Ills    in    series  can  be  varied  within   certain  limits  by  tiim- 
:  one   coil   round   within    the    other.      For  the  resulting 
f-induction  of  such  a  pair  of   coils   used   in   this   manner 
ty  be  regarded  as  made  up  of  the  component  self-inductions 
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of  each  coil  taken  separatolj  and  of  twice  the  positive  or  nega-       — 
tive   mutual  self-induction,  depending    upon   which    faces  of     "^i 
the  coils  are  presented  to  each  other.     It  is  possible,  then,      ^^ 
within  certain  limits  to  vary  the  inductance  of  the  branch  P  C,     ^^, 
and  to  vary  also  the  resistance  of  the  branches  Q  and  P  C  by    ~^^y 
shifting  the  contact  of  the  telephone  along  rr'. 

The  condition  for  obtaining  a  true  balance  when  the  current  <9- M:it 
is  periodically  interrupted  is  that  the  resistances  and  indue —  s^  c- 
t&nces  of  the  branches  Q  and  P  C  shall  be  separately  equal.  •  f^. 
Suppose  a  balance  has  been  obtained  without  the  use  of  P,  iu.cx  fiu 
which  the  resultant  self-induction  of  C  is  made  to  balance  tlie-E»  «-Jie 
inductance  of  Q,  and  the  resistance  of  C  -|-r'  is  made  to  be  cqualJf-«:s  jal 
to  that  of  Q  -l-r.  Let,  now,  any  conductor,  P,  be  inserted  as  iiwx  i  v 
the  figure,  the  telephone  contact  will  have  to  be  shifted,  aiuVfj^^^Mxi 
aho  the  inductance  of  C  will  have  to  be  changed  to  re-obtain  aaa 
balance.  The  inductance  of  P  is  measured  by  the  amount  by^^^'-'T'; 
which  that  of  C  has  to  be  reduced  on  inserting  P,  and  tho  m^  ~^ 
resistance    of    P    is    measured    by   twice    the    resistance    oft^<=» 


that  length  of  the  German-silver  wire  r  r'  by  which  the  tele-'! 


►  X«1 


DCJ 

ol 


a 


phone  contact  point  has  to  be  shifted  to  regain  the  balance-  ■• 
This   method   of   employing   the  induction  balance   separates 
out  at  once  the  real  resiatauoe  of  P  from  its  effective  indue-" 
tion.     With  tho  aid  of  this  balance  an  interesting  cxpcrimeuty  ^* 
was  made,  showing  the  effect  of  a  closed  secondary  circuit  ovm:.*<^ 
the  resistance  and  inductance  of  the  primary.     The  frequeucy^C-'^^ 
was  again,  as  usual,  1,050  per  second.     A  coil  was  prepared  oft*^ 
two  copper  wires,  wound  side  by  side  on  one  bobbin.     Thee*  *^ 
diameter  of  each  wire  was  about  •QSiu.,  and  the  length  of  cach*^ — 
wire  31  Sin.     There  were  20  (double)  turns,  so  that  the  meaiLC*  -•-* 
diameter  of  the  coil,  wound  as  compactly  as  possible,  was  abouUJ  •»-•  *'*' 
5in.,  and  the  resistance  of  each  wire  was  '05  ohm. 

The  coefficient   of  mutual  induction  of  the  two  wires  wa*eJ  *'*■ 
determined  by  comparison  of  the  self-induction  L  of  one  wiroO*"* 
with  that  of  the  two  wires  connected  oppositely  in  series,  vii.,^— 
(2  L  -  2  M).     In  this  way  it  appeared  that 

M  =  43*  -1  =431  X  1,553  centimetres. 

Observation  showed  that  closing  of  the  circuit  of  one  wins  ■^^ 
reduced  the  self-induction  of  the  other  fi-om  44''4  to  3' •4.  The^^ 
resistance  to  steady  currents  was  -92  (arbitrary  units).     Th& 
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resistAncc  to  the  periodic  currents  was   'O"  with  the  secondary 
circuit   open,   and    lw4   with  the    secondary   circuit    closed. 

Hence,         L  =  444  x  1,553  centimetres,  and 

IR=   "97  X  -0492  x  IC  centimetres  per  second. 
From  Maxwell's  formulic,  page  153,  we  got 
pS  MS  10"xl-9.'51 


p"  M^ 

R^  +pm^''w  X  -023  +  lO''  X  2-071 


=  •932. 


*  DiiicuMiim  on  a  Paper  by  Mr.  W.  H.  Precco  on  "  Klectrical  Conductors," 

tT' — 


'  According,  then,  to  the  formula  L'  =  L  (1  -  "932), 
or  L'  (decreased  inductance)  =  "068  L, 

=  •008x44-4  =3*. 

Aiid  the  observed  value  is  3°-4,  which  is  in  very  tolerable  agree- 
ment. 

Again,  the  steady  resistance  with  secondary  open  is  '92,  and 
heuce  the  resistance  R'  with  secondary  closed  is 

b  R«  =  l-932x  •92  =  1-77; 

Mid  observation  gives  the  vnliio  1-7  i.  \Vc  sec,  then,  thnt 
obeen-ations  with  this  bridge  confirm  with  a  consideruble 
degree  of  accuracy  the  deductions  from  the  theory  of  simple 
jwriodic  currents,  that  the  closing  of  a  secondary  circuit 
increases  the  resistance  and  diminishes  Iwth  the  inductance  ami 
the  impedance  of  an  adjacent  primary  circuit. 

From  a  practical  point  of  view  the  most  important  difTerence 
between  the  conduction  of  steady  electric  currents  and  rapidly 
periodic  currents  is  that  of  the  locah  of  the  current  in  the  con- 
ductor and  the  consequent  rise  in  the  ohmic  resistance  of  the 
conductor  as  a  whole  when  employed  with  such  periodic 
currents.  Prof.  Hughes  called  attention  in  1883  to  this  great 
difference  in  the  resistance  of  an  electrical  conductor  if  mea- 
B«ircd  during  the  variable  instead  of  the  itabk  condition  of  the 
current.* 

In  experiments  with  his  induction  bridge  Prof.  Hughes  was 
able  to  assure  himself  that  the  resi-stauce  of  an  iron  telegraph 
wire  of  the  usual  size  was  more  than  throe  times  greater  for 
rapid  periodic  currents  of  about  100  per  second  than  for  steady 
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currents.  Tbo  full  elucidation  of  the  propagation  of  currents 
in  conductors  under  periodic  electromotive  force  is  not  to  be 
attempted  without  following  out  some  very  elaborate  mathe- 
matical analysis.  The  subject  has  received  its  most  complete 
treatment  perhaps  in  the  published  writings  of  Mr.  Oliver 
Heaviside  which  have  appeared  duiing  many  past  years  in  the 
pages  of  The.  Electrician,  and  all  that  can  be  attempted  here 
is  to  give  a  slight  sketch  of  the  views  which  are  beginning  to 
present  themselves  on  this  point.  Consider  a  long  level  tank 
or  canal  full  of  liquid.  There  are,  amongst  others,  two  ways  i^H 
which  we  mij:ht  suppose  this  liquid  to  bo  set  in  motion.  ^^^ 
puddle  or  the  hand  might  be  placed  in  the  liquid,  and  by  giving 
the  liquid  bodily  a  push  it  might  bo  made  to  move  forward ; 
or  we  might  suppose  some  body  floating  on  the  surface,  such  as 
a  plank  of  wood,  to  bo  dragged  along  the  surface.  The  friction 
between  the  plank  and  the  layer  of  water  beneath  it  would 
then  cause  the  subjacent  laj'er  of  liquid  to  move  with  the 
plank,  and  the  motion  of  this  layer  would  be  gradually  com- 
municated to  the  other  and  deeper-lying  layers  by  reason 
of  the  viscosity  of  the  fluid.  Or  take  the  case  of  a  basin 
containing  water.  The  liquid  might  be  set  in  rotation  by 
stirring  it  with  a  paddlo  or  the  hand,  but  it  might  also 
be  set  in  rotation  by  twisting  the  basin  rapidly.  In  this  last 
case  the  rotation  of  the  basin  would  be  communicated  by 
friction  to  the  water  in  contact  with  its  8idc.<t,  and  then  handed 
on  from  layer  to  layer  of  the  water  by  internal  fluid  friction. 
Thus  the  twist  or  spin  of  the  basin  would  be  gi"adually  pro- 
pagated inwards  from  circumference  to  the  centre.  Imagine 
the  whole  mass  of  the  liquid  divided  up  into  very  thin  con- 
centric shells,  like  the  coats  of  an  onion.  It  the  liquid  wer^ 
a  perfect  tluid  there  would  be  no  friction  between  these  layc 
but  since  every  liquid  possesses  some  degree  of  viscosity 
interniil  fluid  friction,  the  sliding  of  one  layer  of  fluid  ov 
another  gradiiidly  causes  the  second  layer  to  partake  of 
motion  of  the  first.  Hence,  when  tlie  rotation  of  the  ba 
commences  the  friction  between  its  sides  and  the  first  laj 
of  fluid  st-arts  that  gradually  in  motion  ;  this  motion  is  tlie 
handed  on  to  the  second  layer,  and  so  forth,  until  the  whole 
mass  of  the  liquid  possesses  an  equal  angular  velocity  round 
the  axis  of  rotation.     The  greater  the  fluid  friction  or  viscosity 
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the  more  rapid  will  be  this  equalisation  of  angnlar  velocity  of 
all  ptarts  of  the  fluid,  and  hence  a  rotating  vessel  full  of  tar  would 
arrive  at  a  stationary  condition  aa  regards  such  angular  velocity 
sooner  than  one  filled  with  a  limpid  liquid  such  as  alcohol  or  ether. 
Just  as  the  angular  velocity  diffuses  inwards  from  the  circum- 
ference to  the  centre  in  the  case  of  such  a  revolving  basin  of 
liquid,  BO,  according  to  modem  views,  docs  the  current  diffuse 
inwards  from  the  circumference  to  the  axis  of  the  electric  con- 
ductor. The  student  who  has  been  accustomed  ti]i  tl>ink  of  a 
current  as  produced  in  a  condxictor  by  a  sort  of  push  given  to 
it  in  the  conductor — such  conception  being  based  on  a  rough 
working  hypothesis  of  a  hydrodynamic  nature — will  perhaps 
have  some  difficulty  in  discarding  this  notion  and  realising  that 
the  current  in  a  wire  may  perhaps  be  generated  in  it  by  an 
action  taking  place  at  all  parts  of  the  surface  of  the  mre  which 
gradually  soaks  or  diffuses  into  the  conductor  ont  of  the  sur- 
rounding dielectric,  but  ho  will  find  that  this  new  hyj>othesis 
serves  to  establish  a  mode  of  viewing  the  induction  phenomena 
which  makes  various  experimental  results  much  more  easily  cor- 
related. It  was  well  demonstrated  by  the  oxperinicuts  of  Prof. 
Hughes  and  others  that  a  flat  sheet  or  strip  of  metal  has  a  less 
self-induction  than  a  round  wire  of  equal  cross-sectional  area. 
On  the  new  hypothesis,  this  is  explained  by  saying  that  the 
flat  strip  offers  a  greater  absorption  surface  to  the  dielectric  ;  the 
current  therefore  soaks  in  more  quickly  to  the  centre  and  aixives 
at  a  imiform  distribution  over  the  cross  section  very  soon — in 
other  words,  the  variable  state  is  sooner  over,  and  we  express 
this  fact  by  saying  that  the  self-induction  is  small.  Agi\in,  if  the 
electromotive  force  is  oscillatory  or  rapidly  perio<lic,  we  see  at 
once  that  the  current  has  not  time  to  penetrate  right  into  the 
core  of  the  eondxictor  before  its  sign  or  direction  is  reversed. 
It  has  hardly  started  on  its  jonniey  inwards,  soaking  from  sur- 
face to  centre,  before  it  is  recalled;  hence  the  flow  of  current 
when  very  rapidly  periodic  is  confined  to  the  surface  of  tho 
conductor,  the  real  or  ohmic  resistance  is  increased,  and  the 
self-induction  is  diminished. 

Sir  W.  Thomson  has  shown  (Bath  British  Association  Meet- 
ing, 1888)  that  for  alternate  currents  of  frequency,  equal  to 
about  150  complete  alternations  per  second,  the  depth  to  which 
the  currents  penetrate  into  the  substance  of  the  copper  is  about 
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three  millitnctrcs,  so  that  portions  of  tho  conductor  beyond 
this  distance  from  the  surface  arc  almost  useless  for  conduction. 
The  practical  moral  of  this  is  that  the  proper  form  for  a  con- 
ductor for  alternate  currents  is  either  a  flat  sheet  of  copper  or 
a  copper  tube,  in  wliich,  for  the  above  frequency,  the  thickness 
of  material  is  not  more  than  one-quarter  of  an  inch.  To  return 
to  our  illustration  of  the  twisting  basin  of  fluid.  Suppose  the 
action  on  the  vessel  consists  in  rapidly  twisting  it  through  a 
small  angle,  first  one  way  and  then  the  other,  the  liquid  in  the 
interior  would  be  subjected  to  a  strain  which  would  consist 
in  the  various  concentric  layers  of  the  liquid  sliding  back- 
wards and  forwards  over  each  other.  The  interior  of  the 
liquid  would  bo  thrown  into  stationary  waves,  in  which 
the  nature  of  the  wave  motion  consisted  in  each  particle 
of  water  being  displaced  first  one  way  and  then  another 
along  an  arc  of  a  circle  described  on  a  horizontal  plane,  with 
its  centre  in  tho  axis  of  rotation.  Tho  more  rapid  tho  motion 
the  greater  vvouW  be  the  rate  of  decrease  in  the  amplitude  of 
each  wave  in  passing  from  tho  circumference  to  the  centre  of 
the  vessel ;  in  other  words,  for  very  rapid  oscillations  the  bulk 
of  the  water  in  the  centre  of  the  basin  would  remain  nearly 
at  rest. 

Every  experiment  as  yet  mado  on  tho  solf-induction  or  change 
of  self-induction  iu  conductors  is  consistent  with  the  above 
hypothesis.  It  shows,  for  instance,  why  a  conductor  composed 
of  thin  insul.atcd  wires  or  thin  insulated  strips  has  a  less  self- 
induction  than  a  solid  conductor  of  equal  cross-section.  Prof, 
Hughes  says*:  —  "We  can  reduce  the  self-hiduction  of  » 
current  upon  itself  to  a  more  fraction  of  its  previous  force 
by  simply  separating  the  contiguoiia  portions  of  a  current 
from  each  other,  tho  results  jiroving  that  a  comparatively  small 
separation,  such  as  is  obtained  by  emjilojing  ribbon  conductors 
in  place  of  a  wire  of  tho  same  weight,  reduces  the  self-induction 
80  jter  cent,  in  iron  and  85  per  cent,  in  cojjper,  and  if  wo  still 
divide  tho  current  by  cutting  tho  ribbon  into  several  strips* 
(separating  the  strips  at  least  1  centimetre  from  each  other), 
then  the  coiiibinod  brit  separated  strips  show  a  still  greater 
reduction,  bciug  91  per  cent,  in  iron  and  75  per  cent,  in  copper." 


lusugural  Addretn,  Journal  Soe.  Td.  Eng.,  1886. 
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These,  and  many  other  experiments  of  a  siniihir  sort,  indicate 
that  we  may  regard  the  inductance  of  a  conductor  as  an  effect 
which  is  due  to  the  fact  that  the  current  takes  time  to  pene- 
trate into  the  conductor,  and  that  a  reduction  of  the  time 
required  to  arrive  at  an  equal  curecut  density  iu  all  parts 
of  the  conductor  can  be  effected  by  any  change  of  form 
which  brings  the  inner  parts  of  the  conductor  nearer  the 
surface,  or  makes  them  more  get-at-able  from  the  dielectric. 
The  better  the  conductor  the  slower  is  the  rate  of  equalisation 
of  current  density  over  its  cross-section — in  other  words,  the  loss 
rapid  is  the  rate  of  diflusion  of  the  current  inwards  from  centre 
to  circumference ;  and  tiie  "  time  constftnt "  of  the  circuit,  or 
the  time  iu  which,  under  the  operation  of  a  constant  electro- 
motive force,  the  current  will  rise  to  a  definite  fraction  of  its 
niaximiun  value,  is  a  quantity  proportional  to  the  conductivity 
of  the  circuit,  and  to  another  factor  {the  formal  inductance), 
which  may  be  considered  as  eipressing  the  accessibility  of  the 
conductor  as  regards  geometrical  form  to  the  entrance  of  the 
current  into  it,  and  finally,  in  the  case  of  magnetic  conductors, 
to  a  quantity  (the  permeability)  determined  by  the  capacity  of 
the  conductor  to  utilise  jiart  of  this  incoming  energy  in  pro- 
ducing magnetisation  of  its  substance. 

We  arc  indebted  to  a  Taper  i-ead  before  the  Austrian 
Academy  by  Prof.  Stefan  for  a  simple  ami  intelligible  nualogy 
helping  the  comprehension  of  the  electrical  distribution  of 
current  in  a  conductor.  Imagine  a  cylinder  or  cylindiical  wire 
lieated  throughout  to  a  iiniform  temperature ;  let  it  bo  sud- 
denly brought  into  a  chamber  where  the  temperature  is  higher. 
The  outer  layera  of  the  cylinder  will  rise  first  iu  temperature, 
and  gradually  convey  the  heat  to  the  successive  interior  layers. 
Precisely  tlie  same  order  of  phenomena  occurs  if  an  E.M.F.  is 
suddenly  set  up  between  the  cuds  of  the  wire  or  cyluidcr.  Tiio 
current  during  the  variable  state  passes  first  through  tlie 
outer  layers  alone,  and  gradually  penetrates  the  inner  layers. 
"When  the  estemal  E.M.F.  is  suddenly  removed  the  action  of 
ceasing  in  the  cun-cnt  rcsenibles  the  cooling  of  the  cylinder. 
The  current  ceases  first,  or,  rather,  njost  quickly,  in  the  outer 
layers. 

Now,  let  us  imagine  the  cylinder  transferred  to  and  fro 
from  a  very  hot  iiUico  to  a  cool  one.     It  is  easy  to  sec  ti)at 
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waves  of  hoat  will  ])asB  in  aud  out  radially,  and  also  that  the 
condition  at  any  instant  will  depend  largely  upon  the  rate  of 
transfcrcuee. 

When  the  rate  of  motion  is  sufficiently  slow  the  waves  of 
heat  passing  any  given  point  in  the  radius  of  the  wire  follow 
exactly  with  the  periodic  changes  of  position.  The  ampUlvJe* 
of  these  voinations  have  values  which  decrease  from  the  sur- 
face inwards.  When  the  rate  of  change  is  increased,  the 
amplitude  of  the  waves  gets  shorter  and  shorter,  and  at  an 
infinite  velocity  of  transference  the  wire  would  acquire  an 
equable  tempemture  throughout.  In  the  electrical  analogue 
the  rate  of  transference  corresponds  to  the  inverse  of  the 
perio<lic  time  of  an  alternating  current.  The  heat  conducting 
power  of  the  material  corresponds  to  electrical  resiitancf. 

Prof.  Stefun  gives  some  numerical  illustrations  which  are 
useful.  If  an  alternating  cuiTcnt  have  a  frequency  of  250  per 
second  and  is  passed  through  an  iron  wire  of  4  mm.  diameter,  the 
amplitude  of  the  waves  of  current  density  is  about  twenty-five 
times  as  great  ujion  the  siu-face  as  at  the  axis  of  tlie  wire.  For 
double  the  number  of  vibrations  per  second  tlie  external  ampli- 
tude becomes  only  six  times  as  great.  The  difl'erence  of  phase 
is  onc-thiixl  the  duration  of  the  vibration  in  the  first  case  and 
one-half  in  the  second.  The  latter  statement  implies  that  the 
external  cun-cnt  is  at  a  given  moment  actually  in  the  reverse 
direction  to  the  internal  current. 

For  non-magnetic  wires  the  difTerence  is  not  nearly  so  marked, 
and  it  decreases  as  the  sjiecific  resistance  increases.  For  a 
copper  wire  of  4  mm.  diameter,  with  a  periodic  time  of  one 
500th  second,  the  difference  between  the  current  density  at 
the  surface  and  at  the  centre  is  only  14  per  cent.  If,  however, 
the  copjwr  wire  bo  increased  to  20  mm.  diameter,  then  wo 
should  get  the  same  ditl'erence  as  in  the  particular  iron  wire 
quoted. 

It  is  obvious  that  this  non-homogeneous  distribution  of 
current  must  increase  dissipation  of  energy,  which  is,  of  course, 
proportionate  in  each  transverse  section  to  the  square  of  the 
current  strength  at  that  spot.  In  the  case  of  the  iron  wire 
quoted,  the  increase  of  resistance  is  48  per  cent,  at  the  250  per 
second  frequency,  and  100  per  cent,  at  the  higher  si)eed.  As 
the  frequency  of  alternation  is  increased,  the  resultant  Belf» 
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induction  of  the  circuit  is  lessened,  but  although  the  true 
resistance  is  increased,  the  impedance  may  be  diminished  on 
the  whole. 

§  12.  Indnction  Coils  with  Iron  Cores. — In  the  cases  of  mutual 
induction  so  far  examined  the  problem  has  been  treated  under 
the  n8sum])tiou  that  the  magnetic  circuit  had  a  constant  per- 
Dteabilitj  equal  to  unity  ;  in  other  words,  the  magnetic  circuits 
hare  been  assumed  to  be  air  magnetic  circuits.  The  indue- 
tancc  has  been  assumed  as  constant,  and  the  induction,  whether 
self  or  mutual,  has  been  taken  as  proportional  to  the  currents 
and  to  constant  coefficients  Jj,  M,  and  N.  In  actual  practice 
this  is  hardly  ever  the  case.     Induction  coils,  whether  intended 


X 

Fio.  37. 
'Choking  Coil,"  or  Circular  Solenoid  wound  on  %  core  of  divided  iron. 

to  fonu  simple  circuits  of  large  self-induction,  or  to  form 
mutually  inductive  circuits,  have  their  magnetic  circuits  partly 
or  wholly  of  iron,  and  accordingly  the  most  important  caaca 
to  examine  are  those  in  which  iron  cores  are  present,  because 
these  are  tlie  cases  with  which  wc  have  to  do  in  practice.  Wo 
shall  then  proceed  to  notice  how  the  results  previously  obtained 
are  modified  by  the  presence  of  iron. 

We  take  first  the  case  of  a  single  circuit  forming  a  self-induc- 
tive coil  or  "  choking  "  coil.  Let  Fig.  37  represent  a  circular 
sectioned  ring  of  iron  wound  over  closely  with  insulated  wire. 
Let  I  stand  for  the  mean  perimeter  of  the  ring  or  length  of  its 
circular  axis.     Let  a  be  the  area  of  cross-section  of  the  ring. 
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Let  tliere  be  N  turns  of  wire  on  the  ring  having  an  ohmi' 
resistance   R.     Let  a  simple  periodic  electromotive  force 
applied  to  the  ends  of  the  coil  x  y. 

It  is  required  to  determine  the  current  strength  i  at  anj — 
instant  in  the  circnit.     We  shall  furthermore  suppose  that  th^ 
iron  is  so  divided  parullel  to  the  circular  axis  that  no  eddjr^ 
currents  arc  produced  in  the  iron  core,  and  neglect  for  tlic 
moment  the  cfToct  of  hysteresis  and  anything  like  magnetic  lag- 
That  is  to  sa}',  we  shall  assume  that  the  variations  of  the  total 
induction  B  round  the  ring,  or  the  total  numher  of  lines  of 
force  through  the  cross-section  of  the  iron,  varies  immediately 
with   the  current    and    is   in   consonance   with  it  as  rejrards 
phase. 

If  h  is  the  total  induction  at  any  instant,  and  »  the  current, 
and  if  6  and  I  arc  the  maximum  values  of  these  quantities,  we 
can  then  write  !i  =  B  sin  p  t,  and  t  =  I  sin  p  t,  p  being,  aa 
usual,  2  r-  times  the  frequency  of  the  oscillations,  or  number 
of  complete  osciHutions  i)er  second.  Magnetisation  is  then 
assumed  to  follow  in  phase  the  magnetising  force.  We  shall 
see  afterwards  how  the  results  are  modified  by  the  intro- 
duction of  hysteresis.  The  time  is  reckoned  from  the  in- 
stant when  the  current  or  the  magnetic  induction  is  zero. 
Let  f  bo  at  any  instant  the  in)i)rcssed  electromotive  force 
at  the  terminals  x  y.  Then  by  the  principles  explained  in 
Chap.  III. 


(1) 


An  equation  expressing  the  fact  that  at  any  instant  the  im- 
l)ressed  E.M.F.  is  equal  to  the  sum  of  the  effective  electro- 
motive force  R  t,  and  the  inductive  counter-electromotive  force, 

or  back  E.M.F.  N 


db 
di' 


'The  quantity  N  --—  is  the  expression 
a  t 


of  the  fact  that  this  back  E.M.F.  or  coimter-clectromotive  force 
of  self-induction  is  equal  to  the  rate  of  change  of  the  quautitj 
N6,  or  the  total  number  of  lines  of  force  embraced  by  the 
circuits     Since  6—  B  sin  ^  (,  we  have 

N'^*  =  N;,Bcospt; 
dt  '^ 
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and  since  i-'ltunpt  we  have  bj  substitution  in  (1) 

I'  e  —  NB/)cosjBt  +  RIain^(. 

By  the  lemma  on  page  132  we  con  write  the  above  other- 


lirise,  OS 


or,  say, 


e  =  E  sin  (pt-i- 6), 


^  vhcre  0  is  such  an  angle  that 
tone-. 


NpB 

"rT" 


Also  by  the  general  proposition  that  the  line  integral  of  mag- 
netic force  round  any  circuit  is  equal  to  4  ir  times  the  total 
current  through  the  circuit,  we  have  4  ir  N  I  —  i  H,  where  H  is 
the  magnetic  force  in  the  core  corresponding  to  the  total  induc- 
tion B.  Hence  also  B»/iaH,  where  /i  is  the  magnetic  per- 
meability corresponding  to  the  total  inductioa  B,  and  a  is  the 
cross-section  of  the  core.     Accordingly 

irNIa/i-IB, 

B      ArSa 

T T-'^ 

Substituting  this  value  of  -  -  in  the  value  for  tan  0  we  have 


tan  9. 


R ' 


(2) 


This  angle  0  is  the  angle  by  which  the  current  lags  behind  the 
impresBed  electromotive  force  in  phase,  for  when  pt  —  Owo  have 

,  «•£  sin  B. 

We  see,  then,  that  the  tangent  of  the  angle  of  Uff  is  a  quantity 
which  depends  upon  the  magnetic  permeability.  Two  runes 
have  to  be  considered.  We  know  from  the  general  form  of  the 
curve  of  magnetisation  of  doeed  iron  circuits  {lee  p.  65)  that  in 
the  initial  stage  ot  magnetisation  the  magnetisation  curve  or 
onrre  for(B,H)  liaee  npwarda  towards  a  "knee  "  or  bend,aDd  aftar- 
wards  becomea  more  flat.  The  valna  of  prises  from  a  lovtaitial 
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value  of  about  100  towards  a  maximuin  of  some  2,000 — 2,500 
or  more  in  the  case  of  soft  iron.  The  value  /*  =  1 00  corresponds  to 
very  feeble  magnetic  force  or  induction,  and  the  value  /i  —  2,000 
corresponds  to  an  induction  of  something  like  6,000 — 10,000 
C.-G.-S.  units,  and  to  a  magnetising  force  of  from  3 — ♦,  or 
thereabouts,  in  C.-G.-S.  units.  It  is  obvious,  therefore,  that  if 
the  variation  of  current  strength  which  takes  place  during  a 
complete  period  or  current  wave  is  such  that  the  magnetising 
force  in  the  iron  varies  over  considerable  limits,  the  value  of  /<, 
and  hence  of  tan  d,  is  changing  from  instant  to  instant.  In 
the  first  place,  let  us  simplify  the  problem  by  supposing  that 
yt  is  a  constant  quantity,  and  does  not  vary  much  between  the 
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limits  of  the  magnetising  forces  produced  by  the  total  rangr^ 
of  the  current  strength  in  its  period.  Wo  can  then  eaiiily 
represent  graphically  the  change  of  eurrent  strength  in  the 
circuit  corresponding  to  the  variations  of  the  impressed  electro- 
motive force,  assuming  this  last  quantity  to  have  a  simple 
periodic  variation,  or  to  vary  according  to  a  simple  sine  law. 

Draw  any  line  O  E  (we  Fig.  38),  and  suppose  it  to  represent 
in  magnitude  the  maximum  value  of  the  periodic  E.M.F.  Let 
it  revolve  round  its  extremity  O,  and  then  its  projections  from 
instant  to  instant  on  any  line  0  y  represent  the  magnitude  of 
this  periodic  E.M.F.  at  those  instants.  Next,  lot  us  suppose 
the  constant  quantities  R,  ^,  a,  I,  p,  and  /a  given,  being  the 
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•electrical,  geometrical,  and  magnetic  data  of  the  ooiL     Calcu- 
Itte  the  quantity 

tan  9 


4  «•  ;x  N'  oj» 


^«nd  set  off  OC,  making  with  0£  the  angle  EOC  equal  to  A  On 
0  E  describe  a  semicircle  ECO,  and  from  the  point  C  where  0  C 
intersects  this  curve  draw  C  E,  joining  C  and  E.  Then  on  the 
-same  scale  on  which  0  £  represents  the  maximum  impressed 
ELM.F.,  0  C  represents  the  maximum  effective  E.M.F.,  viz.,  R I 
acting  in  the  circuit,  and  the  line  C  £  represents  the  maximum 
inductive  E.M.F.  or  N  ^  B.  For  the  sum  of  the  projections  of 
£  C  and  0  C  on  0  y  is  equal  to  the  projection  of  0  £  on  0  y, 
and  E  C  is  to  0  C  in  the  ratio  of  N  p  6  to  R  I  by  construc- 
-tion,  and  the  phase  of  N/7  B  is  in  quadrature  with  that  of  R  I. 
Hence,  taking  one  Rth  part  of  0  C,  say  0  G,  and  project- 
ing 0  0  on  0  y  we  have  0  t,  and  0  i  represents  the  magnitude 
of  the  current  i,  corresponding  to  the  instant  when  the  im- 
pressed E.M.F.  has  a  value  e,  represented  by  0  a ;  and  0  G  and 
0  £  represent  the  relative  maximum  magnitudes  of  these  quan- 
tities and  their  relative  phase,  on  the  assumption  that  a  unit  of 
length  stands  for  a  unit  of  current,  of  resistance,  and  of  elec- 
tromotive force.  In  actual  practice,  if  the  quantities  /i,  N, 
jind  p  are  cooaiderable  numbers,  it  will  be  found  that  tan  6  is 
also  a  very  large  number,  or  ^  is  nearly  90*  j  in  other  words, 
such  a  coil  impresses  on  the  current  a  lag  of  nearly  90*,  and  it 
is  easy  to  see  that  in  this  case  the  value  of  the  ratio  of  0  a 
to  0  I  is  always  a  great  one ;  that  is  to  say,  the  action  of  a 
sinoidal  or  simple  periodic  E.M.F.  results  only  in  the  produc- 
tion of  a  very  small  average  current  relatively  to  that  which 
would  be  produced  if  the  mere  ohmic  resistance  were  the  only 
quantity  taken  into  account  in  calculating  the  current.  Such 
a  coil  is  called,  for  this  reason,  a  "choking  coil,"  because  it 
throttles  or  chokes  the  cturent.  We  have,  however,  shown 
that  the  rate  of  energy  dissipation  in  such  a  circuit,  or  the 
power  taken  up,  is  represented  by  half  the  product  of  the 
maximum  of  the  impressed  E.M.F.  and  current  and  the  cosine 
of  the  angle  of  the  lag,  or  to 


1  EI  COS  A 
2 
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Hence,  if  6  is  large,  cosine  0  is  very  Btnall,  and  the  result  is- 
that  the  power  absorbed  in  the  coil  is  also  small. 

Summing  up  the  results  we  may  say  that  if  a  simple  periodic 
E.M.F.  is  applied  at  the  terminals  z  y  of  a  choking  coil,  and 
assuming  a  constant  magnetic  permeability  of  the  core,  the 
resuic  is  io  pruduce  a  simple  periodic  current,  lagging  behind' 
the  E.M.F.  in  phase  by  a  constant  angle. 

Turn  next  to  consider  the  case  when  ft  is  not  constant,  or 
when  the  variation  of  current  strength  during  the  current  wave 
is  so  great  that  ix  cannot  be  considered  as  constant  during  the 
various  stages  of  the  phase.  In  this  case  the  angle  of  lag  of 
current  behind  impressed  electromotive  force  depends  on  the 
value  of  the  current  at  that  instant.  For  the  lag  depends 
on  ft,  and  ft  depends  on  the  magnetic  induction,  and  hence 
oat. 


Fio.  3a 


If  ( is  very  large  at  its  maximtmi  value  then  the  magnetising' 
force  will  be  large  also,  but  corresfwnding  to  this  the  ratio  of 
induction  to  magnetic  force  may  be  small,  and  hence  the  lag 
amall  also.  Accordingly,  when  the  current  varies  over  such 
a  range  during  its  period  that  the  magnetic  induction  is  carried 
up  well  over  the  "  knee  "  of  the  magnetisation  curve,  the  value- 
of  /I  will  puUate  with  the  current,  though  not  simply  propor- 
tionately, and  the  angle  of  current  lag  will  pulsate  regularly, 
being  small  when  the  current  is  at  its  maximum,  and  large  wheiv 
the  current  produces  that  induction  corresponding  to  which  /t  is 
a  maximum.  Hence  it  follows  that  even  if  the  impreesed  elec- 
tromotive force  varies  according  to  a  simple  sine  law  the  cur- 
rent will  not  vary  according  to  the  same  law,  but  will  be  greater 
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;  ind  about  its  maximum  value  than  it  would  be  if  the  cur- 
rent variation  depended  on  a  constant  lag  equal  to  the  average 
lag.  In  fact,  the  form  of  current  curve  might  be  represented 
in  a  rough  manner  g^phically  by  some  such  kind  of  curve  as 
1  1  in  Fig.  39,  the  E.M.F.  curve  being  marked  E  E,  and  a 
true  sine  curve  current  for  comparison  being  represented  by 
the  dotted  line. 

Still,  neglecting  for  the  moment  any  effect  of  hysteresis,  we 
find  a  starting  point  for  the  process  of  determining  the  current 
corresponding  to  any  form  of  impressed  electromotive  force  on 
.the  following  principles. 

At  any  instant,  as  before,  the  impressed  electromotive  force  e 
aces  the  effective  electromotive  force  R  i,  and  the  inductive 
,db 


I  electromotive  force  N 


dt' 

«-Rt  +  N 


db 


(3) 


But 


Now 


rf(N6) 
di 


rf(Nt)_d(Ni)    di 
dt    "     di     ' di 

is  the  rate  of  change  of  the  total  induction 


hrough  the  circuit  with  the  current,  and  is  the  quantity  by 
which,  at  that  instant,  the  time  late  of  change  of  the  current  or 

— i  has  to  be  multiplied  to  obtain  the  counter-electromotive 
dt 

force  of  induction ;  in  other  words     ^^  .  '  ig  the  coefficient  of 

at 

self-induction,  or  the  inductaince  of  the  circuit  at  that  iustant. 
It  has  been  pointed  out  on  page  62  that  the  inductance  of  a 
circuit  wrapped  round  an  iron  core  is  a  function  of  the  magneti- 
sation of  that  core,  and  can  be  obtained  for  any  given  value  of 
that  magnetisation  from  the  magnetisation  curve  of  the  iron 

circuit.     In  the  present  instance  the  quantity  — l— _'  is  that 

d  X 

which  was  called  Lj  on  page  59.  Substituting  these  values, 
;the  fundamental  equation  becomes 
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Let 


be  called  tV 


It  ia  the  current  which  would  exist  in- 

Also 


R •• 

the  circuit  at  that  instant  if  inductance  were  annulled. 


write  T  for  ^,  T  being  the  time  constant  at  that  instant  when 
R 

the  current  is  i.     We  have  then  bj  further  substitution  ia  the- 
equatioa  (4),  t  +  T  — ?  =  », 


or 


which,  be  it  remembered,  T  stands  for  —  — i .', 

R      di 

Furthermore,  we  have  to  bear  in  mind  that 
4irN»-/H. 
1  (f(N6)      N   <f6      N    <f6  dH 


BO  that 


or 


R      di        R    di      R  (2U  di' 

1  d(N6)_4«-N»d6  _,, 
R      di    "    El    dn"   ' 


have  to  know  the  value  of  Tn',  or  the  rate  at  which  magnetic 


In  order,  then,  to  find  T  corresponding  to  any  value  of  i,  we 

db 

dR' 

induction  is  changing  with  respect  to  magnetic  force  at  that 

instant.     This  is  at  once  given  from  the  magnetisation  curve  of 

db 
the  iron,  for  -ttt  is  the  tangent  of  the  angle  of  the  slope  of  the 

geometrical  tangent  drawn  to  the  magnetisation  curve  at  that 
point  which  corresponds  to  the  given  value  of  i. 

Suppose  anj  value  of  i  given,  we  can  at  once  calculate  tbe- 

vslue  of  H,  for  it  is  — - —  t. 

Look  out  on  the  magnetisation  curve  the  abscissa  equal  to- 
H.  Let  it  be  0  H  {ue  Fig.  40).  Draw  P  H  an  ordinate  at 
that  point,  then  the  magnitude  of  P  H  gives  us  6,  and  if  we- 
draw  at  P  a  tangent  P  M  the  tangent  of  the  angle  P  M  H  is  the- 

ralue  of  — ,  and  multiplication  of  this  by  — — — -  gives  us  the 
dU  R( 

▼alue  of  T  corresponding  to  the  given  value  of  i.     It  ia  thos 
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pomble  to  draw  a  ctirve  showing  the  variation  of  T  with  i. 
We  can  here  follow  with  advantage  a  construction  which  has 
been  given  by  Mr.  W.  E.  Sumpner  {Fhil.  Mag.,  June,  1887, 
p.  470). 

Let  T,  Tj  (Fig.  41)  represent  a  time  constant  curve  plotted  so 
that  the  vertical  ordinaies  parallel  to  0  y  represent  values  of  i, 
or  ciurent  strengths,  and  the  abscisMB  parallel  to  0  Z  represent 

valuea  of  T  or  =!  calculated  as  described.     This  curve  must 

be  obtained  for  the  particular  iron  circuit  in  question,  because 
variations  of  quality  of  iron,  and  the  nature  of  the  subdivimon 


Fi&  4a 


of  the  iron,  will  affect  its  form.  It  will  be  found  convenient 
thus  to  plot  T  in  the  negative  direction.  The  time  ratio  T  will 
be  in  seconds  if  L^  is  in  secohms  and  R  in  ohms.  On  the  right 
hand  side  of  0  Y  plot  another  curve,  Cg,  representing  in  vertical 


ordinates  the  value  of  -  for  the  different  values  of  e  correspond- 
ing to  various  times  plotted  as  abscis8«e  along  0  X.  Suppose  Pj 
be  a  given  initial  point  on  the  real  current  curve  connecting 
the  values  of  t  with  time.  Project  Pj  parallel  to  O  Z  and  0  Y 
on  to  the  curves  of  Cj  and  T.  Project  Qj  on  to  0  Y,  and  join 
T,  Rj.  From  P,  draw  a  thort  line  parallel  to  Tj  R„  and 
then  if  Pj  is  a  point  very  near  to  P^,  P,  will  be  the  next 
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'durent  strength  in  an  electro-magnet  when  a  steady  electro- 
motiTe  force  is  applied  to  the  ends  of  the  magnetising  oofl 
<♦«  Fig.  42). 

In   this  case  the  carve  *,  becomes  a  straight  line,  for  if 
indactanoe  were  abeent  the  current  vould  be  prodaoed  instan- 

.taneooalj  at  its  fall  value  -,  where  E  is  the  impressed  electto- 

SDOtiTe  forte  and  R  is  the  ohmic  resistance  of  the  ooiL 

Let  0  X,  O  Y  be  axes  parallel  to  which  are  measured  time  and 
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twmtU  strength,  and  along  O  Z*  in  the  negative  direction  let 
the  time  constant  values  be  plotted.  Let  the  curve  T,  T,  T, 
be  first  drawn  indicating  the  change  of  time  constant  L  •;-  R 
obtained  from  the  magnetisation  curve,  as  drawn  for  the 
particular  magnet  considered.  Then  let  a  straight  line  ig  be 
drawn  parallel  to  0  X,  and  at  a  distance  E  -r  R  from  it.  Begin- 
ning at  0,  join  R  and  Tg,  the  point  where  the  time  constant 
curve  cuts  the  axes  of  X,  and  draw  a  short  line  O  P,  parallel 
to  Tj  R.  Take  the  point  Pj  very  near  0  and  project  P,  into 
tj  and  on  to  the  time  constant  curve  at  T,.  Join  R  T,,  and 
draw  a  short  line  Pj  P,  parallel  to  Tj  R,  and  proceed  again 
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to  determine  an  adjacent  point  P,,  and  so  on.  The  curre- 
freely  drawn  through  0,  Pj,  P^  <fec.,  is  a  curve  indicating  the 
rise  of  current  with  time.  This  curve  graduallj  rises  up  to 
alignmeiit  with  the  line  >^  The  form  of  this  current  curve 
will  dcfjend  on  the  form  of  the  time  constant  curve.  If  the 
self-induction  of  the  circuit  is  constant,  or  nearly  so,  the  slope 
of  the  current  curve  will  bo  great  at  first,  but  continually 
diminish  as  time  goes  on ;  if,  however,  the  self-induction  be 
very  variable  the  result  may  be  quite  different,  and  depend 
on  the  final  value  Vg.  Supixwe  the  self-induction  to  be  great 
at  first  and  then  to  diminish,  as  shown  in  Fig.  22,  page  63, 
unleM  *g  is  very  small  there  will  be  points  of  inflexion  on  the 
current  curve.  The  current  will  increase  Tory  rapidly  at  firet, 
slower  afterwards,  and  then  more  rapidly,  and  finally  attain  its 
maximum  very  slowly.  If  the  maximum  current  is  such  as  to 
magnetise  the  iron  far  beyond  saturation,  this  effect  may  be 
very  marked,  and  the  time  token  for  the  current  to  rise  to  a 
small  fraction  of  its  final  may  exceed  the  time  taken  to  rise 
through  the  remainder.  Mr.  Sunpner  remarks  that  this 
phenomenon  has  been  observed  when  the  current  from  a 
secondary  battery  was  used  to  excite  the  field-magnets  of  a 
dynamo,  with  nn  Ayrtoii  and  Perry  dead-beat  ammeter  in  cir- 
cuit. The  needle  wns  noticed  to  move  slowly  at  first  and  then 
with  great  rapidity  through  the  large  portion  of  its  ultimate 
deflection. 

When  the  impressed  electromotive  force  is  alternating  and 
sinoidal,  or  simply  periodic,  the  construction  shows  that  the 
form  of  cument  curve  is  not  a  sine  curve,  but  may  run  up  into 
a  sharp  peak  ;  in  fact,  if  the  current  rises  up  to  such  a  value 
that  the  magnetisation  of  the  iron  is  cairried  away  over  the 
"  knee  "  of  the  magnetising  curve,  the  coefficient  of  self-induc- 
tion then  falls  down  to  a  vei^  small  value  relatively  to  its  value 
when  the  core  is  about  half  saturated.  The  result  is  that  the 
resultant  current  has  a  much  greater  actual  instantaneous  value 
than  that  which  it  would  have  if  a  constant  inductance  equal 
to  the  maximum  value  were  maintained.  The  practical  result 
of  this  is  that  a  choking  coil  ceases  to  choke  if  the  impressed 
KM.F.  has  a  value  sufficiently  large  to  more  than  saturate  the 
iron.  Hence  the  throttling  or  choking  or  impeding  power  of 
an  electro-magnet  may  be  broken  down  under  these  oircum- 
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atancea.     This  siction  has  been  noted  by  Mr.  Kapp  (see  The 

^Uetrieian,  Vol.  XVIII.,  p.  625).* 

Since  a  closed   iron  magnetic  circuit  "saturates,"  in  the 

popular  sense  of  the  term,  for  a  lower  magnetising  force  than 
open  iron  air  circuit,  it  would  seem  that  this  reduction  of 
e  throttling  power  could  be  deferred  by  making  the  magnetic 
n  circuit  not  quite  closed — in  other  words,  leaving  an  air  gap 

in  it.     We  have  now  to  consider  how  the  form  of  the  current 

curve  is  affected  by  hysteresis. 

Id  this  case,  when  the  electro- 
motive force  is  alternating,  there 

are  two  values  of  the  induction, 

and  hence  of  the  coefficient  of 

eelf-induction,  for  each  value  of 

•the  magnetising  force  or  cur- 
rent, depending  on  whether  the 
current  is  increasing  or  dimi- 
nishing. The  curve  T,  or  the 
"time-constant  curve,  will  there- 
fore be  a  double-branched  curve, 
one  branch  of  which  belongs  to 
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Fio.  43. 
Electromotive  Force  and  Current  Curvee  o(  Transformer. 
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the  ascending  and  one  to  the  descending  magnetisation.  It  1» 
easy  to  see,  therefore,  that  the  resulting  current  curve  will  have 
a  want  of  symmetry  in  its  ascending  and  descending  sides. 

*  Mr.  O.  Kftpp  published  io  tnduitrUt  of  April  8,  1887,  H  teq.,  an 
kdnurkbljr-written  aeries  of  article*  on  "  Induction  CoQ*  Onphically 
Tnated,"  in  which  the  geometrical  method  preriously  employed  bjr  Hr. 
BUkeeley  and  others  waa  made  uae  of  to  elucidate  the  chief  phenomena  of 
■elf  and  mutual  induction.  These  article*  were  reprinted  in  Tkt  Elte- 
(ricHtn.  VoL  XVIII.,  1887,  pp.  50),  52S,  and  56a  They  are  reoooimended 
to  the  practical  reader. 
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Even  although  the  curve  for  E  and  for  tg  be  simple  sine 
curves,  the  resulting  actual  current  curve  may  exhibit  changes 
of  curvature  and  want  of  8_vmmetry  equivalent  to  the  super- 
position of  ripples  upon  a  simple  periodic  curve. 

In  Fig.  43  is  shown  an  example  of  a  current  curve  work 
«ut  by  experiments  made  on  a  Kapp  and  Snell  transformi 
These  exjieriments  were  made  by  Dr.  Sumpner,  at  the  Central 
Technical  Institution,  London.  The  resistance  of  the  circuit 
was  for  simplicity  in  the  diagrams  taken  as  one  ohm,  so  that 
the  number  which  represents  the  coe£Boient  of  self-induction 
in  secohms  represents  also  the  time-constant  in  seconds.  The 
cmrve  drawn  on  the  left  hand  of  the  centnil  vertical  line  is  the 
time-constant  curve.  This  curve  difTers  slightly  for  ascending 
and  descending  currents,  but  in  this  case  the  small  hysteresis 
has  been  left  unconsidered. 

The  impressed  electromotive  force  is  taken  as  following  a  sine 
curve,  having  a  period  of  0'16  second,  and  this  is  represented 
by  the  curve  Cj,  the  tallest  curve  on  the  right  hand  of  the 
vertical.  The  current  curve  obtained  depends  for  the  first 
alternations  on  the  initial  circum.stances.     The  curves  Cj, 


M 


Cg,  C^  represent  the  first  half  wave  of  current  for  difien 
initial  values  of  the  current.  Of  those,  Cj  may  be  taki 
B8  the  curve  which  periodically  repeats  itself,  and  to  which  all 
the  others  eventually  come.  It  is  not  in  appearance 
markedly  different  from  a  sine  curve  as  Cj  and  Cj.  This 
because  the  impressed  electromotive  force  is  not  sufficient 
produce  a  current  capable  of  ni.iguetising  the  iron  beyond 
point  of  saturation  at  which  the  value  of  the  inductance  begins  to 
diminish.  Otherwise,  the  current  curve  would  be  characterised 
by  having  sharp  peaks  in  it. 
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§  13.  Tr&nBfonnera  with  Iron  Cores. — A  pair  of  niutua 
inductive  circuits  so  arranged  that  the  coefficient  of  mutual 
induction  is  considerable  is  called  in  usual  language  an  induc- 
tion ooil.  In  nearly  all  cases  the  magnetic  circuit  is  partly  or 
wholly  of  iron.  In  virtue  of  the  fact  that  such  a  device  merely 
translates  the  form  of  electric  energy,  or  can  be  made  so  to  do, 
in  changing  a  current  of  high  electromotive  force  into  one  of 
low,  or  vice  vend,  it  has  in  its  practical  applications  with 
periodic  currents  been  called  a  Tran»/ormer,  or  frequently  also 
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a  Converter.  The  general  problem  of  the  induction  coil  with 
a  magnetic  circuit  of  constant  permeability  has  already  been 
treated  on  the  assumption  that  the  constanta  called  the  coeffi- 
cients of  induction  are  known  and  numoricallj  given  quantities. 
As,  however,  the  presence  of  iron  renders  these  coefficients 
variable  and  dependent  on  the  induction  it  is  preferable  to 
handle  the  problem  of  transformers  with  iron  cores  in  a  different 
manner.  We  shall  first  follow  the  method  of  investigation 
employed  by  Mr.  Eapp  {loc.  cit.)*  altering,  however,  the  treat- 

iment  in  several  details.  If  two  electric  circuits  are  linked  with 
a  magnetic  circuit  of  variable  permeability  forming  a  chain  of 
three  links  («««  Fig.  44),  and  if  one  of  the  electric  circuits  t» 
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the  following  state  of  things  present  in  such  a  linked  magnetic 
and  electric  chain : — 

1.  A  wave  of  periodic  impressed  electromotive  force  acting 
on  the  primary  circuit,  which  will  be  assumed  to  have  a  simple 
periodic  form,  or  to  be  a  sinoidal  function  of  the  time. 

2.  A  periodic  primary  current  taking  place  in  the  primary 
circuit,  of  the  same  periodic  time  as  the  impressed  E.M.F.,  but 
not  necessarily  sinoidal  in  form,  and  lagging  behind  the  E.M.F. 
in  phase. 

3.  A  wave  of  counter  electromotive  force  in  the  primary  cir- 
cuit due  to  inductive  action,  and  not  coinciding  in  phase  either 
with  the  impressed  E.M.F.  or  with  the  primary  current. 


•  The'Eleetrieian,  Vol  SVIII.,  p.  568,  May,  1887.  See  also  Mr,  Q.  K»pp"» 
Paper  on  "  Alternate-Current  Tratisforaiere,"  Journal  of  the  Soeietj/  of 
Trityraph- Engineer;  VoL  XVIL,  Feb.  9th,  1888,  p.  96. 
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4.  A  wave  of  magnetisation  in  the  core  lagging  behind  the 
primary  current  by  something  less  than  90*  of  phase. 

5.  A  wave  of  impressed  electromotive  force  in  the  secondai 
circuit  due  to  and  measured  by  the  rate  of  change  of  magnetic 
induction  in  the  core,  and  hence  lagging  90*  or  rather  more 
in  phase  behind  the  magnetisation  wave. 

6.  A  wave  of  secondary  current  lagging  behind  the  secondary 
E.M.F.  in  phase  unless  the  secondary  circuit  consists  of  com- 
paratively few  turns  of  conductor,  and  is  connected  with  an 
«ztemal  circuit  of  practically  no  inductance,  as  is  the  case 
when  the  external  circuit  consists  of  incandescent  lamps 
parallel. 

The  problem  then  generally  is  to  find  the  relation  between 
these  various  currents,  magnetisations,  and  electromotive  forces 
as  regards  magnitude  and  phase,  given  certain  dimensions  and 
determinable  constants. 

We  shall,  as  before,  neglect,  in  the  first  place,  magnetic 
hysteresis  and  suppose  that  the  magnetic  permeability  is 
nearly  constant,  or,  which  comes  to  the  same  thing,  suppose 
that  the  magnetic  fofces  brought  to  bear  on  the  core  are  not 
sufficient  to  quite  saturate  it  or  carry  it  beyond  magnetic 
saturation  in  the  ordinary  sense  of  the  term. 

The  general  statement  of  the  physical  actions  going  on  ia 
that  the  variation  of  the  primary  current  produces  a  variation 
of  magnetic  induction  in  the  core,  and  this  again  in  turn  acts 
to  produce  an  iuduced  electromotive  force,  both  in  the  second- 
ary circuit  and  in  the  primary,  the  last  being  called  the 
primary  self-inductive  electromotive  force.  Hence  we  can 
picture  to  ourselves  the  waxing  and  wtining  primary  current 
to  be  followed  by  a  rise  and  fall  of  the  number  of  lines  of  force 
running  in  endless  loops  round  the  core,  and  this  again  by  a 
pulsation  of  secondary  current  in  the  secondary  circuit.  At 
any  instant  the  total  induction  in  the  core  or  total  number  of 
lines  of  induction  linked  with  both  circuits  depends  upon  the 
resultant  magnetising  force  to  which  the  core  is  subjected,  and 
this  again  depends  upon  the  resultant  ampere-tums  acting  to 
produce  magnetising  force.  If  we  suppose  the  core  to  be  of 
such  a  shape  (say  circular)  that  the  magnetising  force  is  every- 
where the  same  in  its  interior,  and  if  we  suppose  it,  furthermore, 
0  have  a  uniform  section,  then  the  line  integral  of  t 
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netic  force  round  the  core  will  be  obtained  bj  taking  the  pro- 
<iuct  of  this  resultant  magnetising  force  and  the  mean  length 
of  path  of  each  line  of  induction.  Bj  the  general  theorem  that 
4r  times  the  total  flux  of  current  through  the  core  is  equal  to 
this  line  integral,  we  have  a  starting  point  for  an  investigation 
-of  the  relative  magnitudes  of  the  currents,  electromotive  forces, 
And  angles  of  lag. 

Consider  the  case  of  a  transformer  (Fig.  45)  having  a  circular 
Ting-shaped  iron  core.  Let  the  mean  length  of  a  line  of  induc- 
•tion  round  the  core,  represented  by  the  fine  dotted  circular 
Jine  by  I.  Let  there  be  two  intertwined  circuits,  Pr.  and  Sec, 
iiaving  ohmic  resistances  Rj  and  Bj,  and  making  N|  and  N. 
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"turns  respectively  round  the  core.  Grant  that  the  circuits  have 
110  sensible  self-induction  outside  the  coils  coiled  on  the  core, 
and  that  the  secondary  reHistance  R,  includes  that  of  any  lamps 
or  other  apparatus  through  which  a  secondary  periodic  current 
is  being  sent  which  is  generated  by  the  periodic  current  pro- 
duced in  the  primary.  Let  I,  and  I,  be  the  maximum  values 
daring  their  respective  periods  of  these  currents,  and  let  ij  and 
4  be  the  values  at  any  and  the  same  instant  of  these  currents. 
Also,  suppose  £  to  be  the  maximum  value  of  the  sinoidal 
impressed  electromotive  force  and  e  its  instantaneous  value  at 
any  other  moment. 

We  will  furthermore  take  it  that  h  stands  for  the  vahie  of 
the  totAl  induction  through  the  core  at  any  time  t,  and  that  B 
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is  the  maximum  value  of  6.    If  the  uniform  crosa-sectional  area. 

of  the  core  is  a,  then  -  is  the  induction  at  the  time  (,  and  if  ft  t» 
a 

the  permeability  coresponding  to  this  induction,  then  —  is  the- 

magnetising  force  at  that  instant. 
Bj  our  fundamental  principle,  then, 

-^  =  4ir(Niti  +  N,tj)      ....     (1) 
fta 

or  the  line  integral  of  the  magnetic  force  round  the  core  is- 
equal  to  iir  times  the  total  flux  of  current  through  the- 
core.  In  the  absence  of  anything  like  hysteresis,  it  may  be 
taken  that  the  induction  follows  the  simple  periodic  la\r  of  the 
primary  impressed  electromotive  force,  and  that,  therefore, 

6  =  B  siu  pt (2) 

p  being  as  always  2 rn,  where  n  ia  the  frequency  of  the 
oscillations. 

If  «j  is  the  value  at  the  same  instant  of  the  secondary  im- 
pressed electromotive  force, 

'-^'4' (3) 

for  the  value  of  this  impressed  secondary  E.M.F.  is  given  by 
the  value  of  the  rate  of  change  of  the  total  induction. 
Hence,  from  (2)  and  (3), 

ej  =  Njjt>B  cosjB< (4) 

and  »j  —  — iy- —  cos  pt {o} 

But  if  If  is  the  maximum  value  of  I'j  during  the  period, 
y  I  -N,»PB  - 

^*'* — rT' 

and  Nj  *'}  —  Nj  Ij  cos  p  t 

Hence,  substituting  the  value  of  Nj  t,  in  (1)  we  have,  since 

N,t,= ft-N,»V 

4  TT /na 

Ni»i- Bsin/)t-N,I,  cospt     .    .    (6)- 

4  w  na 
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Since  N,  t|  must  be  a  periodic  function,  and  has  a  maximum 
vohie  N|  Ij,  we  can  write  it 

N,i,  =  N,Ii8in  (pe-^) (7) 

*nd  by  the  theorem  on  p.  132  we  see  that  <^  ia  an  angle  such, 
that 

Uni>^.Iill-^iUtl^    L.    .    .    .    (8) 
B 


/ 


4v  fia' 


and  that  N  »  I  »  -  N  *  I  *  +  (-1^^. 

We  can  then  represent  the  relation  of  the  primary  ampere- 
turns  to  the  secondaiy  ampere-tums  geometrically,  thus; — 
Draw  a  right-angled  triangle,  0  A  B  (Fig.  46) — 


FiQ.  46. 

JL  B=: N,  L—  S«coDi1u7'  am|)ere.tania. 
A  0  =  Ni  I]  =  Primikr;  amporc-tums. 

B  0«  VnJ  IJ-NJ  lJ=Re«ultAnt  ampere-turM. 


Take  0  A  to  represent  on  any  scale  Nj  I,  the  primary  ampere- 
turns,  and  the  perpendicular  A  B  to  represent  t«  the  same 
scale  the  secondary  ampere-tnms.  Then  0  B  represents  to 
the  same  scale  the  resultant  ampere-tums,  and  represents  the 

quantity  B ;  and  the  angle  A  0  B  represents  the  angle  <f>. 

4T/ia 

Suppose  that  in  such  a  transformer  we  have  measured  the 
maximum  values  of  the  primary  and  secondary  currents,  ob- 
tainable, of  course,  from  the  mean  square  values  as  givdn  by 
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an  electro-dynamometer ;  we  proceed  to  construct  a  diagram 
giving  the  relative  phaacs  of  the  currents  and  the  value  of  the 
electromotive  force  which  must  be  impressed  on  the  ends  of 
the  primary  circuit  to  produce  these  currents. 

Draw  a  circle  whose  radius  O  A  numerically  reprcsonta  the 
primary  ampere-tums  Nj  Ij,  and  in  this  diagram  let  unit  of 
length  stand  for  a  volt,  an  ohm,  an  ampere,  and  a  turn.    Draw 


R. 


V»yyi 


/ 


/ 


/ 


a  ooniMsutrio  circle  whose  radius  0  C  numerically  represents  the 
secondary  ampere-tums  Nj  Ij.  Draw  axes  0  X,  0  Y  at  right 
angles  through  the  centre.  Let  A  T  be  drawn  tangent  to  the 
inner  circle  and  parallel  to  O  X,  and  at  the  point  A  where 
it  cuts  the  second  circle  draw  the  radius  0  A.  Let  fall  the 
perpendicnlar'A  B  on  0  X  and  join  B  C. 

Then  0  A  B  C  is  a  parallelogram,  of  which  the  side  O  A 
represents  the  primary  maximum  ampere-tums,  the  side 
AB  =  OC  represents   the   secondary   ampere -turns,   and   the 
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diagonal  OB  repreaenu  the  resultant  ampere-ttiniB,  and  also 

/B 

represents  the  quantitj  — .,  or  is  proportional  to  the  maxi- 

tnum  of  the  core  induction.  The  angle  A  0  B  rep^eaoita^ha  angle 
^  by  which  the  maximum  primary  current  Ingo  bohmd  the 
induction  or  magnetisation  of  the  core.  Hence,  by  taking  one 
Njth  of  0  A,  and  one  N,th  of  0  C,  we  get  radii  which  represents 
the  proportionate  magnitudes  of  the  maxima  of  the  primary 
and  secondary  currents,  and  their  relative  phase  angles  differ 
by  an  angle  90*  +  <k.  Also  0  B  is  proportional  to  the  total 
induction  B  through  the  core,  and  this  induction  is  in  quadra- 
tnie  with  the  secondary  current. 

For  the  secondary  current  is  in  consonance  as  regards  phase 
with  the  secondary  impressed  electromotive  force  on  the  sup- 
position that  there  is  no  external  inductance  in  the  secondary 
circuit,  and  no  lag  of  magnetic  induction  behind  magnetising 
force,  and  hence,  as  the  secondary  inductive  electromotive 
force  is  in  magnitude  proportional  to  the  rate  of  change  of  the 
induction  we  see  that  both  it  and  the  secondary  current  are  90° 
in  phase  behind  the  magnetisation.  This  is  also  indicated  by 
the  trigonometrical  functions  in  the  equations  (2)  and  (5). 
Accordingly,  if  we  suppose  the  lines  OA,  OB,  OC  to  revolve 
round  0  in  iixed  relative  positions  their  projections  at  any 
instant  on  any  diameter  through  0  give  us  lines  proportional 
in  magnitude  to  the  primary  current,  the  magnetisation,  and 
the  secondary  current,  and  the  magnitudes  of  0  A,  0  B,  O  C  are 
in  the  same  way  proportional  to  the  maxima  of  these  quantities. 
Next  mark  off  on  0  A  a  distance  0  R,  such  that  ORj  is  to 
O  A  as  Rj  is  to  N,,  then  0  Rj  represents  R,  Ij,  or  the  maximum 
effective  electromotive  force  acting  in  the  primary.  Through 
R,  draw  the  straight  line  r  Rj  E  parallel  to  O  Y. 

Now  the  variation  of  the  induction  induces  in  the  secondary 
and  primary  circuits  electromotive  forces  of  induction  whose 
maximum  magnitudes  we  shall  denote  by  Ej  and  E,,  and  these 
are  numerically  equal  respectively  to  the  maximum  of  the  rate 
of  change  of  the  total  induction,  or  E,  "p  N,  B 

ud  E,-/7NjB 

Ej  is  hi  consonance  as  observed  above  with  the  secondary  cur 
rent,  and  moreover,  £j  is  equal  numerically  to  R,  Ij.     £j  is  in 

t2 
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phase  exaotlj  in  consonance  with  E,,  but  it  acts  in  oppoeitioa 
to  it. 

Hence,  to  represent  on  the  diagram  Ej  and  Ej,  we  most  mark 
off  a  length  0  V  on  0  Y^,  equal  to  R,  Ij,  and.Binca 


and 


it  follows  that 


Ei-pN,B. 

■p      N,  Ro  I, 
E.-_i^    •    • 


(9) 


So  that  0  W  can  be  set  off  along  O  Y  to  represent  E,,  and  we 
have 


OW. 


■e.4;r,i. 


and 


OV  =  E,-RJ^ 


as  the  Talues  of  the  inductive  electromotive  forces  set  up  in  the  ' 
primary  and  secondary  circuits  respectively. 

Next  we  note  that  since  0  Kj  represents  the  effective 
electromotive  force  in  the  primary,  and  0  W  the  self-inductive 
electromotive  force,  tlie  impressed  electromotive  force  O  E  i» 
obtained  by  taking  the  resultant  O  E  of  the  parallelogram 
described  on  0  Rj  and  0  W  as  adjacent  sides.  For  then  since 
0  E,  0  Rj  and  0  W  revolve  round  and  represent  the  maximum 
values  of  the  impressed,  effective  and  inductive  electromotiTe 
forces,  we  shall  always  have 

«-«,  +  «,, 

where  «,  «,  and  e^  stand  for  the  simultaneous  values  at  anj 
instant  of  E,  Ej  and  Rj  I,.  Accordingly  on  the  predetermined 
scale  0  E  represents  the  maximum  of  the  impressed  electro- 
motive force,  and  we  see  that  it  is  ahead  of  the  primary  current 
by  an  angle  0. 

From  the  geometry  of  the  figure,  since  E  Rj  is  parallel  to 

0  Y,  we  see  that 

Or-Ecos(<^  +  tf), 

and 


Thereforo 


Or  =  ORiCoa«/) 

••  Rj   Ij    cos    <^. 

E  cos  (<^  +  d)-R,  I,  COS  <l> 


(10) 
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Also,  we  see  that 


Hence,  sin  <f>,  and  thei'efore  cos  <f>,  are  determined  in  terms  of 
•the  primary  and  secondary  currents  and  turns ;  and  also  the 
angles  <f>  and  <f>  +  d  are  known  in  terms  of  Nj,  R,,  Ij,and  N,,  Rj,  Ij. 
Hence,  from  the  above  observed  and  measured  quantities  we 
can  determine  the  angle  6  by  which  the  primary  current  lags 
behind  the  primary  impressed  electromotive  force,  and  also  the 
angle  <f>  by  which  the  magnetic  induction,  or  magnetisation  of 
the  core,  lags  behind  the  primary  current,  and,  as  a  consequence, 
the  angle  ^  +  90,  by  which  the  primary  and  secondary  currents 
•differ  in  phase  ;  maximum  magnitudes  being  always  understood. 
We  can  then  proceed  to  determine,  from  the  geometry  of  Fig.  48i 
two  other  equations  connecting  the  magnitude  of  the  impressed 
-electromotive  force  and  those  of  the  currents. 

Experiments,  to  which  we  shall  allude  presently,  show  that  in 
■transformers  with  complete  magnetic  iron  circuits  the  angle 
<P  +  6  ia  very  nearly  90deg.,  8uid  hence  that  E  and  E,  are  very 
nearly  in  consonance  in  phase.  Hence  it  follows  that  when  E 
and  Ej  have  their  maximum  values,  we  may,  with  very  small 
error,  take  their  difference,  or  E  -  E,,  as  equal  to  the  effective 
electromotive  force  in  the  primary  circuit. 

If  at  this  instant  the  primary  current  has  a  value  t„  then  the 
effective  electromotive  force  in  the  primary  circuit  is  R,  i\,  and 
•■we  have  under  these  conditions 

E-E,-R^. 

Moreover,  the  phase  difference  of  E  and  the  magnetisation  will  bo 
very  nearly  90deg.  Hence,  since  the  value  of  t\  at  the  instant 
when  E  has  its  maximum  is  I,  cos  0,  and  since  cos  d  =  sin  <f>'' 

^li?,  wefind  that  E  =  R,  IiSin^  +  Ei  ....     (11) 

But  by  equation  (9),  page  276,  we  found  that 

Substituting  the  values  of  sin  «/>  and  Ej  in  (11)  we  have 


^=^1.1:^ 


-.^>RI 


an  equation  which  gives  us  a  value  for  the  sccondarj  current 
in  terms  of  the  turns,  resistances,  and  impressed  electromotive- 
force. 


E 

A 

R 

1 

w 

E, 

B 

r 

0 

Fio.  4a 


If  the  ratio  of  ^  is  a  small  fraction,  say  ■j^jf,  then  the  termr 

(N  \* 
-J  1    may  be  negligible  in  comparison  with  R,,  and  ta 

this  case  we  see  that  the  transformer  transforms  down  tlie  elec- 
tromotive force  in  the  ratio  of  the  primary  and  secondary  tuma, 
and  an  approximate  value  of  the  secondary  current  will  be  gives 

N 
by  dividing  the  quantity  E    — ?-,  or  the  secondary  impressed 

^1 

electromotive  force,  by  the  secondary  ohmio  resistance  Rj. 
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Again,  taking  the  same  figure,  we  see  that  the  parallelogram 
0  W  E  Rj  is  one  whose  sides  0  Rj,  0  W,  represent  respectively 
the  self-inductive  electromotive  force  f^  in  the  primary  and 
the  effective  electromotive  force  R,  I],  and  that  the  diagonal 
represents  the  impressed  electromotive  force  K 

Since  (OE)''  =  (Or)'  +  (Er)», 

and  since  0  r  •»  0  Rj  coe  <^ 

and  Er-OW  +  Rir 

-OW  +  OR,  sini^ 
we  have       (0  E)«  =  (0  R,)«  +  (0  W)»  +  2  0  W,  0  Rj  sin  <^, 
but  0  E  represents  E,  the  impressed  electromotive  force,  and 
ORi-RiI,  andOW  =  Ei  =  ^R,Ij, 
tive  electromotive  forces  respectively  in  the  primary. 

E»  -  R,»  I,«  +  Ei«  +  2  R,  I,  E,  sin  <f,. 
Substituting  the  values  of  Ej  and  sin  <^  we  reach 

e«=Rj»v+[Ni!r,»+2r,r,]v  . 

an  equation  connecting  the  values  of  the  primary  and  eccondaty 
currents  and  the  impressed  electromotive  force. 

Uence,  given  E  and  I,  we  can  calculate  I^,  or  given  Ij  and  I, 
we  can  calculate  E. 

These  equations  (13)  and  (14)  furnish  the  practical  solution 
of  the  problem  of  the  transformer. 

Furthermore,  we  have  the  means  of  estimating  the  efficiency 
of  transformation.  If  W  stand  for  the  true  watts  given  to  the 
transformer,  we  know  that 

W  =  JEI,cos«, 

and  if  w  stand  for  the  total  watts  expended  in  the  secondary 
circuit, 

w 

Hence,  the  efficiency  of  transformation  <  being  equal  to  the 
w 
latio  ^1  is  given  by 


the  effective  and  indue- 
Hence 


(14) 


■  iR,!/ 


W 


iRpI, 


jij 


W°  JEIiCosfl' 
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but  under  the  circumBtances  considered 

N  I 
COS  6  =  sin  <^  and  sin  <^  „  -  »  * 


,N, 


or. 


Nil.* 
Hence,  W  =  JE^Iy 

Substituting  the  value  of  £  in  terms  of  I,  from  (13)  we  bav« 

R, 


^ 


therefore^ 


1  + 


\Nj>/  R, 


(18) 


In  all  the  foregoing  equations  the  symbols  E,  E,,  EIj,  I,,  and 
Ij  stand  for  the  maximum  values  of  the  quantities  during  the 
period.  If,  however,  the  variation  may  be  taken  as  siuoidal, 
or  approximately  so,  the  multiplication  of  each  by  the  factor 

1 

"Jx  gives  the  mean  values  as  read  by  electro-dynamometers  or 

thermal  voltmeters.  For  the  sake  of  oompletenees  we  will 
give  the  general  analytical  method  of  obtaining  the  equations 
in  previous  pages  employed  by  Dr.  J.  Hopkinson.* 

Taking  the  same  symbols  as  before,  Dr.  Hopkinson  writes 
the  fundamental  equation — 

4ir(N,i,  +  Njg  =  i^ (1) 

where  tj  and  »j  are  the  currents  in  the  primary  and  secondary 
circuits  at  any  instant  and  b  the  corresponding  total  induction 
or  number  of  lines  of  force  traversing  the  whole  section  of 
the  core,  and  I  and  a  are  the  mean  length  and  section  of  the 
magnetic  circuit. 


*  Pnettdingt  of  Soiial  Sccieti/,   Febniiuy,  1887,  »nd  7^  SUetricuin, 
VoL  XVIIL,  M»rol>,  1887,  p.  420. 
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The  two  equ&tions  connecting  the  electromotiTe  forces  and 
currents  are 

'■=Rih-N»4^ (2) 


dt 


vai 


0-(r,  +  R^t,-N,^ 


n 

dt 


.    .     (3) 


r,  being  the  resistance  of  the  secondary  circuit  external  to  the 
transformer  and  Rj  that  part  interior.  We  suppose  the  jwirt 
of  the  circuit  which  has  a  resistance  r^  to  have  no  sensible 
inductance. 

Elimhiating  h  from  (2)  and  (3)  by  multiplying  (2)  by  Nj  and 
^3)  by  Ni  and  subtracting  the  results,  we  have 

N,e  =  N,  R, .',  -  Nj (r,+  Rj) »,....    (4) 

Combining  this  with  the  eijuation  (1),  viz., 

-ii-=N..i  +  N,., (5) 

we  have  two  simultaneous  equations  for  ij  and  ij,  whence  we 
obtain  by  solution 

ijNVRi  +  .V(r,  +  R,)]  =  ^«^>i-N,H«   .     (C) 

and     »,[N,«R,  +  N,»(r,  +  R3)]=iM^+M  +  Nj»e    (7) 

iv  a  (Ik 

by  the  substitution  of  the  value  of  i^  in  equation  (3)  we  obtain 
finally 

dh     r,  +  Rj      if'ii-N.N,.      1 
"'  ^«       INj^'R,  +  N,»(rj  +  llj)) 


(8) 


Now,    in   complete-iron-circuit    transformers    the    quantity 
is  very  small  compared  with  the  quantity  N,  (r,  -f  Rj)  «, 


4  a-a/i 

for  the  permeability  /*  is  very  great,  even  when  the  induction 
b  is  small;  hence,  neglecting  the  first  term  in  the  bracket  in  the 
numerator  in  (8),  we  have 

db      _        (r,-HR.,)Nta 


dt        Vlii+lS'i''(r,-hiy 


rx-    •    •    •    (9) 
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but  the  secondary  impressed  electromotive  force  denoted  by  Ey 

is  eqiial  to  Nj  — -,  and  also  to  (r„  +  Rj)  i. ; 
at 

therefore  we  Itava 


«<>=  - 


N, 


(|-;)\+('-.+K^ 


(10) 


If  e  varies  periodically,  and  the  variation  is  not  sufficient  to 
carry  6  the  induction  up  to  the  saturation  point,  then  we  may 
write  for  «  and  »j  the  maximum  or  the  average  values  of  the 
primary  impressed  E.M.F.  E  and  the  secondary  current  Ij,  and 
we  have 

and  (11)  is  the  same  formula  us  (13),  ou  p.  278,  arrived  at 
geometrically. 

In  connection  with  the  foregoing  equations  the  further 
remarks  of  Dr.  Hopkinson  are  of  importance. 

We  see,  firstly,  that  the  tniusfoi-mer  transforms  the  primary 
potential  E  in  the  ratio  of  N^  to  N,,  and  adds  to  the  external  re- 

(N  \* 
^  I  Ri  +  R?- 

This  at  once  gives  us  the  variation  of  p>otential  caused  by  vary- 
ing the  number  of  lamps  used,  The  phase  of  the  secondary 
current  is  nearly  opposite  to  that  of  the  primary.  In  designing 
a  transformer  it  is  particularly  necessary  to  take  note  of  the 
assumption  that  the  line  integral  of  magnetic  force  is  so  small 
that  it  may  be  neglected.  Taking  e  to  vary  harmonically,  so 
that  e  •■  £  sin  ^  (,  we  have,  from  (9),  on  p.  281, 


_(r^  +  Rit)N,Esinpt  . 
N,2K,  +  N,»(r,-t-R,' 


henc«,  by  integration, 
b 


(r,-fR^)NiEco8/i< 
N,«Ri  +  Ni»(r,  +  R,);. 


(12) 


nrrn^Ai.  akd  sklt  ikductiox. 


989 


If  r,  is  infinite — that  is,  if  the  secondary  circuit  is  open — thea 

the  njaiimum  value  of  6,  ris.,  B,  is  B  — ;  and,Bincep  »  2  r  n, 

NiJt> 
n  being  the  frequcncj,  we  see  that  this  maximum  value  of  B, 
'which  must  not  exceed  a  certain  limit,  vie,  a  little  below 
saturation,  varies  directly  as  £  and  invenely  aa  n,  sind  hence 
for  a  given  primary  pressare  the  higher  the  frequency  the  Ic«» 
in  general,  neglecting  any  question  of  hystereair,  can  be  the 
induction. 

§  14.  Effects  of  Saturation  and  Magnetic  HyBteresis. — The 
above  approximations,  though  ample  for  practical  work,  give 


1^ 


\} 


Fw.  aa 


no  account  of  what  happens  when  transformera  are  worked 
ao  that  tlie  iron  core  is  saturated,  or  how  energy  is  wasted  in 
the  iron  core  by  the  continual  reversal  of  its  magnetism.  The 
ainonnt  of  such  waste  is  easily  estimated  from  Ewing^s  results, 
when  the  maximum  value  of  the  magnetic  induction  B  is 
known ;  but  it  is  instructive  to  proceed  to  a  second  approxima- 
tion, and  see  how  the  magnetic  properties  of  the  iron  affect  the 
value  and  phase  of  ij  and  tj.  We  can,  in  a  second  approxima- 
tion, substitute  in  the  preceding  equations  the  value  for  the 
magnetic  force  deduced  from  the  value  of  6,  or  the  induction 
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furnished  by  the  approximate  equation  (10).  In  the  accompany- 
ing diagram  (Fig.  49)  0  x  represents  the  magnetising  force,  O  y 
the  magnetic  induction,  and  0  z  the  time.  The  curve  A  B  C  D, 
drawn  on  the  plane  of  x  y,  represents  the  relation  of  magnetic 
force  and  magnetic  induction  for  a  complete  magnetic  cycle, 
the  curve  E  F  G  the  induction  as  a  function  of  the  time,  and 
H  I  K  the  deduced  relation  of  magnetic  force  and  time.  We 
may  substitute  the  values  of  the  force  obtained  from  this  curve 

for  the  value  of  —  in  the  equations  (6)  and  (7),  p.  281,  and 
ait. 

so  obtain  the  values  of  t,  and  »j  to  a  higher  degree  of  approxi- 
mation. If  the  values  of  the  force  were  expressed  by  Fourier's 
theorem  in  terms  of  the  time,  wc  should  find  that  the  action  of 
the  iron  core  introduced  into  the  expressions  for  i^  and  i^,  in 


'r — Nf 


Tia.  50. 


addition  to  a  term  in  cos  p  t,  which  would  occur  if  magnetio 
force  and  induction  were  proportional  to  each  other,  terms  in 
sines  and  cosines  of  multiples  of  p  t,  and  also  a  term  in  sin  p  (. 
It  is  through  this  last  term  that  the  loss  of  energy  by 
hysteresis  comes  in. 

A  particular  case  in  which  to  stay  at  a  first  approximation 
would  .be  very  misleading  is  worthy  of  note.  Let  an  attempt 
be  made  to  ascertain  the  highest  possible  values  of  the  induc- 
tion by  using  upon  a  transformer  a  very  large  primary  current, 
and  measuring  the  consequent  nieau  square  of  potential  in  the 
secondary  circuit  by  means  of  an  electrometer  or  a  thermal 
voltmeter.  Tlie  value  of  b  will  be  related  to  time  in  some  such 
manner  as  indicated  by  the  curs-e  in  Fig.  50.  For  simplicity, 
assume  the  time  variation  of  induction  to  be  as  indicated 
by  the  firm  line  curve  in  Fig.  51.     The  resulting  relation  of 
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impressed  electromotive  force  in  the  secondary,  and,  therefore^ 
practically  of  secondary  ovirrent  and  time,  will  be  indicated  by 
the  dotted  curve.  The  mean  square  observed  will  be  propor- 
tional to  the  product  of  M  L  and  J  LP,  but  ML  J  hP  i» 
proportional  to  E  L.  Hence,  the  potential  observed  will  vary 
inversely  as  ^LP  even  though  the  maximum  induction 
remiiin  constant.  If,  then,  the  maximum  induction  be  dediiced 
on  the  assumption  that  the  induction  is  a  simple  harmonic 
function  of  the  time,  results  may  be  obtained  vastly  in  excess 
of  the  truth. 

Following  Mr.  Kapp's  geometrical  diagram,  we  can  proceed 
to  show  how  the  diagram  in  Fig.  47  becomes  modified  if  the 
tatuiHtion  of  the  core  is  allowed  to  take  place — that  is,  if  the 
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exciting  or  resultant  magnetising  force  is  carried  up  during 
the  phase  to  such  a  point  that  the  core  becomes  saturated. 
The  effect  of  magnetic  saturation  of  the  core  is  to  render  the 
mduced  electromotive  forces  in  the  primary  and  secondary  cir- 
cuits not  strictly  proportional  to  the  effective  exciting  power 
but  rather  smaller,  and  will  be  felt  during  that  portion  of  the 
phase  of  the  magnetisation  when  the  core  is  approaching  satu- 
ration, but  not  just  when  the  magnetisation  is  reversing  sign 
or  direction. 

Let  O  K,  Fig.  52,  represent  a  magnetisation  curve  for  the  core, 
to  drawn  that  whilst  horizontal  distances,  measured  outwards 
and  leftwards  from  0  along  0  X,  represent  magnetising  am[>ero 
turns,  vertical  ordinates  downwards  represent  corresponding 
values  of  J)  Xg  B,  where  B  is  the  total  induction  through  the 
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core.  This  can  always  be  done  if  the  curve  is  known  in  termt 
of  magnetising  force  and  magnetic  induction.  We,  have,  then, 
that  corresponding  to  a  resultant  or  effective  ampere  turns  0  B, 
the  value  of  the  maximum  secondary  impressed  electromotive 
force  is  B  K  °:  0  V,  and  this  smaller  than  would  be  the  case  it 
the  induction  at  or  about  an  exciting  power,  0  B,  wore  pro- 
portional to  the  induction  for  proportionately  less  exciting  power 
We  can  then  obtain  the  inductive  electromotive  force  in  the 


K 


w 


\ 


. I 


c.>m9'     / 
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primary  by  changing  the  mi^itude  of  0  V^  in  the  ratio  of  Nj 
to  Nj,  and  we  get  a  value  represented  by  0  W  which  is  also 
smaller  than  0  W,  corresponding  to  very  incomplete  saturation, 
as  in  the  former  case.  Hence,  conoluding  the  construction  as 
before  for  0  E,  or  the  impressed  electromotive  force,  we  find  a 
line,  0  E',  which  is  not  only  smaller  than  0  E,  but  inclined  at  a 
leas  angle  to  0  A.  It  follows  that  the  effect  of  the  diminished 
induction  is  to  reduce  the  impressed  electromotive  force  corre- 
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Bponding  to  a  definite  primary  current,  to  decrease  the  lag  of  the 
primary  current  behind  the  impressed  E.M.F.,  and  to  reduce 
the  secondary  current  and  E.M.F.  As,  however,  the  effect  of 
saturation  is  not  felt  except  near  the  maximum  points  of  the 
phase  of  the  magnetisation,  the  result  will  be  to  cause  a  periodic 
change  in  the  angles  of  lag,  and  also  in  the  primary  current  ot 
primary  impressed  electromotire  force  depending  on  which 
variable  is  kept  constant. 

We  have,  then,  to  consider  the  general  effects  of  hysteresis. 
Physically  speaking,  the  effect  of  this  lag  of  magnetio  induction 
behind  magnetising  force  when  the  iron  is  carried  round  a  mag- 
netic cycle  is  to  make  a  dissipation  of  energy  depending  partly 
on  the  maximum  value  of  the  induction  and  jiartly  on  the  rate 
at  which  the  cycle  is  performed.  This  distinction  of  static 
hysteresis  and  viscoiis  hysteresis  might  be  illustrated  by  the 
mechanical  analogue  of  lifting  a  weight  in  a  viscous  fluid. 
Apart  from  fluid  resistance  the  work  done  in  lifting  the  weight 
against  gravity,  say  one  hundred  times,  is  a  hundred  times  the 
work  required  to  be  spent  to  lift  it  once  ;  but  if  fluid  resistance 
comes  into  play,  and  if  this  varies  as  the  square  of  the  velocity 
of  the  moving  body,  then  the  total  work  done  in  lifting  the 
'weight  through  the  fluid  will  be  dependent  also  upon  the  rate 
at  which  the  cycle  is  performed.  Reckoning  from  certain 
experimental  data  obtained  by  Prof.  Ewing,  Mr.  Kapp  has 
calculated  the  hysteresial  dissipation  of  energy  in  transformer 
cores  when  magnetisation  is  reversed  in  them  200  times  per 
second — that  is,  when  100  complete  magnetic  cycles  are  per- 
formed per  second,  and  when  the  maximum  induction  reaches 
to  a  figure  given  in  the  first  column.  Tlie  results  are  stated 
below  in  watts  and  horse-power  per  ton  of  iron. 


MkilDinm  Induction  tn 
tlie  Iron  Core. 

W»tU  per  Ton  of  Iron. 

S.-T.  Wuted  In  Htat  per 
Ton  o(  Iron. 

2,000 

660 

0-87 

3,000 

1,100 

1-48 

4.0X) 

1.660 

2-21 

6,000 

2,250 

3^ 

6,0C0 

2,900 

3-89 

7,000 

3,750 

6-OJ 

8.000 

4,450 

6-97 

g.foo 

6,660 

7-43 

10.000 

6,650 

8-90 
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In  these  figures,  however,  the  "  viscous "  part  of  the 
hysteresis  is  not  taken  into  account  for  want  of  autticient 
data,  but  it  is  probable  that  a  notable  increase  would  have  to 
be  made  on  this  account.  These  figures,  however,  are  suffi- 
cient to  show  that,  quite  apart  from  other  considerations,  it  itm 
not  advisable  to  press  the  induction  in  transformer  core* 
beyond  about  6,000  or  7,000  O.-G.-S.  units.  The  waste  of 
energy  in  internal  heating  is  a  thing  quite  apart  from  eddy 
electric  currents  generated  by  induction,  and  cannot  be  sub- 
dued by  lamination  of  the  core.  The  eflfect  of  hysteresis 
producing  a  lag  of  induction  behind  magnetising  force  ha»' 
been  indicated  graphically  in  Fig.  23,  p.  65,  but  for  the  pre- 
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sent  purpose  it  will  be  more  instructive  to  illustrate  it  in 
another  manner.  Taking  the  values  of  magnetising  force  and 
correspondiug  magnetic  induction  given  by  Prof.  Ewing  (Fig.  2, 
Plate  57,  FAU.  Tram.  Royal  Soc.,  1885),  let  the  values  of  the 
magnetising  force  be  taken  oiT  as  ordinates  on  a  simple  sine 
curve  (tee  Fig.  53),  and  let  corresponding  values  of  the  induc- 
tion be  set  off  to  any  scale  on  the  same  ordinates,  and  the 
time  change  of  induction  represented  by  the  dotted  line.  The 
variations  of  the  ordinate  of  the  firm  line  sine  curve  may  repre- 
sent, then,  a  magnetising  force  varying  in  a  simple  periodic 
manner  with  the  time,  and  the  dotted  curve  will  represent 
the  corresponding  variations  of  the  magnetic  induction  for  the 
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particular  ring  experimented  with ;  and  supposing  the  changes 
of  force  slow,  and  all  eft'ect  of  eddy  current  annulled,  we  sec 
that  the  induction  curve  is  a  kind  of  square-shouldered  curve 
"which  is  shifted  backwards  in  phase  relatively  to  the  magnetic 
force  curve. 

In  this  case  it  will  be  observed  that  the  induction  has  been 
carried  well  up  on  to  the  "knee"  of  the  magnetising  curve, 
and  hence  the  bluntness,  truucated,  or  square-flhouldered  form 
of  the  time-induction  curve.  Consider  now  for  one  moment 
how  the  induction  lag  affects  the  phase  of  the  secondary 
current  if  we  suppose  this  variation  of  induction  to  be  opera- 
tive in  ao  producing  a  current  in  a  secondary  circuit  wound 
OD  this  core.  Obvioualy,  the  instant  of  maximum  rate  of 
change  of  induction  which  corresponds  to  the  points  6  and  d, 
where  the  induction  curve  crosses  the  time  line  and  has  its 
gz«atest  U<q>f,  is  behind  the  instant  of  maximum  of  rate  of 
change  of  magnetic  force,  which  corresponds  to  the  points  B 
and  D,  where  the  force  cun-e  has  its  greatest  slope  and  crosses 
the  time  line.  The  secondary  impressetl  electromotive  force 
depends  on  and  coincides  in  phase  with  the  rate  of  change  of 
induction,  and  therefore  is  determined  by  the  slope  of  the 
induction  curve.  Hence,  if  we  draw  the  curve  which  repre- 
sents the  time  rate  of  change  of  the  ordinate  of  the  inductioa 
curve,  or  the  secondary  electromotive  force,  we  find  it  to  be  a 
curve  consisting  of  tall  peaks  separated  by  intervening  flat 
TaUeys,  and  the  time  of  the  maximum  of  this  secondary  im- 
presBed  electromotive  force  has  a  lag  introduced  into  it  by 
reason  of  the  hysteresis.  On  the  assumption  that  the  secondary- 
circuit  inductance  is  negligible  we  see  that  the  secondary 
current  is  no  longer  in  quadrature  with,  or  90deg.  behind,  the 
magnetising  force,  as  before  assumed,  but  lags  behind  it  by  au 
angle  tlightly  'jrfater,  on  account  of  the  lag  of  the  induction 
■behind  the  magnetising  force  due  to  hysteresis. 

This  is  the  place  to  remark  that  some  physicists  doubt 
the  existence  of  a  true  magnetic  time  lag,  and  consider  that 
■whatever  effects  have  been  observed  which  experimentally 
point  to  such  a  log  of  magnetisation  behind  magnetising  force 
are  the  result  of  hysteresis  and  of  eddy  currents,  and  that  the 
application  of  a  magnetising  force  whilst  it  is,  say,  increasing, 
produces  in  the  iron  reversely  directed  surface  eddy  currents 
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introducing  a  reveree  or  opposed  magnetising  force  on  the  mors 
deeply  seated  layers  of  iron,  and  that  until  these  eddy  currents 
subside  the  impressed  magnetising  force  is  unable  to  produce 
its  full  effect  in  magnetisation.  On  the  other  hand,  it  seema 
clear  that  hysteresis  is  an  effect  entirely  apart  from  any  ques- 
tion of  surface  eddy  currents,  and  that  whatever  may  be  its 
nature  it  does  render  the  upward  and  downward  magnetio 
induction  curve  separate.  Hence,  to  this  degree  it  shifts  the 
curve  of  induction  backwards  relatively  to  the  magnetic  force 
curve  and  introduces  an  added  lag  into  the  phase  of  the  secon- 
dary current. 

Mr.  Blakesley  {Phil.  May.,  July,  1888)  has  shown  how  thia 
induction  lag  can  be  measured  by  the  use  of  three  dynamo- 
meters. 

We  have  shown  on  p.  1 27,  §  16,  Chap.  III.,  that  if  a  simple 
periodic  current  whose  maximum  value  is  Ij  is  passed  through 
an  electro-dynamometer,  the  reading  of  the  instrument  ia  pro- 
portional to  — L,  that  is  to  say,  it  gives  a  reading  equal  to  that 

which  would  be  given  by  a  steady  current  of  this  value  passed, 
through  it. 

Again,  on  p.  119  we  have  shown  that  the  mean  value 
the  product  of  two  simple  periodic  functions  differing  in  phastti 
is  equal  to  their  product  and  that  of  half  the  cosine  of  the 
angle  of  lag. 

Accordingly,  if  two  simple  periodic  currents  are  passed 
through  an  electro-dj'immometer,  one  current  going  through 
the  fixed  coil  only  and  one  through  the  movable  coil  only,  the 
reading  of  the  instrument  is  proportional  to  half  the  product 
of  the  current  strengths  and  to  the  cosine  of  the  angle  of  phase 
difference. 

Let  three  dynamometers  be  so  joined  up  to  s  transformer 

that  the  first  is  traversed  by  the   primary  current  alone,  the 

second  by  the  secondary  current  alone,  and  the  third  traversed 

by  the  primary  current  going  through  its  fixed  coil  and  the 

secondarj"  current  through  its  movable  coil ;  then  the  torsion 

reading  of  the  first  dynamometer  being,  say,  a*,  and  the  second 

I  ' 
fi',  and  the  third  y*,  we  have  that  o  is  proportional  to  -l-,/3  to 
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of  lag  of  one  current  behind  Rnother.  Let,  then,  the  mag- 
nitude of  the  primary  aud  secondary  ampere  turns  in  the 
transformer  be  known,  and  tlic  angle  of  lag,  as  above,  be 
measured.  Draw  a  line  A  B  (Fig.  54),  to  represent  the  primary 
ampere  turns  (maximum  value),  aud  a  line,  A  C,  to  represent  the 
secondary  ampere  turns.  Set  A  B  and  A  C  at  an  angle  equal 
to  the  measured  lag  angle  of  the  ciurents.  From  B  drop  a 
Ijcrpendicular  on  A  C  produced.     Join  C  B. 

Then  AD  =  ABcoee, 

=  N,  Ij  cos  tf, 
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Hence,  if  N,  I,  is  less  timn  N,  I,  oos  0  it  indicates  that  B  C  i» 
not  in  quadrature  with  A  C — that  is,  the  resultant  magnetising 
force  is  not  in  quadrature  with  the  secondary  current,  and  tbg^ 
angle  D  B  C  is  the  angle  of  magnetic  lag.  ^M 

The  condition  of  the  existence  of  magnetic  lag  is  therefore 
that  C  A<  A  B  cos  6,  or  in  terms  of  the  dynamometer  ob 
tion% 

Nj>/2¥^<Nin/2AT-77=  ^ 
VA( 


~w 


or 


BfiAcy. 
N, 


Hence  the  lag,  if  it  exists,  can  be  detected  by  two  dynamo- 
meter obserratious.  We  can  measure  it  thus  : — Call  the  aDKle 
D  B  C  ^.     Then 


♦      J,     CD 
tan.^  =  _ 


DA-AC 


ABsin0 


DA       AC 
A  B  "  A  B 

Vl  -cos'fi 


cos^ 


v'l  -  cos'^  0 


Cy      _N,     /BJi 


1--2V. 

AaA)3 


Cy-^«B^ 


"  >/AaBy3-CV 

Mr.  Blakcsloy  made  obsen-ations  as  above  on  a  Kapp  trruis- 
former,  iu  which  Ni=100,  Nj=12,  and  the  result  of  seven 
observations  showed  that  <^  was  an  angle  not  far  from  5*  30' 
(Phil.  Mag.,  July,  1888).  It  seems  evident,  then,  that  what- 
ever causes  an  absorption  of  power  iu  changing  uioguetiaatioa 


mrrcAL  and  bklf  induction. 


S9S 


causes  magnetic  lag — in  other  words,  causes  the  time  of  maxi- 
mum rate  of  change  of  magnetic  induction  to  lag  behind  the 
time  of  maximum  rate  of  change  of  magnetising  force,  and 
hence  makes  the  phase  of  the  maximum  secondary  impressed 
■electromotiTe  force  to  be  something  more  than  OOdeg.  behind  the 
maximum  of  the  resultant  magnetising  force,  ou  the  assump- 
tion that  this  latter  varies  according  to  a  simple  periodic  law. 
Having  in  any  case  found  the  value  of  the  magnetic  lag,  it  is 
possible  to  correct  the  diagram  in  Fig.  52,  and  to  make  the  angle 
B  0  V  greater  than  a  right  angle  by  the  proper  amount.  It  is, 
then,  manifest  that  this  will  to  an  equal  degree  diminish  the 
angle  A  0  W,  and  make  0  E  greater  in  magnitude  and  bring 
O  E  slightly  more  into  consonance  with  0  A-  In  other  words, 
the  effect  of  magnetic  lag  is  shown  by  bringing  the  impressed 
electromotive  force  more  into  consonance  with  the  primary 
current,  and  increasing,  therefore,  as  it  should  do,  the  work 
spent  on  the  primary  coil.  This  additioual  demand  for  work 
tepresents  the  dissipation  of  energy  going  on  in  the  core  by 
reason  of  the  hysteresis,  or  whatever  causes  the  lag. 

It  is  necessary  to  distinguish  between  the  lag  of  induction 
behind  magnetising  force  which  is  tluis  mcivsmeil  and  which  is 
the  evidence  of  hysteresis,  and  anything  like  a  true  delay  in 
the  appearance  of  magnetisation  in  iron  on  the  imposition  of  a 
definite  magnetising  force.  Opinion  on  the  whole  tends  in  the 
direction  that  a  true  magnetic  lag  has  not  yet  been  observed 
other  than  that  which  is  due  to  the  gradual  evanescence  of  the 
reverse  magnetising  force  of  the  eddy  currents  produced  in  the 
skin  of  the  iron,  and  which,  as  long  as  they  last,  opp<ise  the 
magnetisation  of  the  deeper  layers  of  the  iron,  and  cause  a  delay 
in  the  appearance  of  the  full  magnetisation.  E.tpcriment 
shows  that  these  eddy  currents  exist  even  in  cores  of  divided 
iron.  When  the  alterations  of  the  exciting  current  became 
very  rapid,  these  eddy  currents  entirely  screen  the  interior  <rf 
the  iron  and  render  it  practically  non-magnetic.  Further 
allusion  will  be  made  to  this  point  under  the  head  of  electrical 
oiciUatioru. 


§  15.  Oluracteristic  OnnreB  of  the  Series  and  Parallel 
Transformer. — Tlie  characteristic  curve  of  a  transformer  is  a 
«urve  so  dmwu   that  its  ordinate  and  abscissa  at  any  point 
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represent  the  secondary  electromotive  force  and  secondary- 
current  when  the  resistance  of  the  secondary  circuit  haa  a 
certain  definite  value.  Consider  first  tlie  case  of  a  transfonner 
used  in  series  with  others ;  that  is,  having  the  primaries  of  all 
traversed  by  the  same  primary  current,  which  is  maintained 
constant.  Wo  have  then  to  see  how  the  secondary  currenta 
and  secondary  electromotive  forces  are  related  to  one  another 
when  the  secondary  resistance  of  each  is  changed  in  any  way. 
Referring  back  to  Fig.  47,  on  p.  274,  we  see  that  A  B  repre- 
sents the  secondary  ampere  turns,  and  that  therefore  a  certain 
fraction  of  A  B  may  be  taken  to  represent  the  secondary  current. 
Also  O  B  represents  the  resultant  magnetising  force,  and  may 
be  taken  therefore,  when  we  are  well  within  the  limits  of  satura- 
tion, as  proportional  to  the  induction  6.  But  the  maximum 
secondary  electromotive  force  is  also  proportional  to  B,  for  it  is 
equal  to  jjNjB.  Hence  we  may  say  that  a  certain  definite 
fraction  of  OB  represents  the  secondary  impressed,  electro- 
motive force  (maximum  value).  Accordingly,  if  the  p>oint  A  i» 
taken  at  various  positions  round  the  circle  of  radius  0  A,  the 
corresponding  variations  of  A  B  and  0  B  will  indicate  the 
manner  in  which  secondary  current  and  secondary  electromotive 
force  vary,  and  if  wo  plot  a  curve  such  that  its  abscissa  x  i» 

always  a  definite  fraction,  say  -  of  A  B,  and  the  corresponding 

P 

ordinate  y  is  always  a  definite  fraction,  say  -  of  A  B,  and  sit 

? 

r=l  AB,  and  y-1  OB,  and  since  (AB)»-l-(0  B)«-(AB)«-." 

P  ? 

a  eonntant  quantity,  we  have  jfl  i?  +  q^  y^  =  a  cnrutnnt  as  the 
equation  to  the  characteristic  curve,  and  this  is  an  ellipse. 

If,  then,  0  a  (m«  Fig.  55)  is  taken  on  a  line,  0  X,  to  represent- 
the  secondary  curreut,  niid  if  0  a  is  projwrtional  to  the  second- 
ary current,  and  a  b  tjiken  pcrjtendictilar  to  0  a  represents  the 
corrcsjjonding  secondary  electromotive  force,  tlic  various  posi- 
tions of  the  extremity  6,  as  0  a  has  given  to  it  its  varioua 
values,  will  mark  out  a  curve  which  is  an  ellipse,  and  which  is- 
the  characteristic  of  a  series  transformer. 

The  tangent  of  the  angle  aOb  represents  of  course  the  totaT 
resistance  of  the  secondaty  circuit.  On  this  subject  Mr.  Kapp 
remarks  {The  Electrician,  Vol.  XVIII.,  p.  570,  1887) :— 
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"  The  characteristic  of  a  aeries  transformer  thus  obtained  is 
Tery  instructive.  It  shows  at  a  glance  what  alterations  take 
place  in  the  E.M.F.  and  the  current  (this  of  course  refers  to 
their  maxima,  but  the  mean  values  are  proportional  thereto)  in 
the  secondary  circuit  if  its  resistance  be  varied,  say,  by  switch- 
ing lamps  in  or  out.  For  very  large  vahies  of  the  resistance 
the  alteration  of  current  is  proportionately  much  greater  than 
that  of  E.M.F.,  whilst  for  small  resistances  the  alteration  of 
current  is  small  compared  with  that  of  E.M.F.  Thus,  if  only  a 
few  glow  bmps  are  being  fed  in  parallel  from  the  secondary 
circuit,  the  switching  out  of  these  lamps  will  not  materially 
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mcrease  the  pressure  in  the  circiiit ;  btit  if  a  sufficient  numbei 
of  lamps  be  switched  on  so  as  to  fully  utilige  the  energy  of  the 
transformer,  then  tlie  pressure  will  fall  considerably,  and  the 
lamps  will  become  dim.  On  the  other  hand,  we  might  bum  a 
limited  number  of  glow  lamps  in  series,  and  by  short-circuiting, 
one  after  the  other  the  current  would  not  be  materially 
increased,  but  also  in  this  case  the  energy  converted  would  be 
much  less  than  could  be  obtained  with  the  given  transformer 
if  worked  in  a  condition  represented  by  the  middle  portion  of 
the  characteristic.  It  is  interesting  to  note  that  even  if  the 
secondary  coil  be  completely  short-circuited  the  current  in  it 
does  not  become  very  great.     Roughly  speaking,  it  is  twice  the 
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current  for  which  the  transformer  develope  its  maximum  energy'. 
For  commercial  reasons  it  is  necessary  to  work  transformers  at 
or  near  the  maximum  output,  and  a  glance  at  the  curve  will 
show  that  this  class  of  apparatus  (series  transformer),  with  a 
core  sufficiently  large  to  avoid  approach  to  saturation,  can  never 
be  self-regulating  if  so  used.  It  can  only  bo  made  self-regu- 
lating with  a  non-saturated  core  when  worked  near  the  extre- 
mities of  the  characteristic  with  very  small  secondary  current 
or  very  low  secondary  electromotive  force,  both  of  which  con- 
ditions are  uncommercial." 

If  the  condition  of  supply  is  constant  electromotive  force  on 
the  primary  circuit,  then  the  characteristic  may  be  found  from 
the  consideration  tliat  the  secondary  impressed  electromotive 
force  has  been  shown  to  be  approximately  equal  to  the  primary 
impressed  electromotive  force  multiplied  by  the  ratio  of  the 


Fi...  c6. 


secondary  wimlinps  Nj  to  the  primary  windings  Nj.  Hence, 
Ej  is  a  constant  quantity  and  indeiicndeiit  of  the  secondary 
current.  Accordingly  the  characteristic  is  nearly  a  straight  line 
(Fig.  56)  drawn  parallel  to  O  X,  the  axis  of  current,  and  within 
limits  a  variation  of  secondary  current  does  not  affect  the 
secondary  electromotive  force.  A  parallel  transformer  will  then 
be  perfectly  self-regtilating  under  constant  primary  electro- 
motive force. 

With  respect  to  the  effect  of  saturation  on  the  characteristic, 
it  is  easy  to  see  that  in  the  case  of  the  parallel  transformer  the 
saturation  of  the  core  causes  the  induction  to  be  less  relatively 
to  the  resultant  magnetising  force  than  it  would  be  if  satura- 
tion had  not  intervened,  and  hence  the  secondary  electromotive 
force,  whilst  being  smaller,  will  still  be  independent  of  the  mag- 
nitude of  the  secondary  current ;  in  other  words,  the  character- 


I 


tiitio  will  8till  be  a  straight  line  parallel  to  the  axis  of  current, 
4)at  will  have  to  be  drawn  nearer  the  asia  of  the  current.  In  the 
case  of  the  series  transfonner,  saturation  will  have  the  same 
-effect,  and  will  cause  the  characteristic  to  be  still  an  elliptical 
4;urve,  but  having  a  lesser  minor  semi-axis,  and  it  will  be  repre- 
sented OS  by  the  dotted  curve  in  Fig.  55.  In  the  case,  therefore, 
'Of  the  parallel  transformer,  to  work  with  a  high  degree  of  induc- 
tion is  still  compatible  with  the  maintenance  of  nearly  constant 
secondary  electromotive  force  under  varying  loads.  If,  however, 
the  supply  is  on  the  series  system,  with  constant  primary 
•current,  we  see  that  from  the  flatter  elliptical  curve  the  variation 
of  secondary  electromotive  force  is  smaller  under  small  currents 
or  loads.  A  series  transformer,  with  a  small  and  over-saturated 
core,  might  therefore  be  made  to  regulate  within  somewhat 
wider  limits  than  one  where  the  core  is  large,  but  the  regula- 
tion can  never  bo  perfect,  and  the  disadvantages  of  over- 
saturation  in  respect  of  hysterial  energy  waste  would  over- 
^lauce  any  such  slight  advantage. 

§  16.  Efficiency  of  Transformers. — The  electrical  efficiency  of 
a  transformer  is  defined  to  be  the  fraction  or  percentage  of  the 
whole  energy,  supplied  in  a  given  time  to  the  primary  circuit, 
which  apjiears  in  the  form  of  electric  current  energy  in  the 
secondary  circuit.  Part  of  the  energy  supplied  is  dissipated 
by  eddy  currents  in  the  core,  some  by  magnetic  friction  or 
liysteresis,  and  some  in  heating  the  primary  circuit.  Of  that 
portion  which  appears  in  the  secondary  circuit  part  is  ex- 
ponded  in  heating  the  portion  of  the  secondary  circuit  which 

nsists  of  the  actual  coils  of  the  transformer,  and  part  is 
Utilised  in  the  external  portion  of  the  secondary  circuit,  which 
will  generally  consist  of  lamps  or  transforming  devices. 

We  proceed  first  on  the  a.ssumption  that  the  iron  core  is  a 
complete  circuit,  and  that  the  induction  is  small  enough  to 
render  hysteresis  negligible,  and  that  the  external  secondary 
■circtiit  consists  of  lamps,  and  therefore  practically  has  very 
small  self-induction.  Prof.  Forbes  baa  given  a  solution  of  the 
transfonner  problem  on  the  same  lines  as  that  of  Dr.  Hopkinson.* 

•  See  Journal  of  Society  of  Tdegraph-Entfinetrt  and  Electricians,  Vol. 
.XVU.,  Part  LXXI.,  p.  153. 
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In  our  nutation  his  results  are  as  follows ; — If  w^  be  the  work 
done  in  unit  time  in  the  primary  circuit,  and  w,  that  done  in 

the  secondary,  and  hence  if  the  eflBciency  be  c  where  f  — ,  he 
deduces  the  relation  that 


where  p  is  the  "  magnetic  resistance  "  of  the  iron  core,  or, 

mean  length  of  lines  of  induction  in  the  iron 
cross  sectional  area  of  iron  x  permeability 

N,  and  N,  being  turns  of  wire,  R,  and  Rj  resistances  of  primary 
and  secondary,  and  n  the  number  of  complete  oscillations  of 
the  current. 

If  p  —  0,  that  is  if  the  permeability  is  very  large,  we  have  the 
same  expression  for  tlio  efficiency  as  given  in  (15)  on  page  280.  If 
the  values  of  Ni,  N^  K,,  Kj,  pertaining  to  a  modem  transformer, 


are 


N  *  R 

inserted,  it  is  found  that  ^      '  is  a  quantity  generaHy  less 


Ni«K, 


than  -01. 

Hence,  the  efficiency  for  a  transformer  of  given  turns  will 
depend  on  p  and  on  R„ — that  is,  on  the  secondary  resistance  as 
varied  by  the  lamp  toad. 

Suppose  the  transformer  to  carry  a  lamp-load  on  its  secondary 
of  lamps  arranged  in  parallel,  then  the  extinction  of  lamps  will 
increase  Rj,  and  by  increasing,  therefore,  the  numerator  of  the 
third  term  in  the  denominator  of  the  fraction  expressing  the 
eflSciency  it  will  dimimnh  the  efficiency.  The  efficiency  is  there- 
fore let*  for  light  load  than  for  heavy  lend  of  parallel  lamps. 
Again  the  effect  of  varying  speed  of  alternation  is  seen,  for 
under  g^ven  circumstances  of  load  and  windings,  the  increase 
of  n  increases  the  efficiency  by  making  the  third  term  smaller, 
but  »  may  be  diminished  without  loss  of  efficiency  if  />  or  the 
magnetic  resistance  is  increased ;  hence,  for  working  economi- 
cally with  small  frequency  of  oscillation  largo  massive  cores  are 
essential,  but  by  increasing  the  frequency  the  core  mass  may 
be  diminished  without  loss  of  efficiency. 
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Prof.  Forbes  also  shoMred  (toe.  eit.)  that  when  the  secondary 
circujt  is  unloaded — that  is,  when  R,  is  infinite — the  waste  of 
energy  in  the  transformer  is  given  by  the  expression 


— ?«.(iA^)' 


and  is,  therefore,  proportional  to  the  square  of  the  maj^etic 
resistance  of  the  core,  B  being  the  total  maximum  induction 
through  the  core. 

Practical  measurements  on  the  efficiency  of  a  transformer 
have  been  given  by  Prof.  Ayrton,  made  by  a  method  first  appa- 
rently  suggested    by    Dr.    Louis    Duncan,    of   John    Hopkins 
University,  Baltimore  (see  EUetrieal   Remeie,  July  29,  1887, 
[ToL  XXI.,  p.  116),  in  which  the  waste  of  energy  in  the  trana- 
[  former  was  obtained  from  caloriraetric  measurements.* 

The  efficiency  was  measured  for  various  loads  on  the  secondsu-}' 
circuit,  and  the  efficiencies  expressed  as  percentages  plotted  as 
ordiitates  to  abscissa}  representing  the  secondary  output  in 
watta.     The  results  were  as  follows  : — 


!■           Efficimcy  of 

Kapp  and  Snell  Trant/ormer. 

Priniitry 

Circuit. 

Secondary  Cimiit. 

Efficienciei 

Terminal 
tdIu. 

Cairent    in 
ampera. 

Tenainikl 
voltm 

Current   in 
amperes. 

III 
perceuUget. 

184-3 
184-6 
187-6 
1661 

185-6 

0-8 
2-3 
332 
8-31 

1614 

94-5 
96-8 
97-7 
94-3 

91-44 

0 

S-3 

6-09 

14-87 

30-59 

0 

80-1 
85-8 
96-2 
950 

The  efficiency-curve  from  these  tabular  values  is  given  in 
^Tig.  57,  and  shows  that  the  efficiency  has  a  majcimum  for  a  cer- 
tain t<i/w«  of  the  teconJary  rffiftance  Rj.     This  arises   from   the 
fact  that  the  continual  increase  of  latnp-loirul  by  diminishing  Rj 
At  first  affects  chiefly  the  third  term  in  the  denotniuator  of  the 

*  These  practical  meMurementa  will  be  diacumed  in  detail  io  VoL  Q.  of 
this  work.  For  details  of  Prof.  Ay rton'a  re«ult«,  we  Journal  of  Soeietg  of 
TtUgmpli-Enginetr;  Vol.  XV'II.,  1888,  p.  168.  Tliese  experimental  reaolt* 
-were  obtained  from  a  small  Kapp  and  Snell  tranaformer  by  students  work- 
ing at  the  Central  Technical  Institution,  Londoa 
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fraction  expressing  €  on  p.  298,  but  that  as  R,  decreases,  tht 
decrease  in  the  ralue  of  the  third  term  is  overbalaaced  by  th« 
increase  of  the  second  term,  and  the  efiBciency  then  begins  to 
fall  again. 

Captain  Cardew  has  also  made  experimental  measurements 
of  the  efficiencies  of  a  Gaulard  and  Gibbs  transformer  at 
various  loads.  In  this  case  the  efficiency  was  calculated  from 
the  formula — 

_    secondary  current  x  secondary  E.M.F. 
primary  current  x  primary  E.M.F.  x  cos  if 


0  iOQ       lOOO       1500    2000     2500     3000     350'. 


where  0  is  the  angle  of  lag  of  the  primary  current  behind  the 
primary  impressed  electromotive  force  and  6  was  calculated  by 
the  formulce  (10)  on  page  276.* 

The  transformer  was  a  Gaulard  and  Gibbs  transformer.  The 
primary  and  secondary  windings  were  in  the  ratio  of  4  :  5,  and 
the  primary  resistance  was  "023  ohm  and  secondary  -036. 

The  external   secondary   circuit   consisted   of   incandescent 
lamps.  The  terminal  volts  of  primary  and  secondary  were  take 
by  a  Cardew  voltmeter,  and  the  currents,  primary  and  secondary, 

•  See  EUctrieian,  July  8,  1887,  VoL  XIX.,  p.  18& 


By  Siemens'  dynamometer.  The  angles  of  lag  of  primary  cur- 
pent  behind  impressed  electromotive  force  (ff)  and  of  magneti- 
sation behind  primary  current  (i^)  were  calcnlated  from  the- 
fonnulro  as  on  pp.  276  and  277,  and  the  results  tabulated  a» 
follows : — 

Tenfs  of  Gaulard  and  Gihh»  Tntntfonnfm. 


Lamp-loxl 

ou 
•ecoodAry, 


2} 
15 
12 
9 
f> 
3 
0 


AmperQ  Current*. 


Primary 
Circuit. 


56-7 

464 
42-9 
41-1 
39-6 
41-8 


Sccunilary 
Circuit. 


41-83 
34-04 
ii9'81 
20-39 
16-68 
79 
■2 


Tcmiiiial  Volta. 


Primnry 
Circuit. 


43-5 

5? 

56 

bO 

66 

64 

61-2 


Secondary 
Circuit, 


51-5 

63-5 

68-5  (?) 

60-6 

69-5 

79 

77 


AnflUt  of  Lag  and  Efficiencits. 


Lamp  lund 
ou  (vcuuilaiy. 

6 

0 

9  +  0 

(in 
percent 

23 

2^    8    6 

67  12    6 

89£i0    6 

94-3 

15 

29    7    0 

60  16    0 

89  23    0 

t7-15 

12 

35  58  45 

53  25  25 

89  24  10 

f9-39(?> 

9 

52  39  50 

36  26  40 

89    6  30 

95 

6 

58  41    0 

30  29    0 

89  10    0 

96-94 

3 

74  46  10 

14  26  25 

89  12  35 

93-74 

0 

88  45  25 

0  20  35 

89    6    0 

27-76 

The  eSicioncics  (<)  .ire  onl3-  ttpimixiniatiou-s.  An  estimatetf 
amount  of  alwut  2i  per  cent.*  has  been  dediiuted  from  the 
calculated  efficiencies  to  allow  for  waste  by  magnetic  friction 
and  {X5wer  wasted  in  the  core,  and  the  values  of  e  are  the 
approximate  e.xtenial  efficiencies  resulting.  Tlic  vuliics  of  the 
angle  of  lag  6  +  <^  show  tliut  the  magnetisation  is  very  nearly 
90  deg.  in  phase  behind  the  impressed  electromotive  force,  and 

•  Thin  eatimste  of  the  diiwiiiatcil  energy  a  certainly  rather  too  small. 
The  raiearcbes  of  Prof.  Ferrarui  indicate  a  higher  value,  and  probably  a 
5  or  7  per  cent,  nubtraction  would  not  be  inappropriate  in  this  cue.  Hence 
the  t«bulated  efflciencica  are  all  too  greaU 


d 


302 


MUTUAL  AND  SELF  IKDUCTION, 


that  hence  this  last  must  be  in  opposition  as  regards  phase  to 
the  secondary  current.  The  values  of  c  also  show  a  falling  off 
in  efficiency  of  a  considerable  amount  when  the  load  was  made 
■very  light,  for  then  only  the  secondary  current  taken  off  was 
by  the  Cardew  voltmeter  employed  to  measure  the  tenuinal 
secondary  volta. 


§  17-  Open  Iron  Olrcult  Transformerfl. — In  some  cases  trans- 
formers have  been  constructed  with  iron  cores  not  forming  a 
complete  iron  circuit.  In  this  case  the  magnetisation  curve  of 
the  iron  will,  on  account  of  the  resistance  of  the  air  part  of  the 
magnetic  circuit,  be  a  curve  rising  up  to  a  "  knee  "  at  a  rather 
gentle  slope,  and  fi>r  a  considerable  period  below  saturation  will 
practically  bo  a  lino  not  far  from  straight.  In  this  case  we 
might  consider  the  coefficients  of  self  and  mutual  induction  of 
the  circuits  to  have  large  but  tolerably  approximately  constant 
values  during  the  range  of  the  magnetising  force  through  which 
it  is  ailvisable  to  work. 

In  this  case  the  theory  of  the  transformer  can  be  treated  on 
the  assumption  that  the  values  of  these  constant  but  largo 
induction  coefficients  can  be  known.  We  can  follow,  then,  a 
method  due  to  Maxwell,  in  which  equations  are  obtained  for 
the  current  and  secondary  electromotive  force  in  terms  of  these 
supposed  known  coctficients.  As  a  first  approximation  suppose, 
e£  before,  the  primary  impressed  electromotive  force  at  any 
instant  t  is  e^,  and  if 

ei  =  E,  sinpt (1) 

E  being  as  usual  the  maximum  of  the  impressed  E.M.F.  and 
p  =  2rrn,  n  being  the  frequency,  we  have  then  as  the  equations 
for  the  currents 


«ad 


dt  dt  '■ 

dt  dt        " 


(2) 


(3) 


precisely  as  on  p.  182,  L,  R,  and  x  being  the  primary  in- 
ductance, resistance,  and  current  at  any  instant,  N,  S,  and  y 
being  the  corresponding  secondary  circuit  values,  and  M  the 
coefficient  of  mutual  inductance  of  the  circuits,  the  equations 
(2)  and  (3)  expressing  the  fact  that  the  impressed  E.M.F.  at 
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taj  instant  balances  the  effective  and  inductive  electromotive 
forces.     In  order  to  separate  out  the  expressions  for  x  and  y 
we  proceed  as  on  pp.  182  rf  seq. 
Differentiate  (2)  with  respect  to  time,  and  we  get 

"^^  +  M'^  +  R^-^'     ...     (4) 


dt* 


d^ 


dt       dt 


w 


Since  f,  is  a  simple  periodic  function,  it  follows  that  the 
currents  will,  after  a  small  interval,  fall  into  step  with  the 
impressed  electromotive  force,  and  vary  in  a  simple  periodic 
ooanner.     Hence,  since  z  may  be  taken  to  be  a  simple  sine 

nmction,  — ^  is  one  also,  and  if  we  writ« 


it  follows  that 


z  -  X  sin  (jpt-^S), 
d'-x 


dfi 


=  -ffx. 


On  this  ground  we  can  write  (4), 


^'  +  M^«y  +  Lp=z-R^^  =  0 


(5) 


Now  multiply  (5)  all  tlirungh  by  R,  miiltiply  (2)  all  through 
by  Lp',  and  add  the  resulting  equations,  we  arrive  at 

(R«+p«L«)^-|-U^'+L^.,  +  Mp*(Ry-4f)(6) 

Multiply  every  term  of  (6)  by  ^      -,  and  write  as  an 

JR»+/.»L» 
abbreviation  for  this  last  factor  the  symbol  l;  and  let  A'R  =  r, 
i'L-"/.     Write  also  for  the  expression 

i'/^de.^j      \ 
-^{v^dt^'-'O 

Be  single  symbol  ej.     We  shall   find  that  with  these  abbrevia. 
tions  and  reductions  the  equation  (6)  reduces  to 


Between  (7)  and  (3)  eliminate  M  —,  and  we  have 

dl 


•         •         • 


(8) 
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Since  ;,  —  E^  sin  p  t,  it  follows  that 

Diay  be  transformed  into 

it*       X  R  \ 

-—  E,f — coapt  +  Lsiapt  j^'n 

and  this  by  Lemma  on  p.  1 32  maj  be  written 

-  A  E,  sin  (p  t  +  <^)  -  «j  =  E,  sin  {p  t  +  <p), 

which  shows  that  E,    is  numerically  equal  to  ^£j.     Heno 
equation  {8)  may  be  written  finally 

i^-0^+(S+r)y~-kE,,in{pt  +  ,l,y 

This  last  equation  shows  us  that  the  current  which  does  flov^ 
in  the  secondary  circuit  under  the   inductive   action  on  th 
primary  current  produced  by  a  primary  electromotive  fori 
Ej,  might  be  exactly  imitated  if  we   removed   the   pri 
circuit,   diminished   the  secondary  inductance  by  a  q uantit^'~"-^z^:7'»' 
I,  equal  to  k^  L,  increased  the  secondary  resistance  by  a  qua^c  —  *3- 

titj-,  r,  equal   to  jt^  R,   and   impressed  an  electromotive  fori^ <» 

equal  to  k  E,  directly  on  the  secondary  circuit.  If  the  fir::^***- 
quency  of  the  altematious,  or  the  permeability  of  the  magnet:^*~^«c 
circuit,  is  increased  so  tiiat  the  primary  ohmic  resistance  ^ 

vanishes  in  comparison  with  the  value  of  hp,  then  k  hnnnniiM — "** 


M 


equal  to  — ,  or,  which  is  the  same  thing,  to  the  ratio  of  t^ 
Ij 

secondary  to  primary  windings,  viz.,  to  Ng  ^  N,.     In  this 

the  E.M.F.  is  tmnaformed  in  the  ratio  of  the  windings. 

If,  in  addition,  there  are  about  equal  weights  of  primary 

secondary  wire  on  the  core,  we  have  also  the  relation 


C-i^th* 


S     VN,/      i-s 


connecting  the  resistances  and  turns  on  the  primary 
secondary,  and  since  the  inductances  of  the  coils  are  in  the  ; 
of  the  square  of  the  number  of  turns,  it  follows  that 
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"Under  these  conditions  L  f  ■»  N  =■  ^  and  R  ij  =  S  =  r.  Hence,  the 
result  is  that  the  scli-induotion  is  annulled  an4  the  secondary 
resistance  doubled,  and  the  current  in  the  secondary  will  be 
equivalent  to  the  current  flowing  iu  a  conductor  of  double  its 
obmic  resistance  under  an  elcctromotire  force  equal  to 


I 


§  18.  Experimental  Eesults  of  Prof.  Ferrarte. — Prof.  Galileo 

^^erraris  has  published  an  extensive  and   complete  monograph 

«jn  the  experimental   results  obtained   with  oiwu-circuit  tnuis- 

:J"onnera  of  the  type  designed  by  Gaulard  and  (Jibbs.* 

^^        The  experiments  here  described  were  jjerfornied  with  a  pat- 

^■fc-em  of  Gaulard  and  Gibbs  tran-sformcr,  consisting  of  a  simple 

^Bbtraight  core.    The  primary  and  secondary  circuits  were  formed 

^^Kaf  fiat  discs  or  rings  of  thin  copper,  and  formed  two  interleaved 

^H^ircuit«,  the  separate  turns  of  the  spirals  being  in.sulated  by 

1  laraffined  jrtiper.     The  iron  core  was  cylindrical.     The  external 

"  liftmeter  of  the  spirals  was  114  millimetres,  or  about  4  J  inches, 

=  and  the  internal  54  millimetres.     The  number  of  turns  on  each 

<-;oil  was  455.     The  primary  and  secondary  circuits  had  resist- 

=  *nce8  of  0276  and  0-285  ohms  respectively.    The  cuirenta  were 

*"neasurcd  by  dynamometers  of  the  Siemens  pattern,  and  of  which 

the  coefficients  of  induction  were  negligible  in  comparison  with 

"those  of  the  transformer  circuits.     The  difTerence  of  phase  of  the 

I)rimary  and  secondary  current  was  determined  by  Blukesley's 

method,  with  three  dynamometers  (see  Fig.  58).     The  first  exj)©- 

^menta  consisted  in  determining  the  constants  of  the  electro- 

e  dynamometers,  so  that  the  observed  readings  <h  Pt  7  could  be 
interpreted  to  give  the  ratios  of  the  mean  current  or  maximum 
ciurents  during  the  phases.  The  observed  readings  of  the 
dynamometers  are  proportional  to  the  mean  of  the  squares  of 
the  various  values  through  which  the  current  runs  in  its  phase, 
and  this  is  proportional  to  half  the  value  of  the  square  of  the 
maximum  value  if  the  current  curve  is  sinoidal.     Hence,  if  the 

'See  la  Lumiire  EUftry/ve,  Vol  XVI.,  p.  399,  1885,  and  Vol.  XXVII., 
p.  518,  1888,  »nd  EUetrieal  Jiman,  Vol  XVI.,  pp.  256.  343,  ]  885 ;  »Uo 
eintrieal  Jitritv,  VoL  XXU.,  pp.  Ill,  132,  156,  191,  220,  252  ;  alro  Sullt 
Diferenu  di  Pate  deUa  Corrmti  e  tulla  Diuipaaont  di  Enrrgia  nn  Trant- 
formatori,  by  Prol  Qalileo  Ferraris  (Turin,  1887). 
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Mre  have  therefore  cos  <t>  given  in  terms  of  the  djrnamoractcr 
readings. 

In  the  actual  experiments  it  was  found  that 


!-'<'"^ 
'[-"*"'} 


The  apparatus  being  arrangod  as  in  Fig.  58,  where  T  i?  the 
tftinsformer  and  a,  b',  c'  the  three  dynamometers,  a  senes  of 
observations  was  taken  with  varying  resistances  r  in  the  external 
secondary  circuit.  In  the  annexed  table  the  first  column  gires 
the  number  of  the  experiment,  the  second  the  nuinWr  of  rota- 
lious  made  by  the  dynamo  per  minute,  each  revolution  pro- 

'  ducing  eight  inversions  of  the  current ;  the  third  eoUinm  gives 
the  estcmal  sccondury  circuit  resistance ;  the  succeeding  three 
columns  give  the  dynamometer  readings ;  the  seventh  and 
eighth  give  tlic  ratios  a  :  h  and  c  ;  /»,  calculated  as  above,  being 
the  ratios  of  A* :  B-  and  A  B  cos  ^  :  K',  wnilst  the  last  column 
fercB  the  calculated  angle  of  lag  1)etween  the  primary  and 
Hilary   cun-ents,  and   is   seen  to  approximate  to  ISOdeg. 

Fas  the  resistance  of  the  secondary  circuit  is  lessened. 


>-o 

dynamo 

Secondnry 

firrolt 
misuiice 

Djmwnoroetcr 

Cumnt  nUo*. 

FhJK  differ- 
ence of  priioArT 
aod  pccontUur 

a 

t 

comnU. 

n. 

r. 

a 

7 

/» 

6 

F 

♦ 

1 

603 

•«» 

126-2    121-9 

126'4 

1026 

1-010 

175"  Sff 

2 

606 

1-963 

129-6    118-3 

119-2 

1-117 

1-039 

169=26' 

3 

60S 

3-224 

99-8      84-9 

84-4 

1-215 

1-054 

162' 59" 

4 

600 

4-462 

118-9      91-9 

89-6 

1-363 

1-074 

156- 55' 

5 

601 

5-713 

82-8      66-3 

54-5 

1-561 

1-082 

150'   0' 

6 

607 

6-958 

116-5      70-3 

67-1 

1-784 

1-C97 

146- 13' 

7 

609 

8-542 

93-1 1    47-0 

44-4 

2-152 

1-109 

139'  r 

8 

601 

9-760 

102-5 

44-4 

41-0 

2-569 

1-134 

135-   2* 

9 

610 

ll-OOO 

87-9 

33-7 

30-9 

2^23 

1-142 

131*  55' 

10 

606 

12^40 

98-8 

32-4 

29-2 

3-476 

1-162 

128- 33- 

11 

602 

13-470 

97* 

26-3 

23-6 

4-249 

1-167 

124-29' 

12 

602 

14790 

104-0 

24-7 

21-6 

4-969 

1-203 

122-40' 

Prof.  Ferraris  then  proceeds  to  inquire  how  these  experi- 
mental results  agree  with  the  deductions  from  the  theory. 

Taking  the  equations  as  on  p.  302  for  the  two  circuits,  and 
putting  I'l  and  ij  for  the  values  at  any  instant  (  of  the  primary 
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and  secondary  currents,  and  e»E  sin  p(  as  the  value  of  tlio 
instantaneous  impressed  electromotive  force  ou  the  priniarrJ 

we  have  L^+U'^'^  +  Uu^^e     ....    (1) 

and  ■N5^*«+Mt*i  +  S.',=0     ....    ("2) 

dt         dt         * 

and  e  =  Eainpt (3) 

It  is  easy  to  show  b}'  substitution  that  these  two  dilTcreutia 
equations  are  satisfied  by  the  sohitions 

1,  =  I,  sin  (^t- n) (t) 

«;,=  l2  sin  (^«-^) (.")) 

if,  also,  the  ratio  of  the  maximum  of  the  primnry  ciiiTcnt  IJ 
and  the  secondary  current  I^,  is  taken  as  cx[irL<ssccl  by 

/W=51±^^ , 

andi!  tan  (/3  -  a)  =  - -A        (7) 

pN 

These  formnloB  we  have  proved  on  pp.  150  and  151,  §  2I| 
Chap.  III. 

If  we'write  for  shortness /)  M  =/*,  j»  N  =  X,  and  ^  — a  =  <^,  wd 
can  express  the  above  relations  by 

tan.^=-A (9) 

r>ut  since  <f)  is  the  angle  of  phase  difTercnco  of  the  primary  and' 

secondary  cuireuts,  and  since  cos  •/»  li.i.s  been  cx|»erimcntally 

determined,  we  have  the  means  of  testing  the  truth  of 

g 
theory.      For  since  tan  <;^  =  -        it  follows  that 

but  with  the  previous  notation  we  have  seen  that  the  ratio  of 
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tho  ctuTctit  values  is  obtained  from  the  dyniunometor  readings 
and  is  # -J.  J    =  *  (im  obscnred  qu&ntitj), 


wLence 


cos-  tp 


-oyi 


but 


Xo)    a 


we  saw 

'-    b 


that    con- <f>  vas    measured    bj  the    value   of 
Comjiating  these  two  Tolues  of  cos^  ^  we  hare 

t'Tt^ii 

It  is  the  latio  of  the  self- 


(10) 


Now  r^  is  a  constant  quxmtit^' 
01 


iuductiou  of  the  secondary  circuit  to  the  mutual  inductance  of 
primary  and  secondary,  and  as  the  causes  of  variation  of  this 
ratio  ore  in  the  iron,  whatever  varies  tlie  one  varies  the  other. 
Hence,  on  this  theoiy  the  ratio  ot  c  :  b  should  be  coikstant. 
Cut  on  turning  to  the  tabic  on  p  307  we  see  tliat  this  ratio 
increases  with  the  secondary  circuit  resbjtance,  and  is  not  con- 
stant. The  explanation  of  this  discrepancy  is  that  in  our  simple 
theory  we  have  taken  no  account  of  the  lag  of  induction  behin<l 
magnetising  force  due  to  hysteresis  and  Foucault  or  eddy  cur- 
rents in  the  iron.  Tlie  ditTcrential  equations  are  worked  out 
on  the  tacit  but  erroneous  assumption  that  the  magnetisation 
■*jt  the  iron  is  in  consonance  as  regards  phase  with  the  inog- 
lietisiing  force.  Starting  then  on  a  fresh  basis  of  theory,  Prof. 
I'errari*  shows  tliat  the  diflerential  coefficients  by  which  we 
multiply  the  coefficients  of  induction  in  our  fundamental  equa- 
tions must  be  modified  to  suit  the  fact  that  a  delay  or  lag  in  the 

magnetisation  of  the  iron  takes  phice.     If  we  write  | 


C^?), 


as  a  symbol  for  the  value  of  the  time  rate  of  change  of  »',,  not 
at  the  instant  t,  but  at  an  intcrN'alof  time  Plater,  and  similarly 
for  1  J,  we  must  write  the  fundamental  equations  thus  : — 


"iVi). 


+  SL  =  0 


(12) 


310 


MUTUAL  AND  SELF  IXDUCTION. 


In  these  equations  M,  N,  and  L  are  approximately  constantajn 
but  besides  being  determined  by  the  geometrical  form  of  the 
coils  they  are  affected  by  the  eircumstanocs  which  cause  the 
retardation  0.  Hence  they  differ  in  value  from  the  coefhcieDts 
of  induction  under  no  supposed  retardation  of  induction ;  we 
will  call  them  the  coefficients  of  apparent  induction.  With  the 
above  equations  {11)  and  (12)  we  have,  as  before,  the  equation 
of  impressed  electromotive  force  f  =  E  sin  p  t.  Taking  the  fomij 
of  the  solutions  for  tj  and  i^  as  before, 

ti  =.  Ij  sin  {p  t  -  a),       tj  =  Ij  sin  />  t  -  fi, 

we  have  for  the  value  of  the  differentia]  coefficients 


and 


(^), 


=;j  Ij  cos  (pt- P-p  0), 


(15) 


which  give  us   the   true   rates  of  change  of  the  currents 
instants  later  than  t  by  an  interval  6.     Substituting  these 
the  equations  (11)  and  (12),  and  using  the  same  abbreviation 
fi  and  X,  Prof.  FeiTaria  deduces  two  others,  viz, : — 

I, /t  sin  (a +/)  e)  +  Ij  [A8iu(/8+/)6)  +  S  co8/3]  =  0 

I,/iCos(a+/>6>)+Ij  [Aco8(/J+;7e)-Ssin/3]»0 

From  these  wc  have  at  once, 

IiV»  =  rj*[A8  +  S»  +  2AS8in7.4     . 

and  putting  a  -  /?  =  <^  =  the  lag  between  primary  and  scconda 
current,  wc  have  also  from  (13)  and  (14), 

I,V5  +  VA'+2IiI„^Xcos</.  =  I„sS-.     .     (16) 

and  from  (15)  and  (10)  we  have  also 

Ij2(A  +  S8in/>fl)  +  I,l2/»co8  <^  =  0    .    .     (17) 

In  the  equations  (15),  (16),  and  (17)  we  can  introduce  the 

magnitudes  a,  h,  and  c,  which  are  deiiuccd  directly 
Qamoraetcr  i      " 


dyna 


lings  for 

■  I,*;  b-I,*;  cos<^ 


1 


J\ 
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Hence  veget 


«^=X»  +  S»  +  2XS8in;)e    ...    (IS) 

V 

o/i»+6X»-2f^X  =  6S'    ....    (19) 


*       -^  _..  S  .;„  „  a 


This  last  equation  (20)  siiova  us  that  on  the  assomptioo  of 

a  retanlatian  of  indnctioo  the  ntio  -  is  not  constant,  bnt  in- 

b 

oreaaes  with  the  aeoondaiy  resiatanoe  S^  and  that  if  thia  noiu 

is  plotted  as  oidinates  to  the  aerenl  values  vi  S,  we  find  it  to 

be  a  straight  line  sloping  upvatda.     An  inqwetioa  of  the  table 

on  p.  307  shows  this  to  be  the  case,  for  we  see  that  the  eoloian 

of  fignrea  headed  by  -  stcadQj  tncreaaea,  and  if  these  numbers 
b 

aie  plotted  ofT  as  ordinatcs  to  abaciasip,  represented  bj  the 

series  of  numbers  in  the  column  headed  bj  r,  we  find  that  the 

ntio  c  '.  6  increaaea  nearly  propw iionately  to  the  scceadary 

reustance  r.     Moreorer,  the  eqoaUoo  (20)  furnishes  a  means 

by  which  the  time  rctanlation  of  induction  0  may  be  calcn- 

lated  for  each  value  of  secondary  resistance  when  the  ratios 

-  and  -  and  -  arc  known. 
t  li  ft 

Prof.  Ferraris  then  points  out  that  the  causes  of  this  retarda- 
tion are  to  be  looked  for  in  hysteresis,  and  also  in  the  existence 
of  Foucault  or  eddy  currents  in  the  core  eren  though  this  may 
consist  of  bundles  of  fine  wire.  He  then  proceeds  to  discuss  a 
problem  of  three  circuits  1,  2,  and  3,  each  baring  coefficients  of 
self-induction  L,,  L^  and  Lj,  and  coefficients  of  mutual  induction, 
viz.,  M|  between  1  and  2,  Mj  between  I  and  3,  and  M^  between 
2  and  3,  and  to  solve  the  current  equations  so  resulting,  with  the 
fiual  result  that  he  arrives  at  equations  identical  with  (18),  (19), 
nnd  (20).  This  indicates  that  wc  might  consider  the  reaction  of 
the  eddy  currents  in  the  iron  as  if  it  were  the  result  of  a  current 
induced  in  a  closed  tertiary  circuit  wound  on  a  core  in  which  eddy 
currents  were  perfectly  prevented.  The  general  result  of  theae 
eddy  currents  may  be  summed  up  in  saying  that  they  dissipate 
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II  fraction  of  the  supplied  energy  and  create  a  retardation  iu  the 
phase  of  the  magnetisation  or  magnetic  induction  in  the  iroa 
core  relatively  to  the  magnetising  force. 

Prof.  Ferraris  next  proceeds  to  show  how  this  retardation 

M 
N 

transformer  with  a  closed  iron  core  is  simply  the  ratio  of  the 
number  of  wire  turns  on  the  primary  and  secondary  coils,  or 


interval  can  be  calculated. 


The  ratio  ^  or 
A 


in  the  case  of  a 


X^N    N,' 

The  ratio  of  the  mutual  to  the  secondary  self-inductance  is 
the  ratio  of  the  n\imber  of  lines  of  force  embraced  by  the 
primary  and  secondary  circuits  respectively.  In  the  case  of 
the  open  circuit  transformers  this  i-elation  is  merely  approxi- 
mate, but  in  the  case  of  the  particular  form  of  Gaulard  and 
Gibbs  transformer  with  which  these  experimenta  were  made 
the  ratio  above  mentioned  was  found  to  be  a  number  close 
to  miity,  for  the  number  of  turns  iu  the  two  circuits  was 
equal. 

Turning  back,  then,  to  equations  (18),  (19),  and  (20),  wc  have 
from  (20) 

and  from  (19)  we  have 

S 
F  = 


(21) 


^/^ay-il 


(22) 


Substituting  the  value  of  /x  from  (22)  in  (21 )  we  can  calculate 
sin  p  6,  and  hence  p  9,  or  the  angle  of  rctiirdation  for  various 
values  of  S,  tite  secondary  resistance.  In  order  to  detennine 
the  magnetic  retardation  for  various  cores,  ex{>eriment8  were 
made  with  five  cores  of  iron  iu  various  forms. 

No.  1  core  was  of  iron  wires,  each  -65  millimetres  diameter, 
bound  round  a  rod  of  wood.  The  total  diameter  of  the  core 
was  46  millimetres  and  weight  2'92  kilogrammes. 

No.  2  core  was  formed  of  thicker  iron  wires,  each  3*3  tnilli* 
metres  diameter. 
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1)0  inclusive  diAxneter  iras  43  millimetres  and  weight  3'55 
ijgnunmes. 

la  3  core  was  formed  of  16  bars  of  soft  iron,  each  having 
Dction  of  60  square  millimetres.  Total  weight  344  kilo- 
Dimes. 

ffo.  4  core  consisted  of  a  drawn  tube  of  soft  iron  3  milH- 
tres  tliick  and  w^eighing  2*16  kilogrammes. 
9o.  5  core  was  a  solid  iron  bar  42  millimetres  diameter  and 
ghing  6-59  kilogrammes. 

liis  series  of  cores  was  selected  to  render  more  and  isore 
nblc  the  effect  of  eddy  currents,  and  to  see  if  the  variation 
9  corresponded  with  the  indications  of  theory. 
L  series  of  dynamometer  observations  was  taken,  and  the 

erred  values  of  the  ratio  .  given  at  once  from  the  current 

dings  were  taliulutc<l  against  the  Tarious  values  of  S,  the 
mdarj  circuit  resijitance. 

ch  case  c  -h  6  was  found  to  increase  with  S.  The  increase 
I  was,  however,  much  greater  in  the  case  of  the  solid  and 
rinilsr  core  tlian  in  the  case  of  the  wire  cores  1  and  2,  thus 
jcatiug  that  the  departure  from  constancy  in  this  ratio 
in  proportion  us  eddy  currents  had  more  opportunity 
■  created.  If  values  of  S  were  plotted  out  horizontally  as 
cisss,  it  was  found  that  for  the  various  cores  the  corrcspond- 
;  values  of  c-r  6  lay  on  approsimatelj-  straight  lines  inclined 
■rards  at  steeper  angles  to  the  horizontal  for  the  cores  5  and  4 
m  for  1  and  2. 

riicn  from  the  determined  value  of  -  (eqiial  to  about  r0086), 

1  the  obscr\-ed  values  of  c-i-b,  values  wore  found  by  the  help 
equations  (21)  and   (22)    for  sin  pO,   with    the    following 
Wlu:— 

Cor*  Xo.  1,  Fine   Wirt.  —  As  the  secondary  resistance  in- 

ased  from  1-953  to  14-790  units,  sin  p6  fell  from  016  to 

0.     Taking  for  sin  p  0  a  mean  value  of  0*11,  this   corre- 

mds  to  an  angle  of  6*  19'  of  lag  of  magnetisation  behind 

Ignetising  force.     The  number  of  revolutions  of  the  dynamo 

as  604  per  minute,  and  as  each  revolution  gave  four  complete 

Itemations,  tliis  gave  4028  complete  alternations  per  second 

(the  frequency  of  the  currents. 
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Core  No.  3,  Coarse  Wire. — As  th«  secondary  resistance  varied 
from  1-953  to  14-79  units,  sin  p  9  varied  from  0-29  to  0-18. 
Tliis  corresponds  to  a  mean  angle  of  lag  of  10'  22*. 

Core  No.  3,  Iron  JiocU. — Secondary  resistance  vaiying 
between  the  same  limits,  sin  p  0  varied  from  0-39  to  0'44,  and 
the  mean  value  corresponded  to  an  angle  of  lag  of  24*. 

Core  No.  4)  Iron  Tube. — For  the  same  range  was  found  a 
mean  angle  of  lag  of  36'. 

Core  No.  5,  Ii-oti  Bar, — Under  the  same  circumstances  the 
angle  of  lag  was  43°. 

Hence  these  cxjierinienta  in<licato  that  when  eddy  currents 
in  the  core  have  unrestricted  play  the  magnetisation  of  the  iron 
lags  behind  the  magnetising  force  by  nearly  an  eighth  part  of 
a  complete  i)eriotl,  but  that  with  very  well  divided  core  it  may 
iiniount  to  5°  or  6°. 

Ill  the  Paper  of  Lord  Rayleigh  to  which  reference  lias  been 
mailo  (P/iil.  2Iaij.,  December,  188G),  an  experiment  is  described 
showing  the  efToct  of  the  introduction  into  a  helix  of  copper 
wire  of  a  solid  iron  core  and  of  a  bundle  of  wires  of  similar 
iron  of  equal  aggregate  section  and  weight. 

TJic  cxjicrimcnt^  were  made  with  the  induction  bridge  ile- 
scribcd  on  p.  247,  and  the  readings  given  are  the  difiercnces 
of  the  values  of  the  ohniic  resistance  and  self-induction  of  the 
copper  wire  helix  with  and  without  the  iron  cores.  In  the  first 
case  one  iron  wire  was  taken  1-2  millijnetre  in  diameter  and 
compared  with  two  bundles  of  T  and  17  wires  respectively  of 
equal  aggregate  section.  The  helix  of  wire  was  wound  on  a 
glass  tube,  and  had  a  length  of  28*6  centimetres  and  205  turns. 
Tlie  results  were  as  follows  :^ 


Increaae. 

Core  of 
1  wire. 

Core  of 
7  wire3. 

Core  of 
17  wires. 

Of  resistance  of  copper  1 
wire  circuit J 

Ofnelf-iiuluctiou  of  ct>p-  ■( 
\Ki  wire  circuit J 

1-3 

13* 

0-3 

18' 

0-2 
18- 

The  results  are  in  arbitrary  units  of  bridge  wire  Icngtiis  and 
compen-sator  coil  deflection,  but  they  show  sufficieutlj'  that 
the  single  solid  wire  increases  the  resistance  and  also  the  self- 
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induction  of  the  primary  circuit,  but  that  when  an  cqnal  inia 

of  iron  in  a  highly  divided  condition  is  employed  the  resist- 

ax»ce  of  the  primary  circuit  is  only  increased  by  a  very  small 

axnoimt,   and    the   self-induction  is  more  increased  than  it  ia 

^vllen  the  iron  is  entire.     This  demonstrates  conclusively  the 

existence  of  these  mass-currents   in  the  iron.     A  similar  ex- 

J>eriment  with  an  iron  wire  3'3  millimetres  in  diameter  was 

•made.      The  resistance  and   the  self-induction   of   the    helix 

"^cre  increased  by  4-4  aud  28J  deg.  (arbitrary  units)  respec- 

■t-ively  by  the  introduction  of  this  iron  wire  as  a  core.     On 

evuploying  a  bundle  of  35  soft  iron  wires  of  e<iual  aggregate 

Section  the  self-induction  was  increased   by  84  deg.  and   the 

ir^sistance    by    1-6,    both    measured    in   the   arbitrary   units. 

TTiese  experiments  illustrate  well  that  if  an   iron  core  ia  em- 

l>loyed  not  much  divided  then  the  effect  of  the  eddy  currents 

generated  in  it  is  to  augment  the  resistance  of  the  circuit  more 

^nd  the  inductance  less  than  if  a  core  is  provided  in  which 

^lieso  parasitic  currents  are  prevented.     Hence,  in  induction 

c^oils  in  which  the  object  is  the  production  of  secondary  elec- 

tTomotive  force  in  a  secondary  circuit  the  end  is  best  achievwl 

V»y  the  insertion  of  an  iron  core  sufficiently  divided  to  rpiench 

the  eddy  currents  but  otherwise  having  the  highest  possible 

IDcrmeability.     Experiment  seems  to  show  that  there  is  a  limit 

to  the  advantageous  subdivision  of  the  iron  core,  and  that  cores 

formed  of  excessively  fine  iron  wires  may  be  disadvantageous 

t)y  failing  to  secure  the  highest  permeability  consistent  with 

Jmictical  absence  of  eddy  currents. 


^19.  Coefficient  of  Hatnal  Inductance  Inflnenced  by  Eddy 

Currents  in  the  Core. — The  subetitiitiou  of  the  observed  quan- 
tities in  the  equation  (22)  giving  the  value  of  /i,  viz., 

S 


/»  =  • 


^Aty-'U 


■MX     /* 

gives  us  a  value  of  the  coefficient  of  mutiud  induction  of  the 
primary  and  secondary  coils.     For,  recollecting  that 
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«-horc  M  is  tho  mutual  inductance  and  T  the  periodic  ticcSi 
■we  have  from  the  observed  quantities  the  value  of  M.    Tto 
■value  of  M  so  determined  may  be  called  the  apparent  co^f'- 
dent  of  induction,  for  it   is   not  equal    to  the  coefficient     oS 
induction  M'  which  would  be  found  if  eddy  currents    wen 
entirely  suppressed.     The  amount  by  which  M'  differs  froncA.  il 
will  depend  on  the  retardation  of  magnetisation — that  is,  oil     tho 
strength  of  these  parasitic  currents.     The  eddy  currents  ^^o«- 
ing  in  closed  circuits  have  ii[>on  the  primary  current  the  e^Eriect 
which  any  other  proximate  current  has,  viz.,  the^*  increase        the 
primary  resistance  and  reduce  its  inductance.     The  same        Also 
with  regard  to  the  secondary  circuit.     Whatever  reduces,  fc=)o»- 
ever,  the  self-inductions  of  those  circuits  reduces  their  lut^^  tual 
induction,  because  owing  to  the  intertwining  of  the  pricrsciaiy 
and  secondary  circuits  the  same  sheaf  of  lines  of  force  is        em- 
braced by  both  circuits.     The  direction  of  tho  eddy  curKr-cnts 
is  such  as  to  generate  in  the  core  an  induction  opfxjhing       that 
due  to  the  rcsulfamt  magnetising  effect  of  tho  primary       anil 
secondary  currents  taken  together.     Hence,  the  net  result,  is  a 
less  induction  in  the  core  and  a  less  mutual  induction     trJun 
would  be  the  case  if  the  eddy  currents  were  suppressed. 

Prof.    Ferraris   gives   a    table   showing    the    values  of     tAc 
coefticients  of  induction   for  the  various  cores  and   tho   coin- 
parison  of  these  obtained  according  to  the  method  of  equation 
(22),  and  those  obtained   imder   circumstances  equivalent  to 
the  annulment  of  eddy  currents.     A  series  of  experiments  vu 
made  witti  each  of  the  five  cores.     A  comparison  was  nwdff 
between   the  "  throw "  of  a  ballistic  galvanometer  placed  iu 
circuit  with  the  secondary  when  known  currents  produced  in 
the  primary    l>y  a  constant    battery  were  reversetl,  and  tho 
"  throw  "  produced  when  a  condenser  charged  at  the  tcnniMls 
of  the  primary  was  discharged  through  the  same  galvanometer. 

Let  U  be  the  resistance  of  the  primary  and  S  that  of  tlic 
secondary,  including  the  galvanometer  and  leads,  and  C  the 
capacity  of  condenser ;  then  aup]Ri8ing  that  a  potential  differ- 
ence of  V  was  created  at  the  ends  of  the  primary  by  a  coiistiiiit 
battery,  the  current  through  the  primary  when  steady  wouW 
be  V  -r  R,  and  on  reversing  this  current  suddenly  a  quantrty 

V 

of  electricity  equal  to  2  M'  p-g  would  be  sent  through  the 
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gvLlranomcter.  If  the  condenser  be  charged  at  the  same  points 
its  contents  would  be  C  V  units  of  quantity,  and  if  tlic  rcspec- 
ti'vc  "throws"  were  a'  and  a,  thou  we  liavo 


2M'V 

Bin 

2 

KSCV  ~ 

~" 

a 

am 

2" 

m'-1rsc 

0 

sin 

a' 

2 

Bin 


The  values  of  11'  so  "btaincd  are  fjivcn  in  tlic  ninicxcj  tabic  in 
<;oiu[iarison  witli  the  vuliius  of  M  arrivwl  at  by  the  cxporiuicnts 
%«rllh  alternating  currents. 


TCatore  of  Core*. 

^M.oiy.. 

Apparent 

Coefficient  of 

Induction  —  M. 

Real  Coefficient 

uf  Inductiuo 

=  M'. 

Iron  vrirea,  tine  ... 
I  mn  wire*,  coarse. 
Ir>on  rods 

9-09 
1010 
7'58 
4-90 
4-54 

•0359 

■0401 
•0301 
•0194 
•0180 

•0358 
•0446 
■0538 

Iron  tube    

**"liJ  iron  bor 

•0480 
■0546 

The  column  headed  /x  is  the  values  of  r_  S(  obtained  accoi-d- 

T 

"*S  to  equation  (22),  p.  312,  where  S  had  a  value  of  5-712  ohms 
■''***1  the  frequency  -  a  value  of  40  per  second.     It  will  be  seen 

T 

***t   M,  the  coefficient  of  apparent  mutual  induction,  in  pre- 

''*^*^cc  of  the  eddy  currents  at  first  increases  and  then  decreases 

^*    tlie  subdivision  of  the  core  grows  less.     The  first  increase 

'"   'lo  doubt  due  to  nn  increjisc  in  the  permeability  of  the  core 

y  *Xs:ng  coarser  iron  wires,  but  as  soon  .as  the  core  ceases  to  bo 

'^'iOcd  and  c<ldy  cmrcnts  have  free  course  wo  note  a  remark 

^•-•'o  diminution  in  the  cocflii-ient  of  mvitual  induction.     On  the 

**'»eT  h.ind,  the  column  M',  which  gi%-es  the  coefficient  without 

^tMrbance  by  eddy  cun'cnts,  shows  a  slight  increase  at  first, 

*^*t.    remains  tolerably  constant  for   the  four  last  cores.     The 

'■  civics  for  XI'  as  they  are  in  Prof.  Forraris's  memoir  are  only 
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ha]f  those  given  in  the  foregoing  table,  but  this  is  obvioualy 
a  slip  of  the  pou.     It  is  clear  that  M  and  M'  must  bo  equa.1    "*** 
value  when  the  subdivision  of  the  core  is  ciirried  to  that  poi  *^* 
at  whiuh  eddy  currents  have  no  great  importance,  and  from  t- ■** 
vahies  of  M'  we  .see  in  a  niarhcd  manner  that  in  the  fiat?  *•?' 
divided  cores  JI  and  M'  have  tlio  same  values,  but   that>         ^^ 
proportion  as  eddy  currents  increase  in  strength  tho  valu^        *** 
M  falls  below  that  of  M'. 

§  20.  Dissipation  of  Energy  In  Iron  Cores. — If  at  any  insc 
the  impressed  electromotive  force  at  the  terminals  of  the 
mary  circuit  has  a  value  e,  and  tho  current  a  value  t,,  thee*. 
an  ctemoiit  of  time  </ 1  the  work  spent  on  the  transformcJ 
<•  i^  (I  f.    If  11  and  S  be  the  ohmic  resistances  of  tho  two  circu. : 
then  {R  »\-  +  S  i./)  d  t  represents  the  work  transformed  into  h 
in  tho  primary  and  secondary  circuits  resijeetivcly,  ineludi: 
of  couree,  the  work  performed  internally  as  well  as  exterm*-- 
iu  till-  transformer  secondary  circuit.     Then  the  energy  i 
pated  in  the  time  d  t  is 

(««,-Ri,5-Si7)(ft, 

and  tite  mean  energy  dissipated  during  one  complete  perio<I. 
duration  T  is 

P=^/]^(«h-K'?-s.7)d«  .   .   .    (1> 

From  etpmtions  (11)  and  (12),  p.  309,  we  have 

*        '  ^\dt  Jt-0         ^\dt/t-e, 

and  -St,s  =  M.•Y^*L^     ^  +N.j^'5iA      ^ 

\dtJt-«         ^\dt/t-e; 

hence,  if  we  add  these  two  equations,  and  substitute  in  (1)  t.> 

values  of  i,,  i„  ( ~^i     „    and    |— ^|     .  vii.  ; — 

I'j  =  Ij  sin  (/>  t  -  a),     t'j  =  Ij  sin  {pt  —  p), 
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get  the  following : — 
P  - 1.  [I,«  L  +  Ij»  N  +  2  I,  I,  M  cos  (/3  -  a)]  sinp  ^, 

P-m  lI,-LN  +  VN«  +  2IiI,NMcoB(/9-a)i^8inp0. 

Kow  if  Nj  and  N,  are  the  numbers  of  turns  of  the  primary 
d  secoudarj  circuits,  since  the  same  magnetic  flux  of  induc- 
traverses  both  circuits,  we  can  write 


L=.itN,», 


M  =  AN,Nj, 


eTej(  is  the  some  constant.     Thus  L  N  =  M-,  and  putting  as 
fore,  ^M  =  /i,        p'S  =  k,        P-a  =  i,, 

Rod  as  au  cquiTalent  for  the  expression  for  P  the  final  rcs\ilt, 

P»(I,V«  + V  A«  +  2  I,  Ijft  A.COB  <^)  A.  sin  p  0. 

Ji  A 

Comparing  this  last  with  equation  (IG)  on  p.  310,  wc  sco 
IiV*  +  Is*  A»  +  2  I,  I,/*  Xcos  <^  =  V  S-. 


incc  we  have  finally    P  ■ 


I,-S» 


2A 


sm/i 


e 


(2) 


^  £({uation  (2)  is  an  expression  for  the  mean  energy  dissipated 
\  a  complete  period,  but  the  mean  value  of  the  energj-  con- 
ted  into  heat  in  the  secondary  circuit  in  a  complete  period  is 


Icrcfore 


T  «S 
2 

PS.  a 
—  =-  sm  B  0 
Q     A        '^ 


(3) 


Combining  this  last  with  equation  (20)  on  p.  311,  wc  have 
P      M/e       A 


(4) 


this  remarkably  simple  expression  gives  us  in  observable 
lUantities  the  value  of  the  ratio  between  the  moan  ^-alue  of 
■he  energy  dissipated  in  a  complete  period  in  the  core  and  that 
liasijmtcd  in  the  same  time  in  the  secondarj-  circuit. 
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Taking  a  ]>articular  value  for  S,  viz.,  G  ohius,  Prof.  Ferraris 

p 
found  for  the  five  kind8  of  core  above  described  values  of  — 


equal  respectively  to 

0-07,     Oil,     0-30,     0-72, 


090. 


The  mean   energy  dissipated  in  a  period  in  the   primary 

R    T  9  S  T  ^ 

circuit  is  — —^ ,  and  that  in  the  secondary  is  — ?  ,    Ij  and   I, 

being  the  maximnm  values  of  the  currents  ;  and  since  this  last 
expression  bus  been  denoted  by  Q,  and  the  energy  dissipated  in 
the  core  by  P,  we  have  for  the  total  energy  supplied  to  tlie 
transformer 

Q  +  U^+P, 

and  for  the  ratio  of  the  energy  transformed  in  the  secondaiy 
circuit  to  this  the  expression 

,. Q 


Q  +  R  \\  +  V 


or 


S  + 


"(I-;)- 


+  s 


Q 


This  quantity  t,  is  the  total  flectrical  ffficiency  of  the  tran& 
former.  If  ;»  denote  the  resistance  of  the  secondary  circuit 
inside  the  transformer  coils,  then  the  quantity  t^  where 


S  + 


"(I:)' 


+s. 


may  be  called  the  externcU  rfficitncy,  because  it  represents  the 
fraction  of  the  total  supplied  energy  which  is  available  iu  the 
external  jmrt  of  the  secondary  circuit. 


Now  since 


© 


■■  ~,  an<l  wc  have  seen  that 


(5) 
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«e  have  by  subetitution  in  the  expression  for  c^  and  c,  the 
results 

^6  +  ^6 

in  which  <}  and  c,  are  given  in  terms  of  the  observable  dyna- 
mometer readings.    As  in  closed  iron  circuit  transformers  the 

u 
ratio  T  is  unity,  and  nearly  so  also  in  the  case  of  the  open 

circuit  Gaulard  and  Gibbs  transformer  experimented  upon,  we 
can  reduce  these  expressions  finally  to 

and  s-     !"^ (8) 

We  have  then  in  the  tabulated  results  of  observation  given 
on  p.  307  all  the  data  for  calculating  the  efficiency  for  the 
various  values  of  the  secondary  circuit  resistance.  In  the 
transformer  experimented  upon  the  primary  coil  had  a  resist- 
ance of  *276  ohms  and  the  secondary  coil  a  resistance  of  '285 
ohms.     Hence 

R-.-276,        P--285, 

and  the  S  of  the  equations  above  is  the  sum  of  p  and  the  tabu- 
lated value  of  r  or  the  external  secondary  resistance.  Accord- 
ingly, taking  from  the  table  the  values 

r--409,       ?- 1-026,  7  =  101, 

6  b 

R--276,       S--285-f409, 
.  -409 -I- -285 

W6  hft.V6        C    IBB 

»     -276  X  1026  + 1-01  X  (-409 +  -285> 
694 


-=- — -71  percent 


784 
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Calculating  in  a  similar  manner  the  value  of  (j  for  the  varioq 
values  of  r,  we  have  for  the  results  as  follows  : — 


External  Keaistanco 

Total  Efficiency 

1 

External  l^istance 

Total  Efficiency 

of  Scconilofy  =  r. 

=  'i- 

of  Secondary  =  r. 

=  (,. 

•409 

•71 

8-542 

•85 

1-953 

-85 

9-760 

•85 

3-224 

•875 

11 -COO 

•825 

4-462 

•87 

12-24 

•80         _ 

S-713 

•876 

1347 

•79         1 

6-958 

•859 

14-79 

■77         1 

We  see,  therefore,  that  there  is  a  certain  value  of  the  rtsitir 
ance  of  t/ie  secondary  circttit  for  ichich  tkf  efficiency  is  a  maximum, 
and  that  in  this  case  it  is  about  5'7  ohms.  There  is  a  certain 
falling  ofF  in  efficiency  both  ivhen  the  transformer  is  very 
lightly  and  when  it  is  very  heavily  loaded.  Ckirresponding  to 
this  most  advantageous  resistance  the  totivl  efficiency  is  aliout 
87  per  cent,  and  the  exteniiil  efficiency  e.^  about  82-5  per  cent, 
and  also  for  this  loail  the  magnetic  lag  is  an  angle  whose  sine  is 
equal  to  -12  or  sm  pO=-\1. 

It  is  possible,  therefore,  from  the  results  of  the  dynamometer 
observations  to  draw  a  curve  of  total  efficiency  which  will  ghow 
at  once  for  what  secondary  resistance  this  is  a  maximu 
Looking  at  the  matter  in  a  common-sense  point  of  way,  we  i 
that  since  the  energy  transformed  into  heat  or  light  in  the 
secondary  circuit  is  i  Ij"  llj,  if  the  secondary  circuit  Imd  no 
resistance  there  would  be  no  work  done  in  it,  and  hence  the 
transfoiTncr  would  have  no  efficiency.  If  the  secondary  circuit 
has  an  infinite  resistance  then  there  is  no  finite  current  gene- 
rated in  it,  and  hence  no  work  done  in  it.  Hence,  for  the  t1 
extremes  of  Kj  =  0  and  R.i  =  «  the  transformer  has  no  cfficienc 
Somewhere  between  these  extremes  it  has  a  maximum  efficiency, 
which  may  be  80  or  90  per  cent,  or  more,  and  the  curve  of 
transformer  cfiicicncy  plottctl  in  terms  of  secondary  circuit  re- 
sistance is  a  curve  which  rises  up  to  a  maximum  and  then  falls 
again  to  the  datum  line.  The  practical  moral  of  this  is  that 
when  a  transformer  is  very  heavily  loaded — in  fact,  overloaded — 
its  electrical  efficiency  falls  again  somewhat  below  its  maxiuitun 
value,  and  there  is  a  certain  mnge   of  secondary  resista 
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witbin  which  the  transformer  is  worked  at  its  greatest  advan- 
tage as  a  transforming  device. 

Prof.  Ferraris  has  treated  this  part  of  the  subject  analytically 
instead  of  graphically,  as  we  l»ave  done,  and  proceeded  as 
follows : — 

Taking  the  expression  for  the  total  electrical  efficiency  given 
on  p.  320,  viz. : — 

S 

Ms/         Q 

he  introduces  the  value  of  |  — i  |    — that  is,  of  -  given  in  tlie 

Via/  «' 

equation  (18)  on  p.  311 — for 

P     s 
and  also  —  ••l^a.inp  6  (equation  3,  p.  319).     Hence 

_  S 


The  quantities  /t,  A,  and  6  ore  really  functions  of  S,  but  if 
for  a  first  approximation  we  take  them  as  constant,  we  can  on 
this  assumption  find  the  value  of  S,  for  which  t,  becomes  a 
maximum.  Differentiating  the  above  with  respect  to  S,  and 
equating  to  zero,  we  find  the  value  Sy  for  which  <  is  a  maximum, 
to  be 


,/V7^  .inpO 


KA 

To  apply  this  to  the  actual  case  in  question,  we  take  ^  •  I 

A 

as  before,  and  taking  from  the  table  on  p,  317  the  mean  value 
of  /t  as  about  9,  and  the  value  of  p  0,  or  the  angle  of  mag- 
netic lag,  as  about  6  deg.  for  the  finely  divided  core,  we  liavo 
tin  p  e  =\2. 

t2 
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Now,  R  = 

•276  ohins,    fi  • 

=  9.    A  =  ^ 

=  9, 

slap  9 

Hence 

53    __ 

9 

=  41 

ohms. 

7TT 

•276 

Corresponding  to  this  value  of  S  we 

have 

t,  -  -87 

and   <j  = 

•825. 

These  are  approximately  the  total  and  the  external  maximts 
cflicioncies  at  this  load. 

If  the  eddy  currents  be  supposed  to  be  entirely  suppr 
so  tliat  the  magnetic  log^  6  is  supposed  to  be  zero,  then  cor 
i^pouding  to  this  it  can  be  shown  that  we  should  have 


and 


•89. 


€,  =  '93     ana     tj  = 

In  other  words,  the  loss  of  energy  due  to  the  dissipation  in  •fc^ 
iron  core  is  some  6  })er  cent,  at  the  maximum  efficiency. 

Wo  shall  defer  until  a  later  chapter  the  consideration  o'f 
niuuber  of  other  problems  in  the  theory  of  transformers  v«r5 
iron  cores. 
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CHAPTER  V. 


DYNAMICAL  THEORY   OF  CURRENT  INDUCTION. 

§  1.  Electro-Magnetic  Theory — Electric  Displacement. — In 
the  matter  so  far  before  the  reader  attention  has  been  directed 
either  to  the  description  of  phenomena  or  else  the  elementary 
theory  presented  iias  been  based  upon  tlie  evident  fact  that 
electro-magnetic  induction  can  take  place  across  space  witliout 
any  inquiry  into  any  possible  mechanism  by  which  this  may 
be  effected.  Attention  may  at  this  stage  be  directed  to  some 
modem  views  of  tlie  induction  phenomena  which  have  been 
the  outcome  of  Maxwell's  study  of  Faraday's  work.  The 
cardinal  principle  of  these  methods  of  viewing  the  subject  is 
the  denial  of  action  .at  a  distance.  That  is  to  say,  if  at  any 
point  in  a  field  we  find  lines  of  force  originated  by  a  current 
flowing  in  some  conductor,  these  lines  of  force  did  not  suddenly 
appear  there  without  anything  happening  in  the  interspace, 
but  have  been  the  result  of  a  propagation  of  electro-magnetic 
effects  through  space,  and  the  apparent  results,  whether  appear- 
ance of  a  magnetic  field  or  the  generation  of  an  electric  cur- 
rent in  a  conductor,  are  the  consequence  of  successive  changes 
in  closely  contiguous  places,  and  not  the  result  of  operations  at 
a  distance  without  intermediate  mswhinery.  W'ljenever  wc  find 
an  electro-magnetic  effect  taking  place  at  any  locality  we  are 
directed  therefore  by  these  notions  to  look  for  its  antecedents 
or  consequences  at  the  adjacent  places,  and  the  apparent  pheno- 
menon is  not  to  be  regarded  as  the  whole  of  it,  but  to  be  taken 
as  a  portion  of  the  whole  of  the  effects  which  are  produced  in 
every  part  of  the  region  or  medium.  The  finite  velocity  of 
light,  and  the  impossibility  of  accounting  for  its  propagation 
on  any  other  hypotheses  than  that  of  actual  transmission  of 
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something  across  space,  or  the  propagation  of  a  state  of  stress 
and  strain  through  a  medium,  led  to  attempts  to  settle 
between  the  rival  hypotheses  by  crucial  eijjcriment,  with 
the  result  that  the  vast  bulk  of  accumulated  evidence  decides 
in  favour  of  the  existence  in  space  of  a  medium  which  is 
not  ordinary  atomic  matter,  but  which  has  the  property,  like 
ordinary  material  substance,  of  being  the  recipient  or  vehicle 
of  energy,  and  possesses  a  quality  of  elasticity  in  that  a 
difplacement  of  one  portion  relatively  to  another  calls  forth  a 
stress  resisting  that  change.  The  term  displacement  here  used 
must,  however,  be  taken  in  its  utmost  generality,  and  not 
limited  to  the  notion  of  a  sliding  or  shearing  of  one  part  over 
au  adjacent  part,  or  an  approximation  of  portions  of  a  discrete 
or  atomically  constituted  ethei:  The  study  of  the  phenotneoa 
of  light  indicates  that  along  the  path  of  a  ray  there  aro  ccrtAin 
c/tanr/<s  which  are  periodically  repeated,  such  that  at  portions 
of  the  medium  seiiaratcd  by  a  distance  called  a  wave  length 
changes  of  a  similar  kind  are  being  ctjiucideutly  effected.  It 
would  be  too  much  to  say  that  with  our  present  knowledge  we 
know  what  is  the  real  nature  of  these  changes.  The  application 
of  nmtheniatical  analysis  to  optical  phenomena  has,  however, 
led  to  the  conclusion  that  wo  can  offer  a  tolerably  satisfactoiy 
account  of  them  by  making  the  supposition  that  there  exists 
such  a  universally  diffused  ft/iei-  or  medium,  tlie  parts  of  which 
can  change  jiosition  relatively  to  each  other,  and  that  these 
changes  of  form  are  resisted  by  mtcnial  shearing  stresses  or 
clastic  forces.  From  this  point  of  view,  now  sometimes  called 
the  elastic  solid  theoi'j^  of  Jight,  we  may  picture  this  ether  to 
ourselves  as  a  distortable  but  incompressible  jelly-like  solid, 
which  exists  everywhere  and  penetrates  into  the  interior  of  all 
m.aterittl  bodies.  Maxwell  was  led  to  the  conclusion  that  electric 
and  electro-magnetic  phenomena  might  bo  explained  by  the 
supposition  of  au  electric  viediitm  capable  of  certain  internal 
motions  and  possessing  certain  mechanical  properties,  and  to 
avoid  the  unscientific  process  of  thought  of  postulating  two 
different  ethers  was  led  to  suppose  that  the  medium  on  which 
electric  effects  and  optical  phenomena  depend  for  their  existence 
are  one  and  the  same. 

One  important  element  in  Maxwell's  electric  theory  is  his 
conception  of  electric  difplacemail.    When  an  electrostatic  force 
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acts  upon  any  part  of  a  dielectric  which  is  tiniform  and  non- 
ciTstallinc  it  is  assumed  that  at  all  points  along  the  line  of 
electrostatic  induction  there  is  an  rlectric  dirplacemfnt  of  elec- 
tricity.     The  theory  does   not  tell   us  what  is  the  physical 
nature  of  this  displacement.      We  may,  in   the   first   place, 
merely  for  the  puriKiso  of  illustration,  suppose  that  the  un- 
known something  which  we  call  electricity  is  moved  along  a 
line  of  induction,  and   that  on   the  removal  of  the   electric 
force   it  returns  to  its  original  position,  and  that  a  dielectric 
c»r  insulator  is  a  material  in  which  the  electricity,  when  dis- 
f>laced  by  the  application  of  an  electrostatic  stress  or  force, 
Vtcsista  this  displacement  in  virtue  of  an  electric  elastieily.    The 
pparcnt  charge  on  conductors,  according  to  this  view,  is  the 
lectricity  displaced  out  of,  or  into,  the  dielectric,  and  posi- 
3vo  charge  or  electrification  may  be  regarded  as  the  posses- 
3. ion  of  an  excess  which  is  extruded  from  the  dielectric  on  to 
t:.~hc  conductor,  and  negative  as  a  deficit  when  the  conductor 
^^ives  up  some  to  the  dielectric. 

Maxwell's  next  principle  is  that  change  in  electric  displace- 
t  sieut  i»  an  electric  current  whilst  the  change  lasts.     He  calls 
fc-his  a  ditfilactment  current,  to  distinguish  it  from  a  current  in 
Cioiuluctors   called   the  conduction  current.     The  displacement 
csiirrent  is  supposed  to  have,  however,  all  the  properties  of  an 
*^lectric  current.    Conducting  bodies  must  be  regarded  as  those 
*^  11  which  there  is  no  elastic  force  resisting  displacement,  or,  in 
Either  words,  have  no  electric  elasticity,  and  in  which,  therefore, 
^alectric  displiiccracnt  cuu  go  on  continuously.  The  existence  of  a 
«2urreut  of  conduction  is  recognised  by  two  co-existing  eflFocts — 
■Cist,  the  dissipation  of  energy  into  heat ;  and  second,  the  exist- 
Once  of  magnetic  force  the  direction  of  which  is  along  closed  lines 
<3e3cribed  around  the  line  of  the  current.    The  displacement  cur- 
rent in  dielectrics,  which  takes  place  at  tiie  instant  of  applying 
■vt  changing  the  electric  force,  is  also  considered  to  be  accom- 
panied by  magnetic  force.     In  other  words,  we  must  consider 
the  displacement  current  which  Uikes  place  in  a  dielectric  when 
electrostatic  force  acts  on  it  as  a  very  brief  conduction  current, 
and  as  originating  a  system  of  lines  of  magnetic  induction — 
«urrounding  it,  just  as  a  conducting  wire  is  so  surrounded,  by 
its  loops  or  closed  lines  of  magnetic  induction.     Conversely, 
when  lines  of  magnetic  force  penetrate  through  an  insulator 
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or  dielectric,  any  change  in  the  density  of  those  lines  crcat 
eddy  displacement  currents  in  the  ninss.  If  the  lines  penetrate 
through  a  conductor  they  produce,  under  similar  circumstance 
eddy  currents  of  conduction,  whose  energy  is  ultimately  fril 
tered  down  into  heat.  Also,  if  a  conductor  is  moved  across  a 
magnetic  field  bid  that  it  "cuts  "  lines  of  induction  we  have  see 
that  if  the  conductor  is  a  portion  of  a  closed  circuit  it  hna'| 
current  of  conduction  produced  in  it.  Similarly,  if  a  dielectr 
body  is  moved  in  a  magnetic  field  in  a  like  manner  it  has  duriu 
the  continuance  of  the  motion  a  dis[)laccnicnt  current  produc 
in  it.  Since  a  dielectric  circuit  is  always  a  closed  circuit,  a  dil 
placement  current,  or  the  production  of  electric  displacement  i 
it,  is  always  the  result  of  any  change  in  the  magnetic  field 
its  interior.  For  the  purpose  of  obtaining  a  rough  illustratil 
working  model  of  the  actions  going  on  in  a  dielectric  submitt 
to  the  action  of  electric  force,  it  is  necessary  to  fall  back 
some  material  hypothesis  of  electricity — that  is,  we  must  con- 
ceive of  electricity  as  a  tomet/iiny  which  can  be  displaced  rela- 
tively to  the  molecules  of  the  dielectric,  and  that  it  resists  thii 
displacement,  and  that  when  this  displacement  is  made  iiud4 
the  action  of  electric  stress  the  removal  of  this  stress  caus 
a  disappoarance  of  t)ie  displacement.  Dr.  Lodge  has  suggest 
a  form  of  ap[)aratua  which  can  servo  as  a  rough  working  mc 
of  this  dielectric  action,  in  which  buttons  sliding  along  a 
and  hold  in  certain  positions  by  clastic  strings,  represent  the 
electric  particles  aipable  of  elastic  displacement.* 

We  may  quantitatively  define  electric  disflacement  by  sayiiifr 
that  in  a  homogeneous  non-crystalline  dielectric,  if  a  plane  be 
dra\vn  perpendicular  to  the  line  of  action  of  the  ifsultai 
electric  force,  then  under  the  operation  of  this  electric  force  tl 
quantity  of  electricity  (li.splaced  normally  across  a  unit  of 
of  this  plane  is  called  the  electric  ditplacement.  This  displii 
ment  is  of  the  nature  of  an  elastic  strain,  and  is  removed  wh« 
the  electiic  force  is  removed.  Let  us  fi.x  our  ideas  by  imagiij 
ing  a  si)here  immersed  in  a  dielectric  medium  to  receive 
electric  charge  of  quantity  Q.     Supjiose  this  sphere  to  be  i 


•  See  Dr.   0.  J.   Ixxlge   "On  »  Mwlel   IlliMtnkling  Mechanically  tU^ 
Paauge   of   Electricity    through    Metals   and  Dielectric*,"   Pkil.   Ma 
yovember,  1876. 
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rounded  by  a  concentric  spherical  shell  (Fig.  1)  also  immersed 
in  the  dielectric.  On  giving  the  central  sphere  a  charge  +Q 
we  know  that  on  the  inside  surface  of  the  insulated  concentric 
shell  will  appear  an  inductive  chai^  —  Q  of  equal  quantity 
and  opposite  sign,  and  a  charge  +Q  on  the  outside  surface. 
Let  this  spherical  shell  be  very  thin  and  be  placed  at  a  distance 
r  from  the  central  sphere,  supposed  to  be  very  small.  The 
electric  force  due  to  the  central  charge  Q  at  the  surface  of  the 

concentric  shell  is  represented  by  — — ,  and  this  force  exerts  a 

displacing  action  on  the  electricity  of  the  shell,  causing  posi- 
"C-i  ■^e  electricity  to  be  displaced  outwards  or  in  the  direction  of 


Fia  1. 


"^-Vie  force  and  negative  electricity  to  be  displaced  inwards  or 
inst  the  force. 

The  quantity  K  which  appears  in  the  above  expression  fur 
t>ie  magnitude  of  the  electric  force  is  called  the  dt'eleelrie  con- 
stant, or  the  sprcljic  indurtivr  cajpacily  according  to  F'aradiiy. 
'if  the  medium.  If  the  dielectric  is  air  or  other  gas  K  is  verv 
*"»  early  unity,  and  the  law  of  the  force  becomes  the  onlinary 
Newtonian  law,  \'vt.,  force  varies  a.s  qttantity  divided  by  mfniiit 
«>/  Jittance — that  is,  the  electric  force  at  any  point  due  to  a 
Small  quantity,  Q,  collected  on  a  sphere  is  numerically  equal 

'to  2^  where  r  is  the  distance  of  the  point  from  the  centre  of 

tlie  sphere.  The  quantity  K  is  only  truly  unity  for  vacuum,  and 
■Varies  for  known  dielectrics  from  a  little  above  xinity  for  dry  air 
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up  to  a  value  of  6  to  10  for  glass.  In  the  case  of  metals  and 
conducting  bodies  we  may  consider  K  to  be  infinitely  great, 
and  generally  K  is  a  number  which  expresses  the  ratio  of  the 
displacement  iu  the  given  dielectric  to  the  displacement  which 
would  take  place  under  the  same  electric  force  if  the  dielectric 
was  removed  and  a  vacuum  left  in  its  place.  The  whole  quan- 
tity displaced  outwards  through  the  conducting  shell  is  +  Q, 
and  since  the  radius  of  this  spherical  shell  is  r,  its  surface 
is  4  IT  »-2  and  the  quantity  displaced  through  unit  of  area  of  this 

Q 


shell  in  the  direction  of  the  force  is 


4irr* 


This  quantity,  then, 


Maxwell  calls  th«  electric  ditplacement,  and  denotes  by  the 
symbol  D. 

The  electric  force  or  resultant  electric  intensity  at  all  points 

over  the  spherical  shell  is  _i- ,  and  this  quantity  Maxwell  calU 

the  electromotive  intenxity  at  that  j)oint  and  denotes  it  by  E. 
We  may  also  speak  of  D  as  the  electric  strain  and  E  as  the 
electric  stress  by  an  extension  of  usual  mechanical  langiuigc. 
The  quotient  of  a  gtrem  by  its  corresponding  ttrain  is,  iu 
mechanics,  called  the  cofjjlcient  of  daHieity  corrcsjwnding  to 
that  stress.  For  instance,  the  quotient  of  stretcliing  force  by 
longitudinal  extension  in  the  case  of  solid  rods  subjected  to 
extending  forces  is  called  Young's  Modulus  of  Elasticity,  or 
the  longitudinal  elasticity.  By  a  similar  use  of  language  tlio 
quotient  electric  stress  by  electric  strain  may  be  called  the 
electric  elasticity,  and  we  have 

-A 

K  T*^  4  TT  *  .   • 

■  =  the  eleetrtc  elcutietty. 


Q 

4irr- 


K 


Hence  the  series  of  numbers  obtained  by  dividing  the 
number  4  x  3"141.5  by  the  specific  inductive  capacities  give  a 
series  of  numbers  which  are  the  electric  elasticities  of  these 
substances. 

§  2.  Displacement  Currents  and  Displacement  Waves. — 
Maxwell's  second  fundamental  conception,  as  we  have  mentioned, 
ia  that  a  displacement  of  electricity  whilst  it  is  taking  place  ia 
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ui  oloctric  curreut.  That  is  to  say,  the  Toriation  of  displace- 
iDcnt,  wliother  of  increase  or  decrease,  is  a  movement  of  elec- 
tricity which  is  in  effect  an  electric  current.  A  dielectric  must, 
however,  be  considered  as  a  body  which  docs  not  permit  of  any 
but  a  very  transient  electric  current  passing  through  it.  If 
continuous  electric  force  is  applied  to  it  the  dielectric  is  soon 
strained  to  its  utmost  extent,  and  no  more  current  or  flow  or 
displacement  takes  place  on  it  until  the  sign  or  direction  of 
the  electric  force  is  reversed.  A  dielectric  may  be  considered  to 
be  pei"viou8  to  very  rapidly  reversed  periodic  currents,  but  very 
opaque  or  imj.icrvious  to  continuous  currents.  This  is  familiarly 
illustrated  by  the  fact  that  a  condenser  inserted  in  a  telephonic 
circuit  dix!S  not  stop  telephonic  commiuiicatiou,  but  does  stop 
continuous  currents.  If  D  be  at  any  instant  the  displacement 
at  any  point  in  a  dielectric,  then  if  D  varies  with  the  time  so 

tliat  — —   is  its  time  rate  of  variation,  then  — ,  or  as  it  may 
lit  dt  ' 

be  best  w^ritten  in  Newtonian  fashion  D,  is  the  ditpl<tcement 
current^  or  rate  of  change  of  displacement.  If  at  any  point  in  a 
dielectric  rapid  changes  rif  displacement  are  taking  place,  these 
variations  of  electric  displiiccment  are  in  effect  electric  currents 
producing  magnetic  induction  in  the  surrounding  portions  of 
the  dielectric.  When  we  come  to  review  certain  recent  experi- 
ments of  Dr.  Hertz  we  shall  see  that  this  view  receives  support 
from  experimental  research.  An  electric  disjilacement  taking 
place  all  along  a  certain  plane  is  equivalent  to  a  currrnt  ifieet, 
and  an  electric  displacement  taking  place  along  a  certain  line 
is  a  linear  current.  Electrostatically  speaking,  lines  of  electric 
displacement  arc  lines  of  electrostatic  induction,  and  these  lines, 
when  the  displacement  is  changing,  become  lines  along  which 
electric  current  flow  is  taking  place.  The  denial  of  action  at  a 
distance  involves  the  assumption  that  the  only  portions  of  a 
dielectric  wliich  can  act  directly  upon  each  other  are  those 
which  are  in  immediate  contact  or  are  contiguous. 

§  3.  Maxwell's  Theory  of  Molecular  Vortices. — The  ques- 
tion then  arises,  by  what  mcchani.sui  can  this  be  brought  about t 
Given  a  medium  poaaeanng  certain  mechanical  qualities,  such 
as  elasticity,  a  definite  density,  and  capability  of  relative  dis- 
placement of  its  parts,  is  it  possible  to  imagtoe  a  constructioa 
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which  will  mechanically  account  for  the  effecta  we  have  pro- 
duced in  electrical  phenomena  t  Maxwell  has  replied  to  this 
inquiry  by  presenting  his  theory  of  Molecular  Vortictt  which 
was  put  forward  in  the  Philosophical  Magazine  for  1861  and 
1862.  A  general  account  of  these  conceptions  of  Maxwell  has 
been  given  in  the  "  Life  of  James  Clerk  Maxwell,"  and  as  the 
limits  of  such  an  elementary  treatise  as  the  present  one 
preclude  any  detailed  account  of  the  mathematical  portion 
of  this  theorj',  we  shall  borrow  the  language  of  the  authors 
of  the  above-mentioned  work*  in  describing  it.  Maxwell  sup- 
poses that  any  medium  which  can  serve  as  the  vehicle  of  mag- 
netic force  consists  of  a  vast  number  of  very  small  bodies  called 
ctllt,  capable  of  rotation,  which  we  may  consider  to  bo  spherical, 
or  nearly  so,  when  in  their  norma!  position.  \VTicn  magnetic 
force  is  transmitted  by  the  medium  or  acts  through  it,  these 
edU  are  supposed  to  be  set  in  rotation  with  a  velocity  propor- 
tional to  the  intensity  of  the  magnetic  force,  and  the  direction 
of  rotation  is  related  to  the  direction  of  the  force  in  the  same 
manner  as  the  Udtt  and  thrxut  of  a  right-handed  screw.  We 
have  thus  all  the  magnetic  field  filled  with  molfcular  vortictt,  as 
Maxwell  calls  tlium,  all  rotating  ro\uul  the  lines  of  force  as  axes. 
These  cells  as  they  revolve  tend  to  flatten  out  like  revolving 
spheres  of  fluid,  and  to  become  oblate  spheroids  ;  they  thus  con- 
tract along  the  lines  of  force  and  expand  at  right  angles,  creating 
a  tension  along  the  lines  of  force,  and  a  pretture  at  right  anglea 
to  them.  These  cells  are  supposed  to  bo  elastic  spheres  closely 
packed  together  and  incapable  of  separating  from  each  other. 
If  any  line  of  cells  is  set  rotating  the  contraction  of  each  cell 
along  its  axis  of  revolution  must  set  up  a  tension  or  pull  along 
that  line,  it  behaves  like  a  filament  of  muscular  tissue,  and 
contracts  in  length  and  swells  out  or  increases  in  thickness.  If 
several  wljacent  Hues  of  cells  or  vortices  are  all  sot  revolving 
in  the  same  direction,  the  swelling  out  of  each  line  causes  them 
to  press  on  each  other ;  hence  there  is  a  lateral  pressure  and  a 


•  "  Life  of  J»mes  Clerk  Maxwell."  By  LewU  Campbell  and  William 
Garnett.     Ist  K<litiun.     1882. 

Tlic  geoeral  ilescription  of  Maxwell's  views  in  the  above-toeutioned  work 
is  due  to  Pruf.  Oarnett,  and  iu  the  annexed  paragraphs  the  ezpoaitw/ 
account  of  thii  theory  is  taken  in  part  almost  verbatim  from  the  pages  «l 
this  book. 
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longitudinal  tension.     In  any  space  filled  with  these  cells  so 

revolring  the  lines  of  tension  or  axes  of  revolution  of  the  cells 

'will   take  up  certain   positions,    depending   on   the   nccessitv 

for  the  stresses    to  adjust    themselves   to   equilibrium,   and 

Maxwell  has  shown  mathematically  that  such  a  system  of  lines 

of  tension  and  correlated  pressure  is  a  force  system  which  will 

distribute  itself  in  a  manner  similar  to  that  in  which  we  find 

actual  linea  of  magnetic  force  to  do,  and  that  the  behaviour  of 

magnetic  poles  to  each   other  can  be  exjilained  fully  by  the 

aasiunptiou  of  a  tendency  on   the   part  of  the  lines  of  force 

^between   them   to  contract   like   elastic   threads  aloug   their 

Hlength,  and  to   push   one   another    apart  when   laid    parallel 

Hind  proceeding  in  the  same  direction.     To  account   for  the 

^Bttatismission   of    rotation    from   one  cell   to    another  in   tJit 

^mtame  direction,  and  from  one   line  of  cells  or  vortex  to  the 

^tjext.  Maxwell  supposed  that   there  exists   between   the   cells 

4  number  of  extremely  minute  spherical  bodies  which  can  roll 

(without  sliding  in  contact  with  the  vortex  cells.  These  bodies 
tcrve  the  same  purjwse  as  "  idle  wheels "  in  machinery,  which 
coming  between  a  driving  wheel  and  a  following  wheel  serve  to 
cause  both  to  turn  in  the  same  direction.  These  minute  spheres 
Maxwell  supposed  to  constitute  tUctricity.  "We  shall  gjMjak 
of  them  collectively  as  the  electric  matter.  These  electric 
particles  are  furthermore  supposed  to  be  free  to  move  in 
conductors ;  but  in  dielectrics  they  arc  tethered  to  one  spot, 
or  rather  into  one  molecule  of  the  substance,  and  can  only  be 
displaced  a  little  way  against  an  elastic  resilience,  which  brings 
them  bock  to  their  original  position  when  the  disjilacing  force 
is  withdrawn.  Furthermore,  we  miist  as.sumc  that  both  colls 
and  particles  arc  very  small,  compared  with  the  molecules  of 
matter.  The  passage  of  electric  particles  from  molecule  to 
molecule  in  conductors,  however,  sots  up  molecular  vibration, 
or  generates  heat.  Something  of  the  nature  of  friction  must, 
therefore,  be  also  postulated  to  account  for  the  fact  that  the 
electric  particle,  when  set  moving  in  a  conductor,  gives  up 
energy  to  the  molecules,  and  the  energy  is  in  tlicm 
dissipated  in  the  form  of  heat.  That  there  is  some  kiud 
of  rotation  going  on  along  the  lines  of  magnetic  force  has 
been  held  by  Maxwell  to  be  indicated  by  the  behaviour 
of  a  ray  of  polarised  light  when  passing  through  a  dielectric 
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along  a  line  of  magnetic  force,  and  he  states*  that  Faraday 
diseovery  of  the  magnetic  rotation  of  the  plane  of  polari: 
light  furnishes  complete  dynamical   evidence  that   wherev( 
inagiietio  force  exists  there  is  matter,  snialJ  portions  of  which 
lire  rotating  about  axes  parallel  to  the  direction  of  that  fora|^| 


ve^^ 


The  further  assumption  is  made  that  the  celU  are  composed 
an  elastic  material,  and  that  they  can  be  distorted  or  squeezed 
felightly,  returning  again  iu  virtue  of  their  resistance  to  thi 
original  form.  In  onler  to  obtain  a  clear  mechanical  cono 
tion  of  the  inter-relation  of  the  idle  wheels  or  the  electric 
particles  and  the  revolving  cells  or  lines  of  induction,  let  us 
figure  to  ourselves  one  element  of  the  mechanism  as  it  ia 
suppo8e<l  to  exist  in  the  dielectric. 

Consider  A  and  B  {tee  Fig.  2)  to  bo  two  wheels  of 


Fio.  2. 

rubber,  and  that  C  is  another  small  wheel  lying  between 
15  and  transmitting  motion  from  one  to  the  other.     Let  C  bo 
tethered  to  a  fixed  point,  D,  by  an  clastic  spring,  and  let  C  bo 
at  the  same  time  capable  of  rotation  round  its  centre.     Suppogo    , 
A  is  set  in  rotation,  clock-hand  wise,  whilst  B  is  held  fast,  an^m 
that  the  wheel  C  cannot  slip  on  A,  the  i-esult  will  be  to  drag  down* 
C  to  the  position  of  C,  stretching  the  spring  and  displacing  C. 
Let  B  be  then  set  free ;  the  wheel  C  continues  to  roll  on  A,  and 
transmits  its  rotation  to  B.     Owing  to  the  assumed  elasticitjhu 
of  the  discs  A  and  B,  the  wheel  C  can  be  drawn  down  betweM^V 
them,  and  yet  within  the  limits  of  its  displacement  equally 
transmit  the  rotation  of  A  to  B  without  slip.     This  same  actio 


*  Article  "Fkndtty,"  Enci/clopa^ia  Srilanniea,  9th  tfiitioa. 
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of  a  preliminaiT  displacement  of  C  and  subsequent  roUtion  of 
B  \rtll  take  place  if  the  wheel  Bpoasesacs  inertia — that  ia,  if  ve 
assume  it  to  be  a  hearr  wheel  which  cannot  in  virtue  of  its 
mass  be  set  roUing  with  finite  speed  in  au  infinitely  short  time. 

If,  then,  we  suppose  a  lonj;  row  of  snch  wheels  with  inter- 
incdiato  displaceable  idle  wheels,  the  main  wheels  being  heavy 
bodies,  the  result  of  causing  the  fii»t  wheel  to  rotate  would  be 
to  propagate  along  the  line  a  sncceasive  displafcmcnt  of  the 
idle  wheels,  and  to  set  the  main  wheels  snccessiwlj  in  rota- 
tion. Translating  these  mechanical  concepts  into  their  elec- 
trical equivalents  Maxwell  considers  that  the  heavy  wheels  are 
the  analogaes  of  the  molectdar  vortices  or  lines  of  force,  and 
that  their  density  is  determined  by  what  we  call  the  magnetic 
permeability  of  the  medium ;  the  clastically  displaceable  idle 
wheels  are  the  electricity  in  the  dielectric  ;  and  that  when 
»  line  of  force  is  brought  into  existence  in  a  dielectric,  or,  in 
other  words,  when  a  line  of  cells  is  set  rotating,  this  action  pro- 
pagates itself  outwards,  producing  6uc<:cssive  displacements  of 
the  electric  pArticles,  or  generates  a  displacement  wave,  and  is 
accompanied  by  the  successiTe  appearance  of  rotation  in  the 
cells,  or  by  the  propagation  of  a  ware  of  electromagnetic  force. 

The  velocity  of  propagation  of  this  wave  will  depend  ou  the 
elastic  forces  restraining  displacement,  and  on  the  inertia  of  the 
revolving  vortices.     We  have  seen  that  the  elasticity  of  the 

dielectric  is  expressed  by  the  quantity  -  -  ,  where  K  is  the  specific 

K 

inductive  capacity.  We  shall  see  later  on  that  the  electro- 
magnetic density  of  the  medium  is  expressed  by  4  a-  /i,  where  f. 
is  the  magnetic  permeability. 

The  velocity  of  propagation  of  a  disturbance  through  an  elastic 
medium  is  numerically  equal  to  the  quotient  of  the  square  root 
of  its  eflfective  elasticity  «,  by  the  square  root  of  its  density  d. 


or  by  V 


-J\ 


Ifj  then,  for  the  electromagnetic  medium  i 
1 


4? 


andt/=4a-/* 


we  have  «  =  - 


,  or  the  velocity  of  lateral  propagation  of  a 


wave  of  electric  displacement  or  of  magnetic  force  in  a  medium 
is  numerically  equal  to  the  stiuare  root  of  the  reciprocal  of  the 
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product  of  its  specific  inductive  capacity  and  its  magnetic  | 
meabilitr.      Such  a  mechanical  hypothesis  shows  us  how  the 
spin  of  one  line  of  vortices  results  in  producing  displacement  j 
the    idle    wheels  or  electricity  along   lines   which   are   ciit 
described  ruinid  the  initial  vortex  as  axis,  and  in  prupogiitiil 
outwards  the  vortex  sjiiii  or  magnetic  force  with  a  finite  velc 
from  one  line  of  molecular  vortices  to  another. 

By  the  aid  of  the  ideas  which  were  discussctl  in  the  la 
section  wo  are  enabled  to  iiiTivc  at  a  mechanical  conception 
which  helps  us  to  connect  together  observed  facts,  and  whio 
even  if  not  a  real  rej>resoutation  of  what  is  taking  place, 
at  least  ;■,  working  model  wliich  may  not  be  an  altogctl 
incorrect  imagery  of  the  actions  taking  place  when  an  electric" 
current  is  started  in  a  wire. 

An  electric  current  on  this  hypothesis  is  a  flow  or  pro- 
gression of  the  electric  jjarticles  which  are  free  to  move 
forward  in  a  conductor,  and  which  only  can  move  steadily 
furvviird,  owiii;.;  to  tlicir  incomprcssibility,  when  the  circuit  in 
which  they  flow  is  a  complete  circuit.  Suppose  a  thin  conduct 
iHjut  into  the  form  of  a  V017  largo  circle,  and  that  an  electn 
motive  force  urges  a.  j^rocessiou  of  electric  particles  rountl  itT 
As  these  particles  go  forvvunl  they  cause  the  electric  ceth  next 
them  to  rotate,  and  the  motion  of  this  lino  of  cells  embracing 
the  line  of  current  will  be  just  like  that  which  would  take 
place  if  a  bracelet  of  spherical  Iwads  strung  on  an  elu;stic 
tlu'eud  were  rolled  along  a  round  rod  which  it  closely  embrace 
Each  bead  would  tuni  over  and  over,  rolling  on  the  rod, 
the  motion  of  the  whole  bracelet,  would  be  like  that  of 
tightly-fitting  india-rubber  vnubiclla  ring  pushed  along  a  round 
ruler.  Tiie  i)rogres8ion  of  the  electric  particles  would  start 
circular  vortex  rings  revolving  round  tlie  line  of  motion.  Th 
corresjxtnds  to  the  fact  that  a  linear  cun-ent  creates  a  magiietfi 
field  com|iosed  of  circular  embracing  lines  of  forces.  The  first 
or  ailjacent  line  of  vortices  would,  by  the  intervention  of  the 
idle  whecl.s,  set  in  rotation  another  set  of  cells  lying  on 
concentric  line,  and  cause  them  to  rotate  in  the  sao 
manner  as  the  first  ones.  Also,  it  would  cause  a  backw:i 
displiiccuient  of  the  intermediate  idle  wheels,  if  we  conside 
that  only  the  central  line  of  electric  jmrticles  are  conducting 
mutter,  and  that  the   nest  and  all   succeedinir  rows   are 
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a  dielectria  The  starting  of  the  progressive  movement  of 
the  line  of  electric  particles  in  the  conductor  will  result 
in  an  elastic  displacement  in  the  opposite  direction  of  all 
surrounding  electric  particles  in  the  dielectric  along  lines 
parallel  to  the  line  of  current  ;  and  also  in  setting  up  a 
system  of  molecular  vortices  composed  of  revolving  cells,  the 
axes  of  these  vortices  being  coaxial  circles  described  round 
the  line  of  flow,  the  rotations  and  displacements  being  propa- 
gated out  laterally  from  the  line  of  current.  In  consequence 
of  the  fact  that  the  revolving  cells  are  supposed  to  possess- 
inertia  or  mtiss,  and  that  all  the  mechanism  is  supposed  to  he 
rigidly  connected  together,  a  steady  force  applie<l  to  set  the 
ceutnd  line  of  electric  particles  in  motion  will  not  be  able  to 
produce  in  them  the  full  velocity  until  time  has  elapsed  suffi- 
cient to  allow  the  inertia  of  the  connected  mechanism  to  be 
overcome.  We  are  thus  able  mechanically  to  imitate  the 
phenomena  of  self-induction  of  the  circuit  and  the  gradual  rise 
of  current  strength  in  an  inductive  circuit  under  the  operation 
of  a  steady  impressed  electromotive  force,  and  to  deduce  it  as 
a  con8Ci|uence  of  the  fuudauiental  hypothesis. 

Our  theory,  then,  points  out  that  a  current  should  rise 
gradually  in  strength,  and  also  that  the  embracing  lines  of 
magnetic  force  must  be  considered  to  come  into  existence  suc- 
cessively as  the  rotation  is  taken  up  in  ever-widening  circles  by 
the  molecular  vortices  successively  receiving  motion  of  rotation. 
Also,  on  withdrawing  the  impressed  electromotive  force  the 
inertia  of  the  mechanism  tends  to  make  it  run  on  for  a  little, 
and  the  electric  imrticles,  which  by  their  motion  started  the 
vortices,  are  now  themselves  urged  forward  for  a  little  in  the 
same  direction,  and  thisconstitutes  the  ^xtrticuTrrtit  at  "break." 
Let  us  next  endeavour  to  see  what  ought  to  happen  on  the 
supposition  that  there  are  two  conducting  circuits  in  the  field, 
both  forming  closed  circuits,  and  to  one  of  which  an  impressed 
electromotive  can  be  applied.  Let  V,,  Vj,  V,  ic  (Fig.  3),  repre- 
sent the  sectional  view  of  a  series  of  vortex  lines  of  electric  cells, 
and  let  I„  l„  Ij,  <fec.,  be  the  idle  wheels  or  electric  particles. 
Let  the  pjw  of  electric  particles  I,  be  supposed  to  be  lying 
inside  a  conducting  circuit.  A,  represented  by  the  dotted  lines, 
and  by  our  fundamental  supposition,  the  particles  I|  are  quite 
free  to  move  along  the  conductor,  and  to  rotate  on  their  axes. 
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Let  there  be  another  conductor,  B,  placed  parallel  to  A,  and 
let  Ij  be  the  electric  particles  in  it.  The  space  C  between  ia 
supposed  to  be  occupied  by  a  dielectric,  and  in  it  the  electric 
pairticles  can  only  be  displaced  elostically  from  a  fixed  position. 
We  may  regard  these  idle  wheels  Ij  Ij  I^  as  tethered  by  springs 
to  one  spot.  Such  being  the  mechanism,  imagine  that  the  row 
of  particles  I,  is  urged  forward  in  a  downward  direction.  As 
the  row  of  particles  pass  between  the  cells  V,  V,  they  will  set 
them  in  rotation  in  opposite  directions.  Owing  to  the  incrti* 
of  the  vortices  the  first  effect  of  the  rotation  of  Vj  will  be 
to  cause  I,  to  roll  over  Vj  and  be  displaced  in  an  upward 
direction ;  its  displacement  is  resisted  by  the  elastic  force  of 
the  spring.     The  rotation  of  Ij,  however,  sets  V,  in  rotation. 


and  after  a  short  interval  Vg  is  rotating  at  the  same  speed  and 
in  the  same  direction  aa  Vj.  Ij  then  censes  to  be  displaced, 
because  the  action  of  V,  on  Ij,  and  the  reaction  of  V,  on  I^ 
simply  amount  to  a  couple  or  twitt  on  Ij.  The  same  sort  of 
action  reeulttt  in  a  gradual  handing  on  of  the  rotation  from 
vortex  to  vortex,  and  a  propagjxtion  of  displacement  from 
one  idle  wheel  to  the  other.  When  the  motion  reaches  the 
conductor  B,  the  first  result  is  to  cause  a  displacement  of 
the  electric  particles  upwards,  the  rotation  of  V'j  not  being 
instantly  acquired  by  V^.  This  amounts  to  a  current  in  the 
upward  or  opposite  direction.  As  soon,  however,  as  the  vortex 
y,  has  accepted  the  full  speed  of  rotation,  then  the  forces 
on  the  electric  particles  Ij  amount  only  to  tinutt,  and  not 
to  forces  of  displacement ;    hence,   the  particles  Ij  cease  to 
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experience  any  force  impelling  them  forward,  and  come  to  rest 
in  virtue  of  the  fact  that  the  conductor  oflTcrs  a  resistance  to 
their  motion.  They  fritter  down  their  energy  of  motion  into 
heat,  and  come  to  rest.  Hence,  the  induction  current  in  the 
■conductor  after  a  short  flow  ceases,  and  the  vortex  spin  becomes 
«qual  in  the  vortices  on  eitlicr  side  of  it.  .Su[)posc  now  that 
the  impressed  force  in  the  circuit  A  is  withdrawii,  the  electric 
particles  in  the  A  circuit  are  driven  forward  for  a  short  time 
■hy  the  energy  stored  up  in  the  adjacent  vortices  ;  these  last, 
ihowever,  give  up  one  by  one  their  energy  to  the  circuit  A, 

[^■vrhere  it  is  dissipateil  as  heat.  This  surrender  of  velocity  is 
propagatcil  outwards  until  at  the  surface  of  the  circuit  B 
the  state  of  things  finally  is,  that  when  the  vortex  Vj  has 
■come  nearly  to  rest,  the  motion  of  V^  still  continues.  The 
energy  of  V,  and  of  vortices  beyond  expends  itself  in  moving 
forward  the  electric  particles  in  circuit  B,  in  the  same  direc- 

ftion  as  that  in  which  the  current  in  A  was  travelling  origi- 
nally— in  other  words,  i>art  of  the  energy  of  the  field  is  spent 
in  making  a  transitory  current  in  B  as  well  as  in  A  in  the  same 
direction.  It  follows,  therefore,  that  there  is  a  less  induction 
current  in  A  at  hrcaking  circuit  when  a  closed  circuit  B  is 
present  than  if  B  were  not  there — that  is  to  say,  the  presence 
of  a  closed  secondary  circuit,  B,  diminishes  the  self-induction 

'of  the  primary  circuit,  as  is  know^n  to  be  the  case.  We  see, 
therefore,  that  the  theory  is  so  far  in  accordance  with  observed 
facts. 

The  theory  must,  however,  be  taken  for  no  more  than  it  ia 
'worth,  viz.,  an  attempt  to  construct  a  mechanical  system  which 
shall  act  in  the  manner  in  which  we  find  electro-magnetic  fields 
ind  circuits  do  act.  The  true  mechanism  may  be  very  diffe- 
rent ;  the  one  described  has  at  least  the  utility  that  it  shows  a 

I  way  in  which  the  observed  effects  might  be  produced.  The 
arious  dynamical  elements  in  the  supposed  mechanism  have 
their  equivalents  in  the  recognised  electrical  and  electro-magnetic 
qualities.  The  angular  velocity  of  the  cells  or  vortices  around 
their  axes  represents  the  intensity  of  the  magnetic  force,  or  the 
strength  of  the  magnetic  field.  The  angular  momentum  of  the 
vortices  represents  the  magnetic  induction,  and  hence  the  mass 
of  each  cell,   or  the  drmify  of  the  medium,   is  the  analogue 

,  of  the  magnetic  permeability.     This  is  greater  in  paramagnetio 
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substances  than  in  air  or  vacuum,  and  greatest  of  all  in  iron  ;. 
iu  fact,  BO  excci»tioijttl  is  it  in  iron  that  Maxwell  Bupposod  the 
piuticlea  of  the  iron  themselves  to  take  part  in  the  vortex  action. 
Hence,  the  energy  of  a  magnetic  field  is  greater  if  that  field 
contain  iron,  and  acconlingly  the  presence  of  iron  in  a  co>|^| 
imraeusely  increases  the  vortex  energy  for  a  given  vortelVV 
velocity,  that  is,  it  increases  the  inductance  of  the  circuit.  The- 
energy  associated  with  any  revolving  cell  or  vortex  is  propor- 
tional to  tlie  product  of  its  velocity  and  momentum,  or  the- 
product  of  the  magnetic  force,  and  the  magnetic  inductic 
estimated  in  the  same  direction  is  a  measure  of  the  ene 
per  unit  of  volume  existing  in  that  portion  of  the  field. 
The  "  numl)er  of  lines  of  force  "  passing  through  any  circuit 
is  on  tliis  theory  to  be  identified  with  the  whole  momea::_ 
turn  of  the  molecular  vortices  linked  with  that  circuit, 
any  circuit  is  traversed  by  lines  of  force  or  linked  with  line 
of  molecular  vortices,  and  the  cause  creating  this  field  is 
moved,  say,  by  withdrawing  the  magnet  or  repressing  the  elec- 
tric current  creating  it,  the  vortices  give  up  their  energy  gradu- 
ally to  this  secondary  circuit,  and  it  appears  there  as  energy 
of  motion  of  the  electric  particles  or  as  electric  current.  Whet. 
one  system  of  bodies  in  motion  sets  another  set  in  motion  by 
mutual  action  and  reaction,  and  there  is  no  loss  of  energy  by 
anything  like  friction  or  imperfect  elasticity,  then  the  momeutunv 
gained  by  one  must  be  equal  to  that  lost  by  the  other,  and  the- 
rate  of  gain  of  momentum  of  the  one  system  is  at  any  instant 
e<iual  to  the  rate  of  loss  of  momentum  by  the  other.  Hence,  if 
the  vortices  lose  momentum  their  rate  of  loss  of  momentum — that 
is,  the  iiite  of  withdrawal  of  liucs  of  induction  from  the  circuit, 
must  bo  Cfiiuil  to  the  rate  of  gain  of  mcimentum  of,  or  to  the 
force  acting  on,  the  electric  particles  which  are  absorbing  the 
moiiientiun.  Hence  we  see  that  the  impressed  electromotive 
force  iu  the  circuit  must  be  equal  to  the  rate  of  withdrawal  of 
lines  of  induction,  and  the  tlieory  conducts  tis  to  Faraday's  law 
of  induction  as  a  necessary  dynamical  consequence  of  our 
fuudamentul  assumption.  Maxwell  has  extended  the  theoi^H 
of  molecular  vortices  to  the  explanation  of  electrostatic  phcn^^^ 
mena,  with  which  we  are  not,  however,  here  directly  concerned. 
Wc  have  seen  that  the  theory  is  capable  of  affording  an  expla- 
nation on  mechanical  principles  of  self-induction,  mutual  indue- 
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'^ion,  and  the  law  of  electro-magnetic  induction.     In  order  to 
-complete  the  theoiy  as  far  as  regards  the  phenomena  of  mag- 
netism, it  is  necessary  to  suppose  that  the  particles  of  magnetis- 
-able  metals,  such  as  iron,  are  set  in  rotation  by  the  molecular 
vortices  which  traverse  them,  and  that  an  increase  of  speed  of 
-those  vortices  does  not  increase  proportionally  the  rotation  of 
-the  iron  molecules.     These  last  behave  like  wheels  slung  loosely 
-on  a  shaft,  between  which  shaft  and  tlie  wheel  there  is  friction 
-decreasing  as  the  speed  of  rotation  of  the  shaft  increases.    If, 
then,  the  wheel  experiences  a  constant  frictional  resistance  from 
external  causes,  indefinite  increase  of  speed  of  the  shaft  would 
accelerate  the  wheel's  rotational  velocity  up  to  a  certain  point, 
and  the  wheel  would  then  coaso  to  rotate.     This  supposition 
would  enable  us  to  make  our  theory  agree  with  the  fact  that 
dncreaae  of  magnetic  force  does  not  increase  indefinitely  the 
magnetic  induction  through  iron,  but  brings  it  up  to  a  point  at 
which,  appro-Timately  speaking,  the  induction  remains  station- 
ary.    To  sum  up,  we  may  say  that  the  hypothesis  of  molecular 
vortices  is  an  endeavour  to  imagine  a  mechanism  capable  of 
accounting  for  electro-magnetic  induction  on  dynamical  prin- 
ciples, and  on  the  assumptiou  that  the  energy  of  a  magnetic 
field  is  energy  stored  up  in  a  medium  in  virtue  of  a  particular 
kind  of  rotation  of  its  parts. 

This  medium  consists  of  portions  capable  of  elastic  displace- 
ment when  we  consider  parts  of  it  lying  in  dielectrics  or 
capable  of  pi-ogressive  movement  when  in  conductors,  and  these 
fiortioos  constitute  what  we  call  electricity.  Other  portions  are 
capable  of  rotation  round  closed  axes  of  rotjition,  and  these 
constitute  what  we  call  "lines  of  force."  The  medium  possesses, 
therefore,  an  elastic  resilience,  and  the  reciprocal  of  this 
quality,  or  its  freedom  of  yielding  to  electromotiro  force,  is 
recognised  as  the  sjjfcific  inductive  capacity.  The  medium 
possesses  also  density,  and  we  call  this  its  magnetic  permea- 
bility, or  magnetic  inductance.  The  mass  of  unit  of  length 
of  the  vortices  is  equal  for  all  vortices,  whether  in  vacuum, 
air,  or  non-magnetic  bodies,  but  in  iron  the  vortices  are  loaded 
by  the  adhesion  to  them  of  the  molecules  of  the  metal,  and  the 
density  is  increased,  and  hence  the  permeability  ;  but  for  very 
great  angular  velocities — that  is,  for  great  magnetic  forces — 
the  adhesion  of  the  molecules  and  vortices  must  be  supposed  to 


9142 


DTNAJIICAL  THBOUT   OF   CURRENT  IXDUCTIOS. 


cease,  and  the  perineability  approximates  to  unity.  The 
netic  force  at  any  point  itt  a  iiold  is  the  angular  velocity 
Tortex  motion  at  that  point,  and  tlie  magnetic  induction  is  the 
angular  momentum.  Magnetic  attraction  and  repulsion  is  due  ' 
the  tension  set  up  along  a  vorte.x  line  by  the  polar  contraction  as 
equatorial  expansion  of  the  vortex  cells.  At  places  where  ther 
is  magnetic  polarity  or  free  magnetism  there  is  a  discontinuity 
in  the  angular  velocity  of  the  vortices  within  and  without  tl 
iron.  Self-induction  is  the  result  of  the  inertia  of  the  mole- 
cular vortices,  whereby  motion  set  up  in  them  cannot  be  gca^ 
'  rated  or  checked  instantaneously.  Mutual  induction,  or  the  pr 
duction  of  induction  currents,  is  due  to  the  fact  that  differenc* 
in  the  angular  velocity  of  adjacent  vortex  filaments  or  cells  cause 
a  displacement  of  the  electric  particles  or  idle  wheels.  Finally, 
electromotive  force  is  the  force  causing  displacement  of  the 
electric  particles,  and  electric  currents  consist  in  continuous  or 
periodic  movements  of  these  electric  particles.  Electric  cur- 
rents always  produce  magnetic  fields,  because  there  is  nothing 
of  the  nature  of  tlip  between  the  particles  and  cells,  and,  there- 
fore, any  progressive  movement  of  the  firet  sets  up  rotation  in 
the  second,  and  conversely  differential  rotations  or  spina  of  the 
cells  or  vortices  sets  up  di.splacemeut  of  the  electric  particles, 
causing  either  electric  strain  iu  a  dielectric  or  electric  current 
in  a  conductor. 


§  4.  Oomparison  of  Theory  and  Experiment — The  teat 
any  physifeil  theory  is  its  power  to  predict  new  phenomena, 
or  experimental  results.  The  theory  of  molecular  vortices, 
leads  to  the  conclusion  that  electro-magnetic  induction  must 
be  propagated  through  the  medium  with  a  finite  velocity, 
and  that  in  dielectrics  of  unit  jiermeability  the  velocity  of 
propagation  is  inversely  as  the  square  root  of  the  specific  induc- 
tive capacity.  In  the  dynamical  theory  of  light  it  is  sho^vn  that 
the  ratio  of  tFio  velocity  of  light  in  vacuo  to  its  velocity  in  any 
given  transparent  medium  is  a  constant  quantity  for  each  de- 
finite wave  length,  and  is  called  the  iiiflex  of  rf/raction  of  that- 
body  for  that  wave  length,  and  is  denoted  in  physical  optics  by 
the  symbol  /*.  Hence,  the  velocity  of  liy;ht  of  definite  wave  length 
is  inversely  as  the  refractive  index  for  that  wave  length.  The 
refractive  index  for  very  long  wave  lengths  can  be  calctdated 
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from  observed  values  of  n  for  definite  mya,  and  hence  aumbers 
obtained  representing  the  relative  velocity  of  these  iindulatioos 
in  various  transparent  bodies.  The  values  of  the  dielectric 
conitaiUi,  or  reciprucal  of  the  electric  elasticities,  of  various 
transparent  and  semi-tmiispiircnt  bodies  have  also  been  deter- 
mined, and  it  has  been  found  that  for  a  large  group  of  bodies 
there  is  a  tolerably  close  agreement  between  the  values  of 
the  square  root  of  the  dielectric  constant  and  the  index  of 
refraction  n^  for  very  long  waves,  as  shown  by  the  selection 
from  tlie  results  of  some  experimental  determinatioua  given 

in  Table  A. 

Tabli  a. 


K 
(Dielectric  Couatiknt). 

Sulphur 3-84 

Colnphooium 2°55 

PuaffiD 2'32 

Pure  Rubber 212 

Oil  of  Turpentine  2'21 

Petroleum 2037 

Benzene 2198 

Petroleum  Spirit  1-^ 
Petroleum  Oil  ...207 

Oiokerite  213 

Turpentine    2'23 


1-4S 


(Refrmc- 
tive  Index). 


1-50 

1-461 

1-46 
1-48 


Aothoritj. 


Boitzmnnn 

Schiller 

Silow 

I  J.  HupkioiKin 


Reference 


I  Pagt;.  Ann.  CLL, 
I    1874,  p.  482. 

r     Pogg.  Ann. 
I   CLIL,  p.  635. 
Pogi).  Arm. 
CLVI.,  1875, 
'  p.  3%. 

'  Trant.  Hoy.  Soc. 
1877,  1878  and 
L  1881. 


For  some  other  dielectrics,  such  as  glass  and  the  vegctablo 
and  animal  oils,  the  agreement  is  not  by  any  means  so  close, 
but  for  gases,  as  determined  by  Boltzmann  {Pogg.  Ann.  CLI., 
1875,  p.  403),  there  is  a  fair  coincidence.     (See  Table  B.) 


T.\BiJt  B. 

K 

vT£ 

M 

1-00059 

1000295 

1'000294 

1-000946 

1-0C0473 

1 -000449 

1-0002&4 

1-C0O132 

1-000138 

1-O0O690 

1-0C0345 

1-001340 

1-0C0994 

1-000497 

1-000503 

1-001312 

1-000656 

1-000678 

1-000944 

1-000472 

1-00C443 

Gm. 


Air 

Ckrbonic  kcirl    , 

Hydrogen 

CArbunic  oxiile, 
Nitrous  oxide  . 
Olefiant  gM  ..., 
Umh  gaa 


The  gases  are  taken  at  O'C.  and  7G0  millimetres  pressure. 
Accordingly,  we  can  say  that,  for  a  large  group  of  dielectrics,  of 
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which  the  magnetic  permeability  is  unity,  and  hence  the 
Telocity  of  propagation  of  an  electro-magnetic  impulse  propor- 
tional to  the  square  root  of  the  electric  elasticity  or  to  the 
reciprocal  of  the  square  root  of  the  dielectric  constant,  we 
do  find  a  fair  agreement  between  these  numbers  and  the 
numbers  representing  the  refractive  indices  or  the  relative 
velocities  of  propagation  of  very  long  waves  or  disturbances  in 
the  ethereal  medium  postulated  to  account  for  the  phenomena 
of  light.  The  imperfect  agreement  between  the  values  of 
refractive  index  for  long  wave  lengths  and  the  squai-c  root  of 
the  dielectric  constant  for  some  other  bodies  shows  that  the 
theory  is  only  approximately  in  agreement  with  fact,  and 
that  the  results  obtained  by  the  methods  adopted  for  deter- 
mining the  dielectric  constant  are  perhaps  impure,  and  do 
not  give  the  true  value  of  the  electric  elasticity.  When  vre 
consider  that  the  displacements  which  constitute  the  light 
wave  motion  of  tlw)  hiniiniferous  ether  are  chanjied  some 
billions  of  times  jwr  second,  it  is  seen  to  be  liiglily  prob- 
able tliat  mcasiircmonts  of  the  specific  inductive  capa- 
city in  which  the  electric  stresses  are  only  reversed  tens  or 
humlreds  of  times  in  a  second  may  be  rendered  impure  or 
mixed  owing  to  the  presence  of  effects  due  to  an  imperfect 
electric  elasticity  introduced  by  tlie  superposition  of  electric 
conduction  or  of  electrolytic  transport  upon  the  true  or  elastic 
displaceiiicnt  effect.  In  fact  those  bodies,  such  as  glass  and 
the  vegetable  oils,  which  exhibit  the  greatest  discrepancy  are 
those  in  which  the  chemical  composition  indicates  a  possibility 
of  electrolysis.  There  may  be  an  electric  displacement  in  such 
elecirolysable  bodies  over  and  above  the  true  electrostatic 
displacement  which  is  engendered  by  a  molecular  change  in 
the  body,  which  change  results  in  actual  decomposition  when 
the  electric  force  reaches  a  certain  limit.  Put  broadly,  it 
may  amount  to  this,  that  the  true  electric  displacement 
is  a  displacement  of  electricity  within  the  molecule,  but  that 
in  electrolysablo  bodies  electric  stress  sets  up  a  strain  of 
the  molecule  itself  which,  within  certain  limits,  is  an  elastic 
strain,  and  disap})cani  with  the  removal  of  the  stress,  but 
that  Ijeyond  these  limits  molecular  disniption  takes  place. 
In  these  cases  the  displacement  measured  in  taking  the  specific 
inductive  capacity  is  the  true  or  dielectric  displacement  plus 
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A  displacement  due  to  strain  of  the  molecule,  and  the  result 
would  be  to  make  K  appear  too  great,  and,  in  fact,  for  glass 
and  certain  oils  the  values  in  Table  C  have  been  obtained, 
which  in  all  cases  are  such  that  ^K  exceeds  the  value  of 
H^ ,  or  the  refractive  index,  for  very  long  waves  of  Lght.* 

Table  C. 


SubctaiMie. 


GloM,  extra  ileiiM  flint 

•  „  light  flint  
„  crown  ...,_ 
„      pl»ta  

-KJMtor  oU 

:.Spenn   „  

•Olive     _  


9-896 
672 
6-96 
8-45 
478 
3-02 
3-16 
U«»tefootoil    I   3-07 


K 


^ 


3'1 

2-59 

263 

2-90 

2-18 

1-73 

1-77 

175 


M»  (»pprox-) 


} 


1-5  to  1-6 

1-46 
1-46 
1-46 
1-45 


^f   J.  KIcmencic  (abstract  in  the  Journal  of  the  Societi/  of  Tele 
ffraph  Entjinfer$,  1886,  p.  108)  has  experimented  also  on  the 

Kecific  inductive  c.'ii)acity  of  gases  and  vapours,  and  given  a 
Lie  in  which  he  compares  J^  with  /*  (refractive  index)  of 
these  same  bodies.  It  is  seen  that  the  aprecmotit  of  J\i  and  fi 
is  very  close  for  the  simple  gases,  but  ttmt  a  marked  ditiereuce 
-exists  in  the  case  of  more  complicated  molecules. 


Air 

Hydrogen 

Carbonic  acid   

Carbonic  oxiile 

Kitruu*  oxide  

Oleflant  gac 

Marah  gaa 

-Carbonic  bisulphide 

Sa]|>harou<  acid  

Ether    

Ethyl  chloride 

Ethyl  bromide 


vk 

Vk 

1^ 
Refractive 

BoUxDUUl. 

Klemencic 

index. 

1-000295 

1000293 

1-000293 

1-000132 

1-000132 

1-000139 

1-000473 

1-000492 

1-000454 

1000345 

1-000347 

1-C00335 

1-000497 

1-000679 

1-000516 

1-0006S6 

1-000729 

1-000720 

1-000472 

1-000476 

1000442 

— 

1-001450 

1-001478 

— 

l-004-;7 

1-000703 

— 

i-dnxm 

1-00154 



1-0O776 

1-001174 

— 

1-00773 

1-001-22 

The  apecific  inductive  capacity  of  a  vacuum  i«  taken  aa  unity,  and  Bolti- 
man'a  values  are  given  for  oompariaon. 

•  Src  Dr.  J.  Ilopkiiison,  Phil.  Tram.  Roy.  Soe.,  Vol.  CLXXII.,  1881, 
t).  372. 
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§6.  Velocity  of  Propagation  of  an  Electro-Magnetic  Distnrb- 
ance. — There  is  another  line  of  esperimental  inquiry  which 
leads  to  an  important  relation  between  electric  and  optic  pheno- 
mena. This  is  the  comparison  of  electrostatic  and  electro- 
magnetic meiisurements.  If  two  very  small  spheres  are  electro- 
statically charged  and  placed  with  their  centres  at  a  unit  of  dia-  ' 
tance  apart,  the  stress  between  tiiem  may  be  mechanically 
measured.  If  the  conductors  are  equally  charged  with  opposite 
kinds  of  electricity,  aud  the  stress  when  at  a  unit  of  distance 
in  air  is  cue  unit,  the  electric  quantities  are  said  to  be  unit 
electrostatic  quantities.  If  such  unit  quantities  are  discharged 
through  a  conductor  at  the  rate  of  one  discharge  per  second, 
the  resulting  flow  or  current  is  called  an  electrostatic  unit  of 
current. 

In  the  above  definition  we  suppose  the  dielectric  to  be  a. 
vacuum  or  some  substance  such  as  air,  of  which  the  dielectric 
constant  does  not  differ  sensibly  from  unity.  If  q  and  q^  be 
two  quantities  mea.surcd  electrostatically,  and  then  be  placed 
on  small  conductors  separated  by  a  distance  r  in  a  dielectric  of 
constant   K,  the  dynamical  force  between  them  will  be  nu- 

•  o',  then  the  force  is  -?— .. 

Hence,  if  r  is  always  taken  equal  to  unity,  the  real  quantity  of 
electricity  producing  by  its  action  on  another  e<iunl  quantity  a- 
unit  of  force  will  vary  as  the  square  root  of  K  when  the  experi- 
ment is  performed  in  various  dielectrics.  In  other  words,  the 
absolute  magnitude  of  the  electrostatic  unit  of  quantity,  and 
therefore  also  of  cuiront,  will  vary  as  the  square  root  of  the 
specific  inductive  capacity  of  the  medium  in  which  the  charge* 
exist.  There  is  another  mode  in  which  a  unit  of  current  may  be 
defined,  and  this  dejicnds  on  the  definition  of  a  unit  magnHic 
pole.  If  two  magnetic  poles  of  equal  strength,  m,  are  placed  at 
a  distance,  r,  apart  iu  a  magnetic  medium  of  permeability  /i,  the 

stress  or  force  between  them  will  be  numerically  equal  to  ——r 

in  which  expression  it  is  seen  that  m  and  ft  appear  as  quantities 
analogous  to  q  and  K  in  tlie  electrostatic  analogue.  Hence,  when 
r  is  unity,  we  see  that  to  prrxluce  a  unit  stress  between  the 
poles  m  the  jwle  strength  must  vary  as  the  square  root  of  fi,  or 
the  absolute  magnitude  of  the  unit  magnetic  pole  varies  directly 


merically  equal  to  ' "-  ; 


and  if  q  = 
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OS  the  square  root  of  the  mngiietic  inductive  capacity  of  the 
nieilium  in  which  tiio  experiuicnt  is  jicrformed,  the  absolute 
unit  magnetic  pole  being  dctiued  as  a  pole  %Yhich  at  a  unit  of 
distance  acts  on  another  like  pole  with  a  unit  of  force  in  a. 
magnetic  medium,  assumed  to  be  vacuum,  or  some  standard 
substance  of  unit  [jenneability. 

Since  an  electric  current  produces  a  magnetic  force,  it  may  be 
de6ucd  as  to  msignitude  by  agreeing  that  the  nnit  of  current  i» 
to  be  one  which,  when  flowing  in  a  circular  circuit  of  unit  radius, 
nets  for  cverj-  nnit  of  length  of  that  circuit  with  a  unit  of  force 
on  a  unit  magnetic  pole  placed  at  the  centre  of  that  circle. 
Ilie  magnitude  of  the  force  on  the  magnetic  pole  is  pmportioual 
to  the  protliict  of  the  strength  of  the  pole  and  the  strength  of 
the  cun-ent.  Hence,  if  the  magnitude  of  the  unit  jrole  is  varied 
the  magnitude  of  the  unit  of  current  will  vary  inversely  as  the 
magnitude  of  the  strength  of  magnetic  jiole  which  is  tjikcn  aa 
the  unit  jjole.  Wlieu  the  medium  is  varied,  the  magnitude  of 
the  unit  magnetic  pole,  or  of  the  [kjIc  which  fulfils  the  comli- 
tion  of  acting  on  another  equal  pole  at  :i  unit  of  distance  with 
a  unit  of  force,  varies  directly  aa  the  square  root  of  the  ponue- 
Etbility  of  the  medium.  It  follows,  then,  that  the  magnitude  of 
the  fUctra-maipiHic  vnit  of  current  varies  inversely  OJi  the  square 
root  of  the  magnetic  pernieibility  of  the  medium  in  which  the 
experiment  is  made. 

We  have,  then,  that  the  electrostatic  unit  of  ciurront  is  a 
quantity  which  varies  directly  as  the  square  root  of  the  electro- 
(tatic  inductive  capacity  of  the  medium,  or  as  ^K,  and  the 
electro-magnetic  unit  of  current  is  another  unit  of  current 
which  varies  inversely  as  the  square  root  of  the  magnetic  induc- 
tive capacity  of  the  medium,  or  as  ^fj..  The  electrostatic  unit 
of  current  represents  a  much  smaller  quantity  of  electricity 
per  second  than  the  electro-magnetic — in  other  words,  the 
value  of  the  ratio  of  the  magnitude  of  the  xmit  electro-magnetic 
current,  based  on  the  definition  of  a  unit  magnetic  pole,  to  the 
magnitude  of  the  unit  electrostatic  cun-ont,  based  on  the 
definition  of  a  unit  of  electrostatic  quantity,  is  an  integer 
number,  and  a  largo  one.  This  ratio  of  the  two  units  of 
current  varies  when  the  fundamental  inductive  capacities  of 
the  medium  is  changed,  but  so  that  the  ratio  of  the  elcctro- 
;netic  to  electrostatic  unit  varies  inversely  as  the  square 


M8 


DTNAMICAL  XnEORY   OP  CURRENT   INDUCTIOS. 


root  of  the  product  of  K  and  /t.  If  C„  is  the  magnitude  of  the 
electro-magnetic  unit  of  current,  and  C,  is  that  of  the  electro- 
static unit  for  the  standard  dielectric,  in  which  K  =  1  and  /*  =■  li 

C 
then,  when  the  dielectric  is  changed,  -^  is  chauged  ia  the  ratio 

of  1  :  ^K  /i.  Let  R„t  denote  the  value  of  the  ratio  for 
vacuum  or  for  a  standard  <iiclectric,  of  which  K  =  l  and  /i=l| 
jind  U„  denote  its  vahic  for  any  other  medium  of  which  the 
dielectric  constant  is  K  and  the  magnetic  constant  fi,  then 


We  have  next  to  consider  what  is  the  physical  meaning  of  this 
ratio  of  the  electro-magnetic  and  electrostatic  units. 

The  degree  in  which  one  quantity  is  greater  or  less  than 
another,  or  to  put  it  more  precisely,  that  amount  of  stretching 
or  squeezing  which  must  be  applied  to  the  latter  in  order  to 
produce  the  former,  is  called  the  ratio  of  the  two  quantities.* 
The  ratio  of  two  physical  ijuautities  is  therefore  the  expres- 
sion of  the  opemtion  which  m\mt  be  performed  on  the  one  to 
make  it  the  physical  equivalent  of  the  other.  What  operation 
must  be  performed  on  an  electrostatically  measured  unit  of 
electricity  to  make  it  the  equivalent  in  every  way  of  an  electro- 
magnetically  measured  unit  of  electricity  7  The  reply  is,  it 
must  be  set  in  motion  with  a  definite  velocity.  The  electric 
current  produces  a  magnetic  field.  The  electro-magnetic  mea- 
sure of  current  is  obtained  by  defining  the  field  by  stating  its 
dynamical  eft'ect  on  a  defined  magnetic  pole,  and  the  imit  of 
electric  quantity  measured  clectro-miignetically  is  the  quantity 
conveyed  by  the  unit  current  so  measured  in  a  unit  of  time. 
If  we  imagine  a  circular  or  other  conductor  conveying  a  unit 
(electro-magnetic)  cuiTent  to  have  stretched  alongside  of  it 
another  closely  adjacent  conductor  of  like  form,  each  unit  of 
length  of  which  is  charged  electrostatically  with  a  unit  (electro- 
static) of  electric  quantity,  we  might  submit  the  following 
question  : — The  current  flowing  in  the  first-named  conductor 
transmits  a  unit  (electro-magnetic)  quantity  of  electricity  acr 
each  section  of  it  per  luiit  of  time;  witli  what  velocity  must  ' 
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electricity  in  the  second  conductor  be  set  flowing  in  order  that 
[  there  may  be  an  equality  in  the  quantities  flowing  past  any 
sections  in  each  of  the  conductors,  as  evidenced  by  equaUty  ia 
the  magnetic  ticlJs  produced  by  the  first-uauied  current  and 
tlje  moving  electric  charge?  This  velodly  is  evidently  a  ooncrete- 
Tclocity,  wliicb  depends  on  the  very  nature  of  the  qualities  of 
the  medium  which  determine  magnetic  and  electrostatic  attrac- 
tion, and  this  velocity  may  be  called  the  ratio  of  the  mai^itude 
of  the  electro-magnetic  to  the  electrostatic  unit  of  quantity.  This- 
Telocity  is  evidently  one  which  is  determined  by  the  nature  of' 
the  medium,  and  not  by  the  particular  units  of  length,  time, 
and  mass  selected  for  use  in  the  measurements.  This  com- 
parison ossumes  that  a  moving  electrostatic  charge  is  in  effect 
tlie  equivalent  of  an  electric  current.  This  has  been  put  to  the 
it  of  experiment  by  Prof.  Rowland,*  A  rigid  gilt  ebonite 
disc  was  fixed  to  an  axis,  and  could  be  rotated  between  two- 
gilt  glass  discs.  One  member  of  a  very  delicate  astatic  system 
of  magnetic  needles  was  placed  near  the  disc  and  shielded  from 
electrostatic  disturbance.  On  charging  the  gilt  ebonite  disc 
and  setting  it  in  rapid  rotation  it  was  found  to  affect  the 
magnetic  needle  whilst  rotating  just  as  a  current  of  electricity 
would  have  done  if  flowing  in  a  circular  conductor  coinciding 
in  form  with  the  periphery  of  the  disc.  Since  1876  Prof.  Row- 
land has  again  in  the  United  States  repeated  the  experiment 
and  confirmed  the  general  result.  There  is,  therefore,  expe- 
limental  foundation  for  the  view  that  a  static  charge  of  elec- 
tricity conveyed  on  a  moving  body  creates  a  magnetic  field 
whil»t  it  it  in  movmient.  This  kind  of  electric  current,  in 
which  a  static  charge  is  bodily  moved  on  a  conductor,  is  culled- 
a  ecmvrclion  aiTrnl.  The  experiment  of  comparing  the  magni- 
tudes of  an  electrostatic  and  an  electro-magnetic  unit  of  elec- 
tric quantity  as  above  defined  was  first  made  by  Profs.  Weber 
and  Kohlrausch,  and  the  value  of  that  ratio  for  a  medium  such 
08  air,  in  which  approximately  we  have  K  and  /*  both  equal  to- 
unity,  gave  as  a  result  a  velocity  very  nearly  identical  with  the- 
vclocity  of  light.     Since  that  time  very  many  experimentalists 


•  Soe  Phil.  Mita.,  1876.  Vol.  11..  Fifth  derics,  p.  235  i  Dr.  HcImhoUz, 
On  the  Electro- Magnetic  Action  of  I'ltctrie  Convection.  TIicm  exporiineaU 
of  Pruf.  itowland  were  carried  out  at  Berlin. 
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have  determined  the  value  of  this  ratio,  which  is  denoted  by  tlit 
Bymbol  "v."  Altogether  about  a  dozen  observers  have  deter 
mined  it,  with  the  results  set  out  in  the  Table  on  the  next  page. 

The  best  determination  of  the  velocity  of  light  is  that  made 
by  Prof.  Newcomb,  at  Washington,  in  1882.  The  method 
employed  was  the  revolving  mirror  mctho<l  of  Foucault,  the 
distance  between  the  revolving  and  fixed  mirror  being  in  one 
portion  of  the  experiments  2,.5.50  metres,  and  in  the  other 
portion  3,720  metres.  The  resulting  velocity  of  light  in  vacuo 
is  2-99860  x  10'"  centimetres  per  second. 

The  following  other  results  are  abstracted  from  Prof.  Everett's 
book,  "  Units  and  Physical  Constants,"  2nd  edition  : — 

.,  Velocity  in  ccntimetrM 

Observer.  , 

per  sccorKL 

Mlchelson,  at  Naval  Acadeaiy,  1879..  299910  x  10*" 

MichcUon,  at  Clevelanri,  1882  2-99853  -<  10" 

Newcomb,  at  Waahiiifi^on,  1882  (bent  re»uit«)  ...  2-99860  x  lO'" 

Newcomb  (other  re«ulu)  2-99810xl0"> 

Foucault,  at  Paris,  1862    298000 v  lO"* 

Comu,  at  Taria,  1874 2-98600x10"" 

Comu,  at  Paris,  1878 3004     x  lO** 

Laat  result  di«cuB«ed  by  Lilting   2-9999   x  lO** 

Young  and  Forbes,  1880-81  3-01382x10" 

Earlier  observations  gave  as  follows : — 

Roemer's  method,  by  Jupiter's  satellitM 3-000     x  10" 

Bradley's  method,  by  stellar  aberration  2977     x  10" 

Fiieau  3142     x  10>« 

The  general  result  of  the  best  determinations  is  that  the 
velocity  of  light  is  very  close  to  3-000  x  10'"  centimetres  per 
second,  or  nearly  one  thonsnnd  million  feet  per  second. 

We  have,  therefore,  the  following  facts : — The  velocity  of 
light  of  definite  wave  length  in  any  medium  V„  is  connected 
with  the  velocity  V,  of  the  same  ray  in  vacuo  by  an  equation— 

V  -^« 

'■I    — t 

where  fi  is  the  refractive  index  of  that  medium  for  the  par- 
ticular wave  length  considered,  and  also  that  the  velocity  V,  is 
very  nearly  3x10'"  centimetres  per  second.  Also  wo  find  that 
the  ratio  of  the  elcctro-magnetio  to  the  electrostatic  unit  of 
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electric  quantity  or  current  in  any  dielectric  and  magneticr 
medium  R„  is  connected  with  the  same  ratio  measured  in  vacuo- 
R,  by  au  eiiuation — 


R." 


■J 


where  K  is  the  dielectric  constant  and  n  the  nin^ietic  per- 
tneability.*  Experiment  has  also  imik-ated  that  within  narrow 
limits,  taking  best  results,  K,  and  V,  have  the  same  value, 
namely,  3  x  10'"  ccntimctrca  per  second,  and  that  ^K  has  the— 
same  value  as  /i  (refractive  index)  for  media,  for  which  n  (per- 
meability) has  the  value  unity.  We  are  led,  therefore,  to  infer" 
that  this  close  relationship  is  not  a  matter  of  accident,  but 
that  it  indicates  a  very  intimate  connection  between  electricity 
and  light,  and  that  the  hyjKJthesis  that  light  is  u  disturbance 
propagated  through  an  elastic  nii'dium  may  be  siipplenicntcd 
with  some  considerable  show  of  reason  by  the  hj-poth&sis  that 
electro- raagnetio  phenomena  are  the  result  of  actions  taking 
place  in  identically  the  tame  medium  or  ether.  There  are  no- 
transparent  media  for  which  the  magnetic  permeability  differs 
by  more  than  a  very  small  quantity  from  \iuity,  and  hence  tiie 
approximate  identity  of  the  values  of  the  ratio  of  the  units 
compared  in  air  with  the  value  of  the  velocity  of  light  waves  of 
Tery  long  wave  length  ;  and  the  approximate  identity  for  true 
dielectrics  of  the  value  of  the  refractive  index  and  of  the  square 
root  of  the  dielectric  constant  furnishes  a  test  of  the  proba- 
bility of  the  truth  of  the  electro-magnetic  theory  of  light. 
Maxwell's  mathematical  method  of  arriving  at  this  theory 
consisted  in  fonniug  certain  equations  expressing  the  velocity  of 
propagation  of  vector  potmtial,  and  noticing  that  these  eciuations 
vere  mathematically  of  the  same  form  as  those  which  determine 
the  velocity  of  propagation  of  a  disturbance  through  an  elastic 
medium.  The  physical  meaning  of  this  term,  rector  potential, 
may  be  arrived  at  as  follows  : — 

Suppose  a  regiment  of  soldiers  to  set  oflf  marching  down 
street,  the  ranks  being  well  spaced  out.     At  anj-  place  in  the^ 

*  It  i«  unfortunate  that  urage  has  consecrated  the  same  Greek  letter  m 
for  refrmclivity  in  optie«  and  magnetic  inducUvity  in  electro-magnetic*.  In 
■ome  rapecta  it  would  be  an  advantage  in  electro-optics  if  tfacw  quantitie 
ware  differently  gymlwlised. 
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street  let  two  lines  be  drawn  across  the  street  parallel  to 
each  other  .iml  a  few  ynrrls  apart.  Let  two  observers  take 
oote  of  how  uany  suldieris  cross  each  line.  At  any  instant 
[  the  total  number  of  soldiers  which  are  contained  between  the 
two  lines  is  equal  to  the  diHerence  between  the  numbers  which 
have  crossed  each  line  respectively.  However  irregular  the 
movement  may  be,  the  total  number  of  soldiers  at  any  instant 
in  the  area  or  the  product  of  the  area,  and  the  number  of 
soldiers  per  unit  of  area  within  the  boundary,  will  be  equal  to  the 
number  obtjiined  by  reckoning  the  algebraic  sum  of  the  soldiers 
which  have  from  the  beginning  of  the  time  crossed  the  whole 
boundary  line,  calling  those  numbers  positive  when  soldiers 
have  stepped  into  the  area  and  negative  when  they  have  stepped 


\ 


':) 


/ 


Fio.  4. 


out  of  it.  We  have  here  a  simple  example  of  the  way  in  which 
a  line  inUffral  may  be  the  equivalent  of  a  surface  integral.  If 
the  area  be  irregular  in  shape  and  contain  A  s(juare  yards,  and 
if  the  perimeter  be  /  linear  yards,  then  if  n^  »j,  <kc.,  are  the 
number  of  men  which  have  steppetl  across  each  yard  length 
of  the  boundary,  and  if  Ni  Nj,  ice,  are  the  number  of  thap 
in  respective  square  yards  within  the  area  at  any  instant,  tnen 
Nj  +  Nj  +  itc,  to  A  terms  or  2  N  is  called  a  surfucc  integral 
and  will  be  equal  to  n^  +  n^  +  A-c,  to  /  terms,  which  is  a  line 
integral,  provided  that  each  n  is  reckoned  positive  when  men 
step  in,  and  negative  when  men  step  out  of  the  area  over  each 
yard  of  the  boundary.  The  algebraic  sum  of  all  the  stepping 
over  the  boundary  all  the  way  round  the  area  is  equal  to  the 
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sum  of  the  men  per  Bquiire  yard  all  over  the  area.  We  have 
here  given  an  ilhistnition  of  an  important  proposition  on 
mathematical  physics,  viz.,  that  a  surface  integral,  or  the  sum- 
mation of  a  certain  quantity  over  an  area,  can  be  replaced  by 
a  line  integral,  or  the  ttummation  of  another  related  quantity 
all  along  the  boundary  line  of  that  area.  We  proceed  to  illus- 
trate it  from  an  electrical  point  of  view. 

Let  C  (Fig.  4)  be  the  circular  cross-section  of  an  infinite 
straight  wire  convoying  a  current  C.  Round  C  describe  a 
circle  of  radius  r.     The  magnetic  force  at  p  is  known  to  be 

2  C       • 
equal  to  —  units,  and  is  directed  along  the  circumference 

of  the  circle ;  the  line  integral  of  the  magnetic  force  along  the 


Fig.  6, 


2C 


s-  r  =  4  IT  C,  and   the  surface 


dotted  line  is  equal  to  —  x  : 

integral  of  the  current  through  the  area  enclosed  by  the  dotted  .fc»^ 
•circle  is  C.     Hence  we  have  generally  tliat  the  line  integral  ol'^^^l 
the  magnetic  force  is  equal  to  4  ir  times  the  surface  integral  of  "^  *"' 
the  current.     This  proposition  is  generally  true,  and  it  is  easy  ~^ 
to  show  tliat  if  A  be  any  area  {tee  Fig.  5)  traversed  normally  by  ~"^ 
a  current,  such  that  the  current  density  is  «  over  any  element  -=^ 

of  area  d  »,  then  the  integral  of  tids  all  over  the  area,  or  I  ud$, 

is  equal  to  the  line  integral  of  the  magnetic  force  taken  along — 
the  boundary  line.     The  mathematical  operation  of  taking  il- 
line  integral  has  been  called  by  Maxwell  curling,  and  we  express 
the  above  proposition  by  saying  that  4  v  times  the  total  currents 
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ihrough  the  area  is  equal  to  the  evrl  of  the  magnetic  force 
round  it.  On  the  theory  that  lines  of  magnetic  force  do  not 
spring  suddenly  into  existence  in  a  field,  but  are  propagated 
onwards  from  point  to  point  in  the  field,  it  ia  possible  to  show 
that  just  as  the  current  is  the  curl  of  the  magnetic  force  so  the 
■magnetic  force  is  the  curl  of  another  quantity  called  the  v«ct<n' 
jaottntiaL 

tLet  A  B  (Fig.  6)  be  &  portion  of  a  straight  conductor  in  which 
a  current  can  be  started.  Let  x  xf,  y  y'  be  two  lines  drawn  a 
unit  of  di.stance  apart,  parallel  to  each  other  and  at  right  angles 
to  the  conductor.  These  lines  bound  a  strip  of  plane  space 
taken  in  the  plane  of  the  current.  Draw  any  two  transverse 
■lines  ah,cd,  parallel  to  the  conductor  and  separated  by  a  small 


7io.  & 


I 


^distance.  We  know  that  when  a  current  is  started  in  the  oon- 
ductor  the  lines  of  magnetic  force  F  will  be  circles  formed  round 
A  B  as  axis,  and  having  their  planes  pcrj^ndicular  to  the 
plane  x  «",  y  y'.  Let  us  now  assume  that  if  a  current  is 
suddenly  started  in  the  conductor  A  B  the  magnetic  force  is 
pTOjiagated  outwards  from  the  conductor  with  a  finite  velocity 
V.  In  other  words,  each  circular  line  of  force  must  be  con- 
sidered to  expand  outwards  like  a  circular  ripple  on  the  surface 
of  water.  When  once  the  field  has  arrived  everywhere  at  its 
normal  value  the  magnetic  force  at  a  distance  r  from  the  wire 

2  C 
Lis  — >  where  G  is  the  value  of  the  current,  and  we  shall  sup- 
pose, as  usual,  that  the  magnetic  field  is  indicated  as  to  value 
^fcy  the  density  of  the  lines  of  force,  or  that  the  number  per 
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square  contimctro  traversing  normally  the  plane  x  x,  y  y'  is 
any  point  proportional  or  nnmerically  equal  to  the  magnei 
force  at  that  {>oint.  If,  then,  we  neglect  for  the  moment 
eficct  of  self-induction,  and  supjtosc  the  current  in  the  wire  to- 
rise  up  instantaneously  to  its  full  value,  we  may  yet  regard  the 
circular  lines  of  force  as  expanding  outwanis  with  a  certain 
velocity  of  enlargement,  and  attaining  or  talcing  up  their  final 
positions  after  a  short  inter\-al  of  time.  If  we  represent  the 
intersections  of  those  rings  of  force  on  the  plane  of  xx'  yy  by 
dots,  these  dots  will  march  forward  like  the  soldiers  in  the  pre- 
vious illustration.  The  total  number  of  lines  of  force  which  at 
any  instant  ure  found  traversing  the  area  a  ii(/c  is  equal  numeri- 
cally to  the  difference  in  the  number  between  those  which  from^ 
the  beginning  of  the  epoch  have  intersected  or  cut  through  the 
line  o  b  and  those  which  have  cut  through  c<L  In  other  words, 
the  surface  intcgiiil  of  the  magnetic  force  over  ah  e  d  may  be 
represented  by,  or  is  equal  to,  tlie  line  integml  round  abed 
of  a  certain  quantity  called  the  vector  potential,  which,  physi- 
cally interjireted,  is  the  total  number  of  lines  of  force  which 
have  cut  through  a  unit  element  of  the  boundary  in  the  process- 
of  expansion  or  [jropugatiou  outwartls.  This  term  vector  poten- 
tial is  justified  as  follows  : — If  F  be  the  total  number  of  lines 
of  force  per  imit  of  length  of  a  6  which  have  cut  tlirough 
from  the  instant  of  beginning  the  current,  and  if  the  si 
distance  bd  ia  called  8  x,  the  length  x  h  being  called  x,  then 
Taylor's  theorem   (Diff.   Calc),  the  number  which  have  cut 

through  unit  of  length  of  cd  is  F  -  't^  8  x,  and  hence  the 


hnea 
lab     J 
imaU|J 


is  F-  ox, 

dx 


d¥ 


diflference  between  F  and  this  last  quantity  is  — -  8x,  and  tlxis 

dz 

last  when  multiplied  by  S  y,  which  we  may  take  for  the  leng 


dY  , 


of  a  6  or  e  d — that  is  --—  ixSy — is  the  total  number  of  lines 
dx 

force  included  in  the  area  abed.     If  we  call  the  inductio 
through   this  area  B — that  is  to  say,  the  number  of  ILues 
force  per  square  centimetre  is  B — it  follows  that  the  numb 
tlirough  a&cd  is  BSxSy.      Hence,  equating  the  two  valu 

fre  have  8x  Sy  =  BSxSy, 

dx 


sof^ 


^=a 
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Hence,  the  mean  nutgnetic  force  over  the  small  area  is  utimeri- 
-cally  equal  to  the  space  variation  of  a  certain  quantity  F.  In 
electrostatics  the  electrio  force  X  nt  any  {wint  in  the  electric 
field  is  t)ie  space  variation  of  a  certain  quantity  V,  called  the 
electrostatic  or  scalar  potential — that  is  to  say, 

ax        ' 

and  accordingly  by  analogy  that  quantity  F  whose  space  varia- 
ition  gives  the  magnetic  force  under  the  circumstances  considered 
above  is  called  the  vector  potential  of  the  current.  From  Ampire's 
investigations  it  is  known  that  the  magnetic  force  due  to  an 
-element  of  a  current  C  of  length  S  <  at  a  distance  r  from  this 

■element  has  the  value  ~is~i  and  is  along  a  line  at  right  angles 

Ci* 
to  the  plane  containing  S  »  and  r.    Tlie  space  variation  of  — 

CS«    ^ 
is  —J- ;  hence  the  vector  potential  of  an  element  of  current  at 

any  point  is  proportional  to  the  length  of  that  element  divided 
by  its  distance  from  that  point. 

In  electrostatic  phenomena  we  obtain  the  static  potential  at 
any  point  due  to  any  charge  Q  by  taking  each  element  q  of  the 
charge,  and  dividing  the  magnitude  of  this  element  of  charge 
by  its  distance  from  the  point  at  which  the  potential  is  required, 

and  taking  the  sum  2)  ~  of  all  such  quotients.     In  electrostatics 

the  potential  at  a  point  is  a  tcalar  or  directionless  quantity, 

and  the  summation  is  merely  an  algebraic  sum ;  but  in  dealing 

pi?. 

with  currents  the  quotients are  vectors,  or  directed  quan- 

r 

titles,  and  have  to  be  added  together  according  to  the  laws 
for  the  addition  of  vector  quantities  just  aa  forces  and  velocities 
are  added.  Hence  the  potential  of  a  current  at  any  point  is  a 
vector  or  directed  quantity.  The  lines  of  vector  potential  of 
a  straight  current  are  lines  described  in  space  i>nrallel  to  the 
■current,  anrl  the  lines  of  vector  potential  of  a  circular  current 
are  circles  described  on  planes  parallel  to  the  plane  of  the  cur- 
rent, llctuming  to  the  simple  caae  of  a  straight  current,  let 
us  Bupjwsc  that  a  unit  of  length  is  described  somewhere  parallel 
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to  the  current,  and  that  on  starting  the  current  suddenly  cir' 
ciitar  Itiiea  of  mngnetic  force  are  propagated  outwards  with  a- 
velocity  V ;  these  lines  will,  as  they  expand,  cut  perpendicularly 
through  the  element  of  length  juat  as  the  expanding  ripples  on 
water  due  to  a  stone  dropped  into  it  would  "out  through"  a 
stick  held  perpendicularly  in  the  water  a  little  way  from  the 
place  where  the  "splash"  was  made.  Suppose  that  after  N  lines 
of  force  have  cut  through  the  element  of  length  this  little  line 
is  made  to  move  forward  parallel  to  itself,  so  that  there  is  no  fur- 
ther increase  in  the  number  of  lines  of  force  which  afterwards  cut 
through  it,  it  is  evident  that  it  must  move  with  the  velocity  of 
propagation  of  the  expanding  rings  of  force.  But  the  number 
expressing  the  number  of  lines  of  force  which  have  cut  through 
the  element  of  length  already  is  the  value  of  the  vector  poten- 
tial at  that  point  where  the  element  is  at  that  instant ;  hence 
the  velocity  of  propagation  of  the  vector  potential  i»  the  velocity 
of  propagation  of  an  electro-magnetic  disturbance.  Maxwell's 
general  mathematical  method  of  investigating  the  propagation 
of  an  electro-magnetic  disturbance  consisted  in  forming  equa- 
tions expressing  the  change  of  the  value  of  the  vector  potential' 
of  a  current  or  system  of  currents  at  any  point  in  the  field,  and 
deducing  equations  which  mathematically  are  of  the  same  type 
as  those  which  express  the  propagation  of  a  distiu-bance  through 
an  elastic  solid  or  fluid,  and  his  result  was  that  the  velocity  o( 
propagation  of  the  vector  potentieJ  through  a  medium  of  eleo- 

trostatic  and  magnetic  inductivities  K  and  fi  was  equal  to  , 

orto(K  /!)-♦. 

The  complete  proof  of  the  above  proposition  as  given  by 
Maxwell  in  all  its  generality  requires  some  elaborate  analysiSr 
but  it  is  not  difficult  to  give  a  simple  illustration  by  treating  a- 
reduced  case,  and  which  will  exhibit  the  principles  of  the  more 
complete  problem. 

Let  an  infinite  straight  conductor  be  supposed  situated  in  a 
dielectric  medium  of  specific  inductive  capacity  (electrostatic 
inductivity)  K  and  of  permeability  (magnetic  inductivity)  /t 
We  proceed  to  investigate  the  velocity  of  lateral  propeigation  of 
electro-magnetic  induction  on  the  supposition  that  if  a  current 
is  instantaneously  stArtod  at  its  full  value  in  the  conductor, 
supposing  this  possible,  the  magnetic  force  travels  outwards' 
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laterally  from  the  conductor  in  all  directions  with  a  velocitj  v. 
This  amounts  to  the  supposition  that  the  circular  lines  of  mag- 
netic force  surrormding  the  conductor  swell  out  or  expand 
outwards  from  the  surface  of  the  conductor,  so  that  the  radius 
of  any  determinate  circular  line  of  force  increases  or  grows  with 
a  velocity  v.  It  must  be  borne  in  mind  that  the  magnetic 
force  at  any  point  in  the  field  at  any  instant  is  defined  by  the 
density  or  concentration  of  the  lines  of  force — that  is,  by  the 
number  passing  normally  through  a  unit  of  area.  If  we  com- 
plicate the  problem  by  supposing  the  strength  of  the  current  in 
the  conductor  to  gradually  increase,  tlien  the  concentration  of 
the  lines  at  any  |>oint  must  be  supposed  to  increase  gradually, 
but  the  rate  of  increase  of  concentration — that  is,  of  the  force — 


ri^;.  7. 


U  a  diflerent  thing  from  the  rate  of  outward  movement  of  the 
lines  of  force. 

We  might  in  imagination  suppose  each  line  of  force  to  be 
labelled  so  as  to  recognise  it.  All  the  lines  travel  outward 
from  the  conductor  at  the  same  rate,  but  some  go  out  farther 
than  others.     The  first  ones  shed  off  expand  out  to  reach  posi- 

I  tions  in  the  most  distant  portions  of  the  field,  and  the  succeed- 
ing ones  reach  int«nne<liate  positions,  and  as  the  current 
Btrengtli  grows  up  fresh  arrivals  or  deliveries  of  lines  of  force 
happen  which  pack  the  space  fuller,  and  increase  the  concen- 
tration at  all  points  of  the  field,  at  a  rate  depending  on  the 
rate  of  growth  of  the  current. 

Let  0  C  (Fig.  T)  he  a  portion  of  the  straight  conductor.     In 

r  the  plane  of  0  C  take  any  little  rectangular  area  abed,  with 
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side  ae  equal  to  unit  of  length,  and  side  a  b  equal  to  8x,  8x 
being  a  very  stnall  quantity  compared  with  the  distance  between 
0  C  and  a  c — that  is,  let  the  distance  0  c  —  a;  and  0  rf  =  a;  +  8  z, 
and  let  the  distance  Sz  be  the  distance  by  which  the  radius 
of  any  circular  line  of  force  of  the  conductor  0  C  increases 
in  a  small  tiaic  St.  At  any  instant  the  number  of  liuea 
of  force  which  pass  normally  through  the  small  area  abed 
is  equal  to  the  difference  between  the  number  which  have 
"out"  across  ae  and  those  which  have  cut  across  bd  in 
consequence  of  our  supposition  as  to  the  outward  growth  or 
expansion  of  the  circular  lines  of  force.  Let  F  be  the  total 
number  of  lines  of  force  due  to  the  current  in  0  C  which  have 
from  the  bcgiiming  of  the  current  flow  "  cut  across  "  a  c,  then, 
by  the  principles  of  the  Differential  Calculus,  the  number 
which   have  cut  across  bd  i»  represented   by   the    quantity 

F—  —  Sz,  and  the ntunber  existing  in,  or  perforating  through, 
dx 

A  V 
the  area  abed  is  the  ditfercnce  between  F  and  F — ;—  8z,  or 

dx 

d  F 
equal  to  -y—  8  z.     Let  B  stand  for  the  induction  through  unit 

d  z 

of  area  of  the  rectangle  abed,  or  to  the  number  of  lines  of 
force  per  unit  of  area,  then  the  total  number  of  lines  of  force 
throTigh  abed  is  represented  also  by  B  8 z,  since  the  area  of 
abed  is  8z  square  units,  ac^hd  being  unity. 


Hence, 


dx 


(1) 


or  the  induction  is  represented  by  the  space  rate  of  change  of 
the  vector  potential  of  the  current  at  that  point  in  the  direc- 
tion of  z.  In  this  case  let  it  be  borne  in  mind  that  the  vector 
potential  signifies  the  number  of  lines  of  force  which  have  from 
the  beginning  of  tlie  epoch  cut  through  unit  length  taken 
parallel  to  the  current.  Again,  since  by  supposition  each  Hue 
of  force  moves  outwards  parallel  to  itself  through  a  distauce 

8  X  in  a  time  8 1,  __  is  the  velocity  of  propagation  v  of  the 
8  ( 

electro-magnetic  disturbance  or  of  the  vector  potential.     The 

rate  of  " cutting  across "  ae  at  any  instant  is  represented  by 
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— -—  :  hflDOS  tbe  number  of  linea  of  force  added  to  the  ana  in  a 
«i« 

'time  St  most  be  —  X^  and  this  most  be  equal  to  the  aoco- 
dt  ^ 

-xnolatioa  of  the  linea  in  a  &  e  ^  in  the  same  time  in  the  area 

—€»bed. 

If  in  a  small  time  ihterral  the  rate  of  cutting  across  ae  is 
^j  J" 
~  -— -,  then  the  rate  at  miaA  "cutting"  is  taking  place  across  a 

length  hd,  removed  bj  a  distance  ix,  is 


dt     dx\dtj    ^ 


:«nd  the  rate  at  which  aecumulatimi  of  lines  in  inducti<m  is  going 
-<m  in  the  area  is 


~dx\dt) 


ix. 


Hence,  since  B  is  the  induction  per  mut  of  area  and  the  area  of 
-<ihed  is  2z  square  uuits,  the  rate  of  increase  of  induction 
"through  abed  vi 

^Accordingly  we  hare 


/.<-)-.4C^)'- 


d 

■m  since  Szis  constant, 

dB^_d^  /dF\ 
dt"     dxydt/ 

d_  /dF\  dt 
"~dt\dt/d? 

dBdx        <PJdt. 
'  dx  dt"~  dfi  dx' 

hat  -?=iV— Telocity  of  propagation  of  the  impulse.     Hence, 

ePF 

^ — il    (2) 

dB 
Tx 
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or,  gcuerallv,  since  B  =  — ,  we  have 
dx 

^+,^^=0    .... 

as  the  equation  of  motion  of  the  electro-mognctic  induction. 
Thia  equation,  which  is  a  reduced  case  of  the  general  one,  is  of 
the  same  typo  as  that  obtained  in  tiie  theory  of  sound  for  the 
propagation  of  an  impulse  along  a  tube  or  canal.  In  the  case  of 
sound  the  symbol  F  would  be  the  velocity  potential.*  In  the 
electro-magnetic  problem  the  F  is  the  victor  potential.  It  might 
perhaps  be  more  expressively  called  the  induction  potentiaL 

The  rate  of  cutting,  or  the  value  of  — ,  also  expresses  th? 

dt 

electromotive  force  acting  along  the  unit  of  length  a  c  in  the 

dielectric.     On  Maxwell's  hypothesis  this  electromotive  force  in 

the  dielectric  acting  parallel  to  the  current  in  the  conductor 

produces  a  displacement  in  the  dielectric,  such  that  if  R  is  tk 

electromotive  force  we  huve  as  alfove 


and  is  the  rate  of  displacement  or  the  displacement  current 


where  D  is  the  displacement  through  unit  of  area  ;  hence, 

dt*"  K     dt 

rfD 

dt 

flowing  through  uuit  of  area  taken  perpendicularly  to  the  cui^ 
rent  in  O  C  at  the   point  considered.     Let  this  displacement 

current  be  denoted  by  «,     We  have  then  that  -^r-:  —    ^1".  K 

being  the  dielectric  constant  of  the  medium 


rec^^ 

ioec 


Consider  now  a  small  {)arallelopipcdon  (Fig.  8)  or  solid 
angle  described  in  the  dielectric,  of  which  the  sides  are  respec 
ti vely  ac=l,cd  =  Sx,ce=5y. 

The  effect  of  the  cutting  across  of  this  solid  rectangle  by 
expanding  lines  of  induction  will  be  to  generate  in  it  a  displace- 
ment current  such  that  tiie  tutal  displacement  current  parallel 
to  a  cand  through  cd/e  will  be  udxdy.   By  a  i)rcvii)U8  theorem 


•  Set  Bauit'a  Uj/dropuehanict,  p.  251  (Third  Edition). 
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the  line  integral  of  magnetic  force  round  any  line  is  equal  to 
4  TT  times  the  surface  integral  of  the  current  through  the  area 
"bounded  by  that  line,  and  this  is  true  whether  the  magnetic  force 
Xx  produced  by  that  current,  or  whether  it  is  a  current  produced 
by  a  certain  changing  magnetic  force.  Apply  the  theorem  to- 
the  small  rectangle  bounded  by  the  lines  c  e/d.  The  surface  in- 
-tegral  of  the  current  through  e<fd  is  vdxdy.   The  magnetic 

force  along  c  e  is  — ,  where  B  is  the  induction  at  c  and  fi  is  the 

magnetic  permeability  of  the  medium,  since  by  a  fundamental 
theorem  the  magnetic  iudiictiou  B  at  any  place  is  equal  to  /i 


5 


T/ 


Fio.  a 


times  the  magnetic  force  at  that  point.  The  magnetic  force- 
along  df  removed  by  a  distance  8  x  from  c  e  is  - 1  B  —  — —  8x1, 

/t\        dx      / 

and  there  is  no  magnetic  force  along  e  d  and  </,  for  these  sides 
arc  perpendicular  to  the  direction  of  the  magnetic  force  of  the 
current  in  0  C.  Hence,  the  line  integral  of  magnetic  force  round 
ee/d  is 

i(B5y-(Bdy-l?S.r5y)), 


or 


1  £B 
H  dx 


dx 
&xSy; 


hence, 


iiruSxSy  = SxSy, 
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dx 


(sr 


Accordingly,  in  the  equationa  (4)  and  (5)  above,  we  have 

obtained  values  for  the  quantities  and  —    in  terms  of 

dt  dx 

the  perniaiicnt  qualities  of  the  medium ;  and  by  substitution 

of  these  values  in  equation  (2)  above  wo  have  that  the  square 

of  the  velocity  of  propagation  of  the  vector  potential  is 

rf«F      4ir« 
^.,     dti         K  1 

d  B       i  TT  /4  M        K  /«  I 

dx 


at 


-sfh 


that  is,  the  velocity  of  propagation  of  the  magnetic  force  is  the 
square  root  of  the  reciprocal  of  the  product  of  the  magnetic 
and  electrostatic  inductive  constants  of  the  medium.  We  have 
.above  proved  that  the  ratio  of  the  electro-magnetic  to  the 
electrostatic  units  of  electric  current  is  expressed  by  the  same 
•quantity,  and  indicated  that  accurate  experiment  shows  this 
ratio  to  be  numerically  the  same  as  the  velocity  of  light. 

Hence,  the  velocity  of  an  electro-magnetic  disturbance  or 
magnetic  force  is  the  same  as  the  velocity  of  light,  and  the 
concltision  is  urged  upon  us  with  great  force  that  the  medium 
ooncemed  in  both  phenomena  is  the  same. 

§  6.  Electrical  Oscillations. — A  survey  of  the  phenomena  of 
•electric  current  induction  would  be  very  incomplete  if  it  did 
not  contain  some  reference  to  the  subject  of  electrical  oscilla- 
tions. Recent  researches  has  endowed  this  department  of 
electrical  investigation  with  fresh  interest.  We  proceed  to 
consider  the  manner  in  which  electrical  oscillations  may  arise, 
If  a  material  Ixxly  is  sulyected  to  elastic  constraint,  and  is  dis- 
turbed from  a  position  of  eqjiilibrium,  it  returns  when  set  frefl 
to  its  original  position.  If  that  body  is  endowed  with  moM, 
And  hence  possesses  tlie  quality  of  inertia,  its  motion  of  return 
to  its  position  of  equilibrium  will,  under  certain  circumstances, 
•carry  it  beyond  that  ])oint  and  set  up  oicillatioru,  which  de 
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gradually  away.  Two  illustrations  of  this  readilj  present 
themsclyes,  one  a  mechanical  and  the  other  a  pneumatical 
example.  The  (irst  case  is  that  of  a  pendulum  or  straight 
spring.  Let  this  pendulum  or  spring  be  deflected  from  it» 
position  or  condition  of  equilibrium  and  held  in  constraint.  Next 
let  it  be  set  free — the  elastic  or  restoring  forces  urge  it  back 
again  to  ita  first  position.  In  virtue  of  ita  mass  it  will  acquire 
a  certain  momentum,  and  on  reaching  the  position  of  equili- 
brium this  momentum  m.iy  carry  it  post  this  point,  and  the 
acquired  kinetic  energy  will  then  be  e\pcnde«.l  in  making  a 
displacement  against  the  elastic  forces.  If  there  is  nothing  of 
the  nature  of  friction  present  to  fritter  away  the  work  expended 
on  the  body  in  making  the  first  dis{>lacement,  then  the  energy 
would  remain  associated  with  it  for  ever,  being  alternately 
potential  and  kinetic,  and  the  oscillations  continue  with  uudi' 
tninishcd  amplitude.  If  the  spring  or  pendulum  vibrates  in  a 
viscons  fluid,  then  a  frictional  retardation  will  be  experienced, 
and  in  so  far  as  this  is  present  the  energy  is  gradually  dissi- 
pated, and  the  oscillations  decay  away,  becoming  gradually  les» 
and  less  in  amplitude.  It  may  so  happen  that  the  work  done 
against  frictional  resistance  during  the  first  quaner  of  a  com- 
plete oscillation  in  starting  to  return  from  the  i>ositioa  of 
greatest  displacement  is  just  equal  to  the  work  done  in  origin- 
ally making  the  displacement.  When  this  is  the  case  the 
whole  energy  is  dissipated  by  the  time  the  deflected  or  dis- 
placed body  reaches  its  original  position  of  rest,  and  there  are 
then  no  oscillations.  Accordingly  a  pendulum  or  spring  may 
be  set  in  a  viscous  fluid  such  that  the  frictional  resistance  is 
j(ist  so  great  that  when  the  body  is  disturbed  and  then  set 
free  it  returns  to  ita  original  position  without  ever  passing  it ; 
in  other  words,  there  are  no  oscillations.  Another  illustration 
of  oscillatory  and  non-oscillatory  est-ablishment  of  equilibrium 
is  as  follows  ;  Suppose  there  be  two  large  vessels,  or  reservoirs, 
connected  by  a  pipe,  closed  or  closable  in  the  middle  by  a  stop- 
cock. Let  one  of  those  vessels.  A,  be  exhausted  of  its  air,  and 
let  the  other,  B,  have  air  in  it  at  the  atmoepheric,  or  a  greater 
than  the  atmospheric  pressure.  J^'irst,  let  the  connecting  pipe 
be  supposed  to  be  long  and  narrow ;  on  opening  the  stopcock 
air  will  rush  over  from  B  into  A,  and  the  flow  of  air  will  con- 
tinue uniformly  in  the  pipe  in  one  direction  until  the  pressure 
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in  A  and  B  is  equalised.  Second,  let  the  connecting  pipe  be 
very  short  and  large,  so  that  little  tubular  friction  is  offered  to 
the  flow  of  air.  Under  these  circumstances  the  result  of  open- 
ing the  top  would  be  that  a  rush  of  air  would  take  place,  which 
would  be  Buccceded  by  a  series  of  oscillations  of  the  air  in  the 
tube.  The  air,  in  fact,  rebouuda  from  side  to  side,  and  the 
equilibrium  is  only  finally  establiahcfl  uftcr  a  series  of  gradually 
diminishing  oscillations  or  backwanl  and  forward  currents  of 
air  in  the  tube.  This  establishment  of  equilibrium  of  pressure 
by  Dscillatory  movement  takes  place  wiieu  the  resistance  to  the 
flow  is  small.  That  tliis  is  no  fanciful  description  is  proved 
by  the  experience  of  MM.  Cldment  and  Desormes  in  their 
experiments  to  determine  the  ratio  of  the  specific  heats  of  gases. 
In  these  experiments  a  large  gloss  vessel  has  a  partial  vacuum 
niarlc  in  it.  A  stopcock  is  then  quickly  opened  and  closed,  and 
the  pressure  of  the  air  determined  after  a  short  time.  These 
experiments  were  also  carried  out  by  MM.  Gay  Lussac  and 
Welter.  See  Jotirnal  ,h  Pliysi'iw,  LXXXIX.,  1819,  428, 
Ann.  de  Ch.  et  de  Phy».  [1],  XIX.,  1821,  436. 

M.  Cazin  {Ann.  de  Ch.  et  de  Phyt.  [3]  LXVL,  1862,  206) 
jiointed  out  a  source  of  error  which  resulted  from  these  air 
oscillations,  and  showed  that  the  final  pressure  depended  upon 
the  phase  of  the  oscillation  at  which  the  stopcock  is  closed. 

These  examples  are  sufficient  to  indicate  that  when  a  mater 
«ystcm  of  bofiics  having  inertia  is  displaced  against  clastic  for 
which  compel  it  to  return,  if  free,  to  a  definite  jjosition,  whilst 
.at  the  same  time  its  motion  is  resisted  by  actions  of  the  natur^ 
of  frictional  resistance  which  dissipate  ita  energy,  we  have 
resulting  motion  which  may  bo  oscillatory  or  non-oscillator 
according  to  the  relation  of  the  constants  of  the  system  under 
certain  conditions  as  to  mass,  or  inertia  and  friction.  We  have 
oscillations  dying  gradually  awa}-.  Under  other  conditions  we 
have  a  gradual  return  to  the  original  position  without  ever 
])a88ing  it.  The  motion  is  then  said  to  be  perfectly  dead-beat. 
We  shall  ittvestigate  presently  the  conditions  which  must  hold 
good,  and  the  relations  between  the  inertia  /actor,  in  virtue  of 
which  the  moving  system  possesses  kinetic  energy,  and  the 
retittance  factor,  in  virtue  of  xvhich  the  energy  bestowed  upon 
the  system  at  its  first  disphicemeut  is  frittered  away  into  heat, 
in  order  that  the  motion  may  be  vibratory  or  dead-beat.      
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When  a  condenser  or  Leyden  jar  is  discharged  through  a 
-conductor,  the  potential  energy  raaa  down  in  the  form  of  an 
■electric  current.  In  this  case  we  have  a  similar  state  of  things 
to  that  existing  when  a  bent  spring  is  released.  This  trans- 
lormation  of  the  potential  energy  may  take  place  either  by  a 
•vibratory  current  or  a  series  of  electrical  oscillations — that  is, 
•hj  a  uni-directional  discharge.  It  is  highly  probable  that  Prof. 
-Joseph  Henry,  as  far  back  as  1842,  was  the  first  to  recognise  that 
the  discbarge  of  a  condenser  might  be  of  an  oscillatory  character. 
It  is  remarked  by  him*  that  "  The  discharge,  whatever  may  be 
its  nature,  is  not  correctly  represented  by  a  single  transfer  of 
imponderable  fluid  from  one  side  of  the  jar  to  the  other ;  the 
phenomena  require  us  to  admit  the  existence  of  a  principal  dis- 
charge in  one  direction  and  then  several  reflex  actions  backward 
and  forward,  each  more  feeble  than  the  preceding,  until  efjuili- 
brium  is  attained.  All  the  facts  are  shown  to  be  in  accordance 
with  this  hypothesis,  and  a  ready  explanation  is  afibrded  by  it 
of  a  number  of  phenomena  which  are  to  be  found  in  the  older 
works  on  electricity,  but  which  have  until  this  time  remained 
unexplained."  A  little  later  on  in  the  Paper  he  gives  an 
explanation  of  the  reversal  of  polarity  of  the  needles  by  the 
oscillatory  discharge.  In  his  now  celebrated  Essay,  Erlutltvng 
der  Kraft  (Berlin,  1847),  Uelniholtz  alludes  also  to  such  a 
possible  form  of  electric  discharge  in  the  following  words  :— 
"We  assume  that  the  discliarge  (of  a  jar)  is  not  a  simple 
motion  of  the  electricity  in  one  direction,  but  a  backward  and 
forward  motion  between  the  coatings  in  oscillation,  which 
become  continually  smaller  until  the  entire  vit  viva  is  destroyed 
by  the  sum  of  the  resistances."  He  adds:  "The  notion  that 
the  discharge  consists  of  alternately  opposed  currents  is  also 
favoured  by  the  phenomena  observed  by  Wollaston  while 
jittempting  to  decompose  water  by  electric  shocks,  that  botlt 
descriptions  of  gases  are  evolved  at  both  electrodes."  The 
investigation  which,  however,  murks  an  epoch  in  this  matter 


•  "  The  Scientific  Writingi  of  the  lat«  Prof.  JoMph  Henry."  Wuhiug- 
ton :  1886.  VoL  I.  Tbi«  sUtement  of  Prof.  Henry  had  altention  directeil 
to  it  by  Hr.  A.  D.  Raine  in  The  Electrician  of  November  2,  1888,  p.  831. 
It  bad  been  previouily  mentiuneil,  liuwcver,  in  the  (ketch  of  the  life  of 
frof.  JoMfb  HcDiy  given  io  the  £)iCjfclopadia  Srilanniea,  Ninth  Edition. 
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i8  the  Paper  by  Sir  \V.  Thomaon  in  the  June  number  of  the 
Philosophical  Magazine  for  1833,  on  "Transient  Electric- 
Currents."  In  thia  Paper  the  author  discusses,  first,  the  equa- 
tions which  determine  these  currents  at  any  instaut  when  a  con- 
denser or  Leyden  jar  is  discharged  throuyli  a  conductor.  The 
discharging  conductor  is  suppKwed  to  hare  self-induction,  OTr 
as  Sir  W.  Thomson  then  called  it,  "electro-dynamic  cajMcity," 
and  also  to  have  oliraic  resistance,  which  is  constant,  and  inde- 
pendent of  the  rate  of  discharge.  On  these  two  assumptioua  he 
builds  up  an  equation  which  mathematically  contains  the  whole 
theory  packed  up  in  it,  as  follows  : — 

If  C  is  the  electrostatic  capacity  of  the  jar  or  condenser,  and 
R  the  ohmic  resistance,  and  L  the  coustuut  inductance  of  the 
discharging  conductor  ;  and  if  q  is  the  electric  quantity  in  the 
jar,  and  tf  the  potential  difference  of  its  coatings  nt  any  instant  1^ 
then  by  the  definition  of  electric  capacity  we  have 

5-Cv, 

and  _£.  —  »•■  the  current  at  that  instant  in  the  conductor,  which 
dt 

is  equal  by  Ohm's  law  to —.  By  the  principle  of  conservation 
of  energy  the  rate  at  which  electro-magnetic  energy  is  being 

taken  up  by  the  conductor,  viz., -—  (J  L  »*),  together  with  the 

dt 

rate  at  which  energy  ia  being  dissipated  as  heat  in  the  con- 
ductor, viz.,  R  »*  (by  Joules'  law),  must  be  equal  to  the  rate  of 
decay  of  the  energy  contained  in  the  jar,  or  to 


Heno.  -r,0-c)-^  «'"■''*''•''• 


or 


-L4?-L.-^'-hRi»; 
Cdt         dt  ' 


but  »■  =  -^,  or  the  current  is  the  rate  of  loss  of  charge,  there- 


fore 


dt*     h  dt      hC^ 


(L) 
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The  Talue  of  q,  or  the  charge  in  the  jar  at  any  instant,  is  giren 
by  the  solution  of  this  equation  (I.). 
Let  us  write  equation  (I.)  in  the  form 

5?+a^  +  5g-0. 
dt»        dt       * 

In  order  to  solve  this  we  may  proceed  as  follows : — ^The 
charge  q  in  the  jar  begins  by  poaseasing  a  certain  initial  value, 
and  ends  by  being  zero.  Let  us  assume  that  q  can  be  expressed 
as  a  function  of  the  time  ( in  the  form  ;  =  A  <*^,  when  A  is  a 
constant  and  e  is  the  base  of  the  Naperian  logarithms,  and  m 
is  also  a  certain  function  determined  by  the  capacity  resistance 
and  inductance  of  the  system.  For  it  is  clear  that  by  a  suit- 
able value  for  A  and  m  the  function  A  e'^  may  be  made  to  ex- 
press the  mode  in  which  the  charge  q  dies  away  with  increase 
of  the  time  (.  The  problem  is  reduced,  then,  to  finding  A  and  m. 
The  solution  of  every  differential  equation  is  always  by  a  pro- 
cess of  happy  guessing  ;  there  is  no  systematic  or  direct  method 
of  obtaining  the  required  result.  Take,  then,  the  expression 
3— A  e"^,  and  obtain  the  first  and  second  differential  coefficienta, 
and  substitute  these  results  on  the  original  equation  (L),  we- 
obtain  the  expression 

A«^  {m*  +  am  +  b)~0. 

Hence,  the  value  A  e^  assumed  for  q  will  satisfy  the  equation 
(L) ;  that  is,  when  substituted  for  q  in  the  original  equation, 
render  it  zero  provided  that  m  is  such  a  quantity  that 
m'  +  a  m  +  6  3>  0.  The  two  roots  of  this  last  quadratic  equation 
are  obtained  by  a  simple  solution,  and  they  are 


in> 


-l^V^' 


Two  cases  then  arise,  flnt,  when  —  is  greater  than  b — that 


R'  1 

is,  when  — —  is  greater  than  — -^ 


R»  1 

or  —    greater  than  — 
4  L  C 


Id 


this  case  the  roots  of  the  quadratic  are  real,  and  if  we  call 
them  ffij  and  m^  we  can  say  that  the  solution  of  the  differential 
equation  (L)  is 


J— A( 


(IL) 


BB 
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where  A  and  B  are  constants  determined  bj  the  initial  circum- 
stances of  the  discharge,  and  m^  and  m,  are  equal  respectirely 

to h  .  / h  and  — -— ./ 6.     This  solution  for  the 

2     V   4  2     V   4 

value  of  J  is  called  an  exponential  solution,  and  it  indicates 

that  under  these  circumstanoes  when  the  inductance,  resistance 

and  capacity  are  of  such  magnitudes  that  R  is  greater  than 

— ,  the  quantity  q  dies  away  regularly,  diminishing  with 

the  time  in  a  continuous  manner.     In  this  case  the  discharge 
of  the  jar  is  always  in  one  direction,  and  the  current  or  rate  of 

decay  |  ~  j^  )  <>^  ^^  charge  is  also  always  in  one  direction. 

If,  however,  R  is  Um  than  ^l  -—,  then  (—  -6  j  is  a  nega- 
tive quantity,  and  the  square  root  of  it  is  an  imaginary  one, 
and  the  roots  of  the  quadratic  fn'-t-am-(-6  =  0  are  uutm^^h 
It  is  shown  in  treatises  on  algebra  that  a  quadratic  equatid^f 
has  either  two  real  or  two  imaginary  roots,  and  when  this  last 
is  the  case  the  roots  of  the  quadratic  can  always  be  ezpr 
in  the  form  a  +  ^  >/  -  !• 

Accordingly,  the  solution  of  the  original  equation  (L)  i 
these  ciroHmBtanoee  is  of  the  form 


5.A«'»+''^-^)'-hB«("-'»^-»)V 


(UI.) 


By  a  simple  transformation,  based  on  the  employment  of  i 
exponential  values  of  the  sine  and  cosine,  as  given  on  page  IC 
tbia  lolation  can  be  thrown  into  the  form 


J-e«*(Pcos^«-^P»sin/3«)    . 
where  P  and  P^  are  constants,  and 


(IV.) 


»=-?=-  «.,and)8-,A-f!-,/-L-i 
2        2L'        '^     V         4      VLO     4L« 

The  general  result  is  then  that  the  equation 
df     hdt    LG^ 
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when  R  ia  less  than  /,./  -^t  contains  sine  and  cosine  tenns, 

and  indicates  a  periodically  changing  discharge  decreasing  bj 
a  series  of  oscillatious,  in  which  the  charge  in  the  condenser 
is  first  positive  and  then  negative,  but  at  the  same  time  de- 
creasing ;  or,  in  other  words,  is  a  periodic  variation  superim- 
posed on  a  steadily  decreasing  variation,  the  currents  or  rates 
of  discbarge  following  the  same  distinction.  These  two  modes 
of  discharge,  or  solutions  of  the  differential  equation,  are  best 
indicated  graphically  by  the  two  curves  in  Fig.  9,  in  which 
the  upper  curve  represents  the  gradual  decrease,  according  to 
an  exponential  law,  which  is  indicated  as  the  proper  solution  of 
the  equation,  when  the  value  of  R  or  the  resistance  of  the  dis- 

/iTj 

charging  circuit  is  greater  than  w  -z^  and  the  lower  one  the 

oecillatoty  discharge,  which  is  indicated  by  the  trigonometrical 
solution  of  the  differential  equation,  when  the  resistance  R  is 

less  than  k/  -tt'     ^^6"  R  has  such  a  value  that  R  — i^ — , 

the  discharge  isjustnon-oecillatory.  We  find,  then,  that  accord- 
ing to  Sir  W.  Thomson,  analysis  indicates  that  for  a  certain 
relation  between  the  resistance  and  inductance  of  the  discharge 
circuit  and  of  the  capacity  of  the  jar  the  discharge  ia  a  simple 
current  in  one  direction  or  a  dy  ing-a  way -back  warda-and-forwards 

current,  according  as  R  is  greater  or  less  than  a/  —  .      If  the 

▼     C 

discharge  ia  oscillatory  then  the  electrical  oscillations  are  iso- 
chronous, and  the  periodic  time  of  a  complete  oscillation  ia 

2ir 


T- 


/  1         K^  ' 
V  LC"  4W 


for  in  the  aecond  solution  (FV.), 

5  -  e"  (P  coe /S  * -f  Q  sin  j3  0. 
we  see  that  at  intervals  of  time  equal  to  -^  the  sine  and  coeini 

terms  have  the  same  values,  since  sin  /J  t  =  sin  /3  f^  ( -(•  5  Y 
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the  same  for  the  cosine.     Hence,  the  trigonometrical  factor  in 

the  value  for  q  periodically  repeats  itself  in  value  at  intervals 

p 
of  time  equal  to  -,,  and  is  zero  at  times  when  tan  /3  <  =  -  -. 

Hence,  the  complete  periodic  time  of  the  oscillation  is 


LC     4  L» 


and  the  frequency  of  the  oscillations,  or  number  in  aae  second, 

to  J-    /  ^   _  R' 

2  IT  V  L  C     4  L«' 

Accordingly,  when  R"»./-— there  are  no  oscillations  in  one 

second,  or  the  motion  is  just  non-oscillatory,  or  dead  beat.  In 
the  case  of  the  uni-directional  discharge  the  values  of  the  in- 
stantaneous current  in  the  discharge  circuit  can  be  represented 
as  we  have  seen  by  the  ordinates  of  an  exponential  curve,  and 
in  the  case  of  the  oscillatory  discharge  by  those  of  a  periodic 
curve  whose  maxima  descend  in  geometric  progression  as  the 
time  increases  in  arithmetic  progression.  During  equal  in- 
tervals of  time  the  whole  quantities  which  pass  decrease  also 
in  geometric  progression,  and  the  zero  points,  or  instants  of 
reversals  of  sign  of  current,  are  uniformly  separated. 

The  foregoing  predictions  of  analysis  have  been  confirmed  by 
the  experiments  of  Feddersen,  Paalzow,  Bernstein,  Blasema, 
Helmholtz,  Schiller  and  Rood.  Thomson  in  his  original  Paper 
pointed  out  and  suggested  the  application  of  Wheatstone's 
mirror  in  the  examination  of  the  discharge.  In  Feddersen'a 
experiments  the  spark  from  a  Leydeu  jar  battery  was  taken 
between  two  brstss  balls  placed  in  front  of  a  revolving  mirror. 
The  discharge  was  passed  through  a  high  resistance.  The 
image  of  the  spark  was  viewed  by  a  telescope.  Under  these 
circtunstances  the  image  of  the  spark  was  drawn  out  when  the 
mirror  revolved  into  a  continuous  band  of  light  in  a  direction 
perpendicular  to  that  of  the  discharge.*     When  the  resistance 

*  An  experimental  renesrch  of  »  very  complete  cliAncter  on  the  duration 
•nd  DAture  of  the  discbarge  of  »  I^den  ju-  >■  described  by  Prof.  Ogden 


tr* 
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waa  graduallj  reduced  a  point  was  reached  at  which  the  image 
waa  broken  up  into  a  series  of  separated  strips,  each  strip 
corresponding  to  a  discharge.  This  showed  that  the  discharge 
was  intermittent 

In  Paalzow's  experiments  a  similar  discharge  from  a  Lejden 
battery  was  passed  through  a  resistance  coil  and  through  a 
vacuum  tube,  and  the  image  of  the  discharge  in  the  vacuum 
tube  viewed  in  a  revolving  mirror.  As  before,  with  a  small 
resistance  the  image  consisted  of  a  number  of  separate  images, 
each  of  which  corresponded  to  a  discharge,  and  a  bluish  light 
showed  itself  at  both  poles  of  the  vacuum  tube.  When  the 
resistance  was  increased  the  bluish  light  showed  itself  only  at 
one  pole.  In  the  former  case  a  magnet  held  outside  the  tube 
split  the  discharge  into  two  lines  of  light,  showing  that  it  con- 
sisted of  currents  travelling  iu  both  directions ;  but  in  the  last 
case  the  magnet  did  not  divide  the  discharge.  This  sufficiently 
indicated  that  w^ith  a  low  resistance  the  discharge  was  oscil- 
latory and  alternate,  and  not  uniform  or  uni-directioual. 

Fedderson  found  that  the  critical  resistance  at  which  tb 
discharge  just  becomes  oscillatory  varies  inversely  as  the  square 
root  of  the  capacity  of  the  battery,  which  is  in  agreement  wit 
the  predictions  of  theory. 

A  good  account  of  the  researches  of  these  experimentalists  i 
given  in  Wiedemann's  Galvaniimvs,  Part  II.,  §  800,  tt  $eq.* 

We  can  cast  the  expressions  for  the  charge  at  any  instant 
left   iu   the  condenser    into  more   convenient  forms.      Firm 
consider  the  dead-beat  case  (Equation  II.)  is 


Rood  ID  the  American  Journal  of  Science  and  Arlt  for  September,  1860  ; 
JanuAry,  1871 ;  September,  1871  ;  October.  1872  ;  November,  1872  ;  tUreh, 
1873.  The  author's  atteotion  wu  drawn  to  these  Papers  by  Mr.  W.  H.  SneU. 
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/R»       1 
V  4Ii»~0L' 


where  m^  and  m^  are  the  real  rooU  of  the  quadratic  equation 

and  a8a->-  and  6--^  we  have  »»,-  -— ^  + 
L  Cl7  ^         2L 

which  we  will  write  as  -a  +  y3,  and aioiilarly,  to,  is  -a-fi. 

The  constants  A  and  B  are  determined  bj  the  condition  that 

when  (  —  0  the  charge  q  is  the  original  charge  Q ; 

hence  Q-A  +  B (V.) 

and  since  the  current  i  at  any  instant  is  the  rate  of  loss  of 

charge,  or--j-?,  we  have  »  ■■  -  — '=  -  AiBi«"»*-B»4e'"»*, 
at  at 

when  (  — 0,  »==0. 

Hence  Afni  +  BTn,  =  0 (VI.) 

From  these  two  equations  (V.)  and  (VI.)  A  and  B  are  deter- 
mined in  terms  of  m^  and  m,p  or  of  a  and  P,  and  we  find 

2)8  * 

Let  the  quantity  ~-  be  called  T,  and  let  —,  be  called 

^  ^  i^  '  0  +  /9 


Tj,  then  it  is  easily  seen  that  A  = 


T,-T, 


Q,andB=  - 


Ta-T, 


Q. 


KirchoCf,  OaammdU  AbhenJlungen,  f.  168,  eontiimng  ramarfci  tad 
criticisQU  o(  Feddenea'B  mult*. 

VoQ  Oettingsn,  Pogg.  Ann^,  Vol.  CXV.,  p,  116,  1862  ;  tlio  JnbelbMid, 
p.  269, 1874. 

L.  honnz,  Wiedtmann'i  AnnaUn,  VoL  TU.,  p.  161,  1879. 

SchiUer,  Pogg.  Arm.,  Vol.  CLII.,  p.  535,  1872. 
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and  the  equation  for  q  m&j  be  written 


Q 


T,-T, 


Ti« 


■T.« 


(vn.) 


The  ratio  of  the  potential  v  of  the  condenser  at  any  instant 
to  its  original  potential  Y  is  the  same  as  that  of  j  to  Q. 

The  two  quantities  T,  and  T,  are  such  that  their  sum  is  equal 
to  C  R  and  their  product  to  C  L — statements  easily  verified  by 
taking  the  values  of  Tj  and  Tj  in  terms  of  o  and  /3,  and  recol- 

looting  that  o  stands  for  -— ,  and  )8  for  w  — -  -  — -. 

Hence  also  the  current  i  at  any  instant  is  given  by 

t_         f 

"T«-«  "^'l  .  .  (vm.) 

These  two  equations  (TIL)  and  (YIII.)  contain  the  complete 
solution  of  the  discharge  in  the  dtad-beat  case,  giving  the 
current,  potential  and  quantity  at  any  instant  reckoned  from 
the  moment  of  closing  the  circuit  of  the  condenser. 

Suppose  that  the  discharging  circuit  possesses  no  inductance, 
then  L  =  0,  and  the  equation  (VII.)  reduces  to 


j-Qe    RO 

In  the  above  the  pnxluct  R  C,  or  the  product  of  the  resistance  of 
the  discharging  circuit  and  capacity  of  condenser,  is  a  quantity 
of  the  dimentioM  of  a  time,  and  is  called  the  time  eomtant  of 
the  condenser.     It  represents  the  time  in  which  the  charge  of 

the  condenser  falls  to  -th  part  of  its  original  value  (e  being 

2-71828).     Let  RC  be  denoted  by  T.    Then,  if  we  begin  with 

a  charge  Q  in  a  time  T  the  charge  left  is  -^     In  a  time  2  T  il 


Now,  since  e»  =  (2-71828)»,  or 


is  -.  and  in  a  time  n  T  it  is  -X 
^  «" 

nearly  20,  and  if*  is  nearly  64,  it  follows  that  in  a  time  7  T  only 

o^e-thousundth  of  the  original  charge  remains,  and  in  a  time 

21  T  only  one  thousand-millionth ;  bo  that  in  a  period  of  tim^ 


■ 
■ 

I 

I 


«qual  to  5  or  6  times  the  length  of  the  time  constant  the  con- 
denser is  practically  discharged.  If  the  dischargiag  circuit 
poaseases  inductance  then  in  the  dead-beat  case  there  are  two 
time  constants  of  unequal  importance.  These  are  the  quantities 
we  have  called  Tj  and  Tj  above.  Tj  is  the  larger  of  the  two. 
The  rapidity  of  decay  of  the  charge  with  an  inductive  dis- 
charger depends  chiefly  on  Tj.  For  if  we  refer  again  to  equa- 
tion VII.,  we  see  that  q  will  become  eero  when  the  quantity 

in  the  bracket,  viz.,  the  function  {Ti  e  "*  -  Tj «  '},  becomes 
lero. 

Now,  starting  with  given  values  of  Tj  and  Tj  depending  on 
the  values  of  L,  C,  and  R,  and  having  that  T^  is  greater  than 
Tj,  the  function  starts  with  a  value  equal  to  Tj  -  T,  when  « —  0, 
and  as  ( increases  without  limit  both  exponentials  tail  away  down 
to  zero ;  but  since  Tj  is  greater  than  T,,  the  first  exponential, 
_  t_ 

viz.,  «      *,  is  longer  getting  down  to  practical  zero  than  the 

t^ 

other.  Hence,  the  evanescence  of  «  "^i  practically  determines 
the  time  of  discharge  of  the  condenser,  and  we  can  call  Tj  the 
principal  time  constant  of  the  system. 

If  we  call  the  expression  — —  A,  then  bearing  in  mind  that 
CR* 


JLandTj« 


1 


whe^a-^^and/j-y^;:^:. 


'a  +  0' 
we  cau  express  T,  and  T,  in  terms  of  X  and  C  R  or  T,  and  we 
have  by  simple  substitution 
B  T=        2TX 

B[^V  T  2TA 

and  the  product  T,  Tj^T*  A. 

Hence,  if  a  horizontal  line  is  taken,  on  which  values  of  A  are 
«et  oif  (see  Fig.  10),  and  values  for  Tj  and  T,  plotted  off  verti- 
€ally,  the  locus  of  the  extremities  of  these  ordinates  is  a  para- 
bola. In  the  figure,  lengths  along  0  1  represent  values  of  A, 
and  the  corresponding  values  of  T,  and  T,  define  a  parabola 
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P  M  0,  such  tliat  0  P  =  T  =  C  R,  and  tlie  ordinatea  of  the  uppet 
portion  P  M  of  the  curve  are  the  values  of  T,,  and  those  of  0  M 
are  those  of  T,.     The  value  of  A.  —  ^  is  the  abscissa  O  A«  for 

which  T,  =  Tj,  for  when ——— J  then  )9»0,  and  in  this  case 
C  R' 

Tj— Tj,  and  T^  has  its  minimum  value.     For  this  particular 

value  of  A,  which  is  just  the  value  when  the  discharge  ceases  to 

R'        1 

be  dead  beat,  and  beoomee  oscillatory — that  is,  when  — -—  ••  — -. 

'  4L»    CL 


or  — — ,  —  J — the  time  constants  have  equal   values,  and  T, 
C  R 

becomes  a  minimum.  Hence,  for  this  particular  value  of  the 
inductance  the  time  of  disoliarge  of  the  condenser  ia  a  mini- 
mum, and  lett,  therefore,  than  the  time  of  discharge  when  the 
discharge  circuit  has  no  inductance.* 


•  ThU  »ppeftn  to  have  been  first  noUc«d  by  Mr.  W.  E.  Sumpncr  (PUi. 
Mag.,  June,  1877),  and  discussed  by  Prof.  OUtbt  Lodge  in  an  interestiog 
{laper  in  The  EUetridan  tor  May  18,  1888,  p.  39,  from  which  article  aooe 
portion  of  the  above  ptrngraph  and  6gure8  has  been  tAkcii. 


I 


Taming  next  to  the  case  when  the  inductance  of  the  dia- 

RJ 

charge  circuit  is  such  that  A  is  greater  than  J,  or  when  — -  i» 

leas  than  — — ,  we  have  to  consider  the  periodic  function  which 
C  L 

then  applies. 

Referring  to  equation  IV.  for  the  value  of  j  in  terms  of  t  we 

have  j-e"   (P cos )3 <  +  P» sin iS t), 

— -  as  before,  but  B  now  stands  for  .  /  J °   _ 

JL  V  CL     4L> 

From  the  conditions  that  ? » Q  when  ( —  0,  and  that  when 

«-0,»-li-0,  we  6nd  that  P»Q  and  P'-Q  ^. 
dt  p 

Hence,       j-Qe  "•    ^  co3)3«  +  — ^  sin  )3«  V. 

On  the  convention  that  y  is  such  an  angle  that 

2L/3 
tany  =  _. 

we  can  write  the  above  expression 


where  am,  — 
2 


H  we  ( 
Buut 

^"  tr 


8  =  Qe'^(«JEi^^l±2)\. 
L       siu  y       J 


sm  y 


dt    /?LC 


Kperii 
^a  whi( 


Hence,  we  see  that  the  expression  for  the  currents  and  for  the 

remanent  quantity  of   electricity  at   any  time  (  consists  of  a 

odic  part,  which   is  a  sine  function,  and  a  die-away  jmrt, 

which  is  an  exponential  function,  and  that  the  rate  of  decay 

of  the  maxima  of  the  waves  is  determined  by  the  value  of 

R  **  L 

—  ;  in  other  words,  *^  is  the  time  constant  for  the  oscillatory 

form  of  discharge. 

This  is  expressible  as  2  T  X  in  our  notation,  and  is,  hence, 

simply  proportional  to  X.     In  Fig.   10  the  variation  of  the 

2  L 
time  constant  T^  or  ^—,  for  oscillatory  discharge  is  represented 
R 

by  the  straight  line  M  Q. 


Carre  I.  thowa  th«  chante  remaining  In  tbe  ]*r  ti  any  lime,  th«  dicnll  1 
pnoticuUf  dcTolil  of  Mlt-inilncUon. 

Carve  IL  •howi  the  nme  thing  fur  Lc  i  S  R>— that  U,  for  the  qulckut  dlMh*i|* 
poulble.  At  Bnt  Curre  I.  hu  the  ailvaiitaKc  hut  at  a  time  I'M  Ks  the  iecond  cant 
oreitalcaa  It  and  diachargea  tlw  Jar  mure  rapidly. 
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The  really  important  part  of  the  time  constant  curve  is  the 
part  P  M  Q,  consisting  of  a  bit  of  a  parabola  and  a  straight 
^le,  and  having  a  minimum  ordinate  corresponding  to  A  =  ^. 
■The  current  at  different  times  for  the  two  cases  A»0  and 
^^i  tu%  plotted  in  Figs.  11  and  12. 
^For  A  =  J  we  have  T,  =  T,  since  T,  =  2  T  A.     In  other  words, 

the  time  of  discharge  of  the  condenser  when  — —  =  i  is  the 


as  when  L  =  0,  and  just  double  that  when  A  =  ^ ;  and  in 
this  last  case  the  rate  of  discharge  is  a  maximum.  Hence,  so 
far  from  reducing  the  rate  of  discbarge,  a  UttU  self-induction 
in  the  discharge  circuit  is  a  positive  help  to  the  condenser  in 
getting  rid  of  its  charge.  Mr.  Sumpnor*  has  pointed  out  that 
since  a  lightning  discharge  resembles  that  of  a  condenser,  a 
little  inductance  in  a  lightning  rod  may  assist  matters  instead 
of  blocking  the  way  of  the  discharge. 

A  pendulum  swinging  in  treacle  was  long  ago  suggested  by 
Lord  Rayleigh  as  a  mechanical  analogue  to  the  Leyden  jar  dis- 
charge. Dr.  Lodgcf  has  pointed  out  that  we  may  make  the 
analogy  exact  by  considering  a  loaded  spring  bent  aside  or  com- 
pressed in  a  resisting  medium  in  such  way  that  gravity  is  not 
concerned  in  the  motion  and  then  let  go. 

The  pliability  of  the  spring  corresponds  to  the  capacity  of 

the  condenser,  its  displacement  to  the  eiectrio  charge.     The 

load  or  inertia  corresponds  to  the  self-induction  of  the  circuit  ; 

the  viscosity  of  the  fluid  to  its  resistance.     If  the  viscosity 

friction  be  supposed  to  vary  accurately  as  the  speed,  then  the 

equation  of  motion  is 

—  dv    _       „ 

'Rx, 


mj-^-Rv. 


dx 


where  x  is  the  displacement  and  *  the  velocity  —  -  -j-z.  Writing 

L  f or  m,  and  p-  for  C,  and  x  for  Q,  we  have  the  condenser  equa- 
tion (I.) ;  the  two  are  seen  to  be  the  same,  and  everything  we 
have  said  of  the  electrical  problem  applies  to  the  mechanical 


It  is  obvious  mechanically  that  if  the  resistance  is  moderate 


*  Loe.  eU. 


tSM  SUatrieian,  M>y  18, 1888,  p.  4L 
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and  maas  considerable  the  recoil  of  the  Bpring  will  be  aooom- 
panied  by  oscillationB,  and  that  with  great  resistance  and  small 
inertia  the  motion  will  be  a  alow  sliding  back  without  oscilla* 
tion ;  and  there  must  exist  between  the  strength  of  the  spring, 
the  mass  of  its  load,  and  the  viscosity  resistance  of  the  medium 
some  definite  relation  which  shall  constrain  the  recoil  to  be  dead 
beat,  just  returning  to  the  original  position  of  equilibrium  with- 
out overshooting  the  mark.     This  relation  is  now  seen  to  be 

R'  =  4Rm, 

and  under  these  circumstances  the  recovery  of  the  spring  is 
e£fected  in  the  shortest  possible  time. 

In  addition  to  the  experimental  researches  of  Blasema,  to 
which  reference  has  been  made  at  page  199  «t  seq.,  very  ex- 
tensive experiments  have  been  made  by  Bernstein*  and  by 
Moutont  on  the  subject  of  electrical  oscillations  of  induced 
■currents.  Bernstein's  experiments  were  made  with  a  revolving 
wheel  interrupter,  which  closed  a  primary  circuit,  and  for  a 
very  short  time,  at  a  determinable  period  after  closure  of  the 
primary,  put  the  secondary  circuit  in  series  with  a  delicate 
ballistic  galvanometer.  In  this  way  the  state  of  the  secondary 
circuit  could  be  investigated  at  various  instants  of  time  alter 
closing  or  opening  the  primary  circuit,  and  the  general  results 
of  Blasema  were  confirmed.  In  Mouton's  experiments  a  rather 
different  form  of  commjitator  (see  Jamin's  "Cours  de  Physique," 
Vol.  IV.,  p.  201  ;  third  edition)  was  employed  to  break  a 
primary  circuit  and  to  examine  with  a  quadrant  electrometer 
the  electrical  state  of  the  terminals  of  an  open  secondary  i 
circuit  at  various  instants  afterwards.  Mouton  found  that  ft  ' 
potential  difference  declared  itself  at  less  than  one  four-mil- 
lionth of  a  second  after  ruptiire  of  the  primary,  and  that  thia  . 
potential  difference  died  away  with  decreasing  amplitude  by 
rapidly  reversing  sign,  thus  indicating  the  existence  of  electrical 
oscillations  set  up  in  the  open  secondary  circuit.  The  duration 
of  the  first  semi-oscillation  was  greater  than  that  of  succeeding 
ones.  In  the  case  of  a  secondary  circuit  of  13,860  turns  he 
found   that  the  first  semi-oscillation  had  a  duration  of   110 


*P<V9-  ^nn.,  Vol  OXLn.,  p.  64,  1871. 

f "  £tude  experimental  sur  lea  ph^nominea  d'inductioD   tiectrodyna- 
Clique."    Th^  de  Dootont  1876. 


milliontha  of  a  second,  and  the  suooeeding  ones  about  77 
millionths  of  a  second,  and  he  was  able  to  count  about  thirty 
complete  oscillations. 

^    §  7.  The  Function  of  the  Condenser  in  an  Induction  OoiL — 

Fizeau  appears  to  have  been  the  first*  to  suggest  that  the 
action  of  an  induction  coil  employed  for  raising  the  electro- 
motive force  of  a  current  would  be  increased  by  the  employ- 
ment of  a  condenser.  The  mode  of  use  is  as  follows  : — Let  P 
be  a  primary  circuit  which  takes  current  from  a  few  cells  of  a 
battery,  and  let  I  be  an  interrupter  in  the  primary  circuit,  either 
automatically  worked  by  the  magnetisation  and  demagnetisation 
of  the  iron  core  or  by  any  other  means.  Let  S  be  a  secondary 
circuit  of  many  more  turns  and  high  resistance.  Under  these 
circumstances  each  break  of  the  primary  current  is  accompanied 
by  the  production  of  an  electromotive  force  in  the  secondary 
capable  of  producing  a  discharge  across  an  air  space  in  the 
secondary  circuit.  This  electromotive  force  in  the  secondary  is 
increased  by  any  action  tending  to  increase  the  suddenness  of 
the  stoppage  of  the  primary  cxurent,  and  decreased  by  anything 
promoting  a  spark  at  the  points  of  rupture  of  the  primary  circuit. 
Fizeau  found  that  if  a  condenser,  formed  of  alternate  sheets  of 
tinfoil  and  mica  or  paraffined  paper  in  such  fashion  as  to  form 
a  Leydeu  jar,  has  its  two  opposite  coatings  connected  with  the 
two  extremities  between  which  the  rupture  of  the  primary 
oirouit  takes  place,  then  the  electromotive  force  in  the  secon- 
dary circuit  under  the  same  circumstances  is  increased.  In 
-most  current  text-books  and  elsewhere  this  action  is  explained 

■  by  saying  that  the  extra  current  in  the  primary  circuit,  instead 
of  being  expended  in  making  a  spark  at  the  contact  points, 
darts  into  the  condenser  and  hastens  the  decay  of  the  primary 
current.  This  explanation  as  generally  given  is,  however,  very 
imperfect.  A  more  complete  examination  of  the  nature  of  the 
condenser  action  has  been  given  by  Lord  Rayleigh  (Phil.  Mag., 
Vol.  XXXIX.,  1870,  p.  428,  et  teq.).  In  the  experiments  there 
detailed  a  sewing  needle  was  submitted  to  the  magnetising  action 
of  an  induced  secondary  current  produced  by  the  "  break  "  of 
current  in  a  primary  circuit.     In  some  previous  experiments 


•  Compttt  Rendu;  VoL  XXXVL,  p.  418,  1853. 
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by  the  same  writer  (Phil.  Mag.,  July,  1869,  p.  9)  it  had  been 
shown  that  the  magnetising  effect  of  the  secondary  current 
was  cet.  par.  proportional  to  the  initial  strength  of  the  in- 
duced current,  and  that  this  initial  strength  waa  proportional 
to  the  quotient  of  M  by  N,  or  to  the  value  of  the  ratio  of  the 
coefficient  of  mutual  induction  to  the  coefficient  of  self-induc- 
tion of  the  secondary  circuit.  It  was  then  found  that  the  mag- 
netising effect  of  the  secondary  current,  was  greatly  increased 
by  connecting  the  plates  of  a  condenser  respectively  to  the 
two  points  between  which  the  break  of  the  primary  circuit 
occurred.  The  complete  investigation  of  the  values  of  the 
induced  and  primary  currents  would  under  these  conditions 
be  a  good  deal  more  complicated  than  the  investigation  of  the 
more  simple  case  of  discharge  of  a  condenser  through  a  single 
induotive  circuit.  We  are  here,  however,  only  concerned  with 
the  first  part  of  the  electrical  motion,  the  manner  in  which  the 
currents  wear  down  under  the  action  of  the  resistances  being 
of  subordinate  importance.  It  appears  that  when  the  electrical 
motion  is  decidedly  of  the  oscillatory  type  the  first  few  oscil- 
lations will  take  place  almost  uninfluenced  by  resistance,  and 
on  this  supposition  the  calculation  (following  Lord  Rayleigh) 
becomes  remarkably  simple. 

Let  L,  M  and  N  be  the  primary,  mutual  and  secondary  in- 
ductance, and  let  •  and  %  be  the  primary  and  secondary  current 
strengths  at  any  instant,  and  q  and  q"  the  quantities  of  elec- 
tricity which  have  flowed  through  these  circuits  from  the  instant 
of  beginning  to  reckon  the  time  t, 


then 


l?-,and^'-.'; 
dt  dt         ' 


and  if  we  neglect  resistance  effiects,  as  we  can  do  at  the  instant 
after  "  breaking  "  the  primary  oLrouit,  and  call  C  the  capacity 
of  the  condenser  bridging  across  the  "  break  "  of  the  prinuuy 
circuit,  the  equations  giving  the  values  of  the  primary  and ' 
secondary  current  «  and  •'  at  the  instant  after  breaking  the 
primary  circuit  are-^ 

'-r,*"T.*i-'' <» 
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Eliminating  t"  we  have 


( 


NjdtC 


(3) 


(3)  may  be  written 


('-f)f^^S-» <" 


I    A  differential  equation  of  this  type  always  indicates  an  oscU- 
latoij  motion.      For  consider  the   simple   periodio  function, 


2  «•  A  sin  nt,  where  n  •■  ^^  T  being  the  periodic  time  of  the 

motion,  we  hare  —  =  n  A  cos  p  (,  and  -— -  = 
(it  ^  dt^ 


-  n'  A  sin  p  t ; 


d*x 


hence,  — —  +  n*  z  —  0,  and  therefore  x  —  A  sin  ;>  <  ia  a  particular 

solution  of  this  equation. 

In  the  above  differential  equation  n  is  seen  to  be  2  s-  times 

•the  frequency  of  the  oscillation. 
Accordingly,   equation   (4)   iudicates   an   oscillation  of  the 
primary  current,  of  wliich  the  periodio  time  is  equal  to 


-yc(L.-), 


ana  this  is  the  periodicity  of  the  electric  oscillation  set  up  in 
the  primary  at  the  first  instant  after  "  break." 
Equation  (2)  gives  by  integration  the  connection  between 
(t  and  i',  and  it  is 

M  t  +  N  f  =  constant (5) 

which  shows  that  the  currents  in  the  primary  and  secondary 
oscillate  synchronously,  the  maximum  of  the  one  coinciding  with 
the  minimum  of  the  other.  Since  t'  is  zero  at  the  instant  of 
I  •'  break,"  the  constant  in  equation  (5)  must  be  equal  to  M  I, 
wlierc  I  is  the  current  strength  in  the  primary  just  before 
breaking"  primary  circuit. 
Accordingly,  we  have 


(I-"). 


00 


80  that  when,  after  half  an  oscitlation  of  the  primoiy,  t  becomes 
equal  to  - 1,  we  have 

(6) 


.-»«. 


This  equation  giyos  us  the  ini(iat  value  of  the  secondary 
current  »'  in  terms  of  the  value  of  the  primary  current  just 
before  the  "  break  "  when  the  condenser  is  used.  Comparing 
equation  (6)  with  the  results  on  page  185,  where  it  is  shown 
that,  if  the  condenser  is  not  used  across  the  "  break  "  of  the 
primary,  the  initial  value  of  the  secondary  current  under  tlie 

assumption   of    a   i>crfectly    sudden   break    is   equal    to   t^^  I, 

we  see  that  the  value  of  the  secondary  current,  just  imme- 
diately after  the  break  of  the  primary,  is  double  that  which  ' 
is  there  deduced  as  the  value  when  the  primary  is  simply 
suddenly  stopped  without  the  intervention  of  the  condenser. 
Stripped  of  symbolism,  what  the  above  amounts  to  is  this  :  if  a 
condenser  is  inserted  across  the  "  break  points  "  of  a  primary 
circuit,  then  on  breaking  the  primary  current  continues  to  run 
on  into  the  condenser  for  a  little  bit ;  it  then  rebound*,  and  is 
reversed  in  sign,  retAining  initially  its  full  strength.  The  electro- 
motive force  set  up  in  tlie  secondary  cireuit  is  then  the  restilt 
of  a  stoppage  of  a  primary  current  and  its  immediatt  rrvertni 
in  direction,  and  this  is  equivalent  to  the  removal  of  a  certain 
num)>cr  of  lines  of  induction  from  the  secondary  circuit,  and  their 
immediate  insertion  into  it  in  the  opjwsite  direction.  Hence, 
when  a  condenser  is  so  employed  the  inductive  electromotive 
force  in  the  secondary  must  be  just  double  that  which  it  would 
be  if  there  were  no  such  rebound  of  the  primary.  The  con- 
denser acts  by  setting  up  electrical  oscillations,  and  it  does 
away  with  the  spark,  or  largely  diminishes  it,  in  virtue  of  the 
fact  that  the  condenser  acts  at  the  moment  of  '^  break  "  as  if 
it  were  a  shunt  circuit  of  negative  self-induction,  only  with  this 
difference — that  instead  of  dissipating  energy  like  a  conducting 
circuit  it  returns  it  again  to  the  primary  circuit  in  the  form  of 
a  reversed  current,  and  increases  the  total  change  of  induction 
through  the  secondary  circuit  in  the  short  interval  of  time 
immediately  8uccee<ling  the  "  break." 
Since  the  sparking  distance  of  the  secondary  current  depends 


on  the  initial  electromotive  force  in  the  secondary — that  is,  on 
<the  maximum  of  the  electromotive  force — we  see  that  the  con- 
■denaer  so  applied  can  greatly  increase  the  sparking  distance  of 
ihe  Beoondary  discharge. 

The  action  is  essentially  a  phenomena  of  ruonaTice.  The 
'Oondenaer  causes  an  elastic  recoil  ui  the  current  and  enables 
the  electro-kinetic  energy  of  the  steady  primary  current  to  be 
utilised  in  producing  secondary  electromotive  force  rather  than 
suffer  dis.si[>atton  in  the  form  of  a  contact  8{«irk.  In  order  to 
be  efficient  in  quenching  spark  the  capacity  of  the  condenser 
must  be  great  enough  to  take  up  the  full  primary  current,  or 
to  receive  charge  at  a  rnte  equal  to  the  delivery  of  the  full 
primary  current  for  a  time  during  which  the  contact  or  break 
points  are  separating  to  a  distance  too  great  to  permit  of  much 
sparking  jumping  across.  There  is  a  certain  caj>acity  of 
condenser  suitable  for  any  given  coil  which  produces  the  most 
beneficial  result  in  quenching  contact  spark  and  lengthening 
secondarj'  spark.     The  required  capacity  is  best  determined  by 

■  trial,  since  the  exj>erimental  data  necessary  to  furnish  the  means 
to  calculate  it  would  be  probably  more  difficult  to  obtain,  owing 
to  the  fact  that  it  will  be  determined  by  several  variables,  viz., 

■the  effective  resistance  and  inductance  of  the  primary  circuit, 
the  rate  of  breaking,  and  probably  also  by  the  amplitude  of 
movement  of  the  "  break  points."  If  the  primary  coil  of  an 
induction  coil  is  traversed  by  an  alternating  current  then  the 
condenser  as  ordinarily  used  becomes  superfluous.  It  will  be 
remembered  that  the  late  Mr.  Spottiswoode  obtained  secondary 
sparks  of  great  magnitude  from  his  large  coil  by  so  lusing  the 
alternating  current  of  a  De  Meritens  machine. 

If  a  condenser  is  discharged  through  a  circuit  of  which  the 
resistance  is  so  small  that  it  may  be  neglected  in  numerical 
comparisons,  then  the  equation  of  discharge  is 


dp    C      ' 


I 

^Bwhere  the  symbols  have  the  same  signification  as  before.  ^Vs 
Above  explained,  this  indicates  that  the  discharge  is  oscillatory, 
and  that  the  time  of  a  complete  oscillation  is  2  a-  JlJC, 

In  describing  the  experiments  of  Blasenm  we  saw  that  the 
r frequency  of  the  electrical   oscillation  set  up   in   circuits  on 

cc 
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starting  and  stopping  currents  in  thorn  could  be  reckoned  by 
tens  of  thousands  per  second.  In  the  case  of  Lcvden  jars  dis- 
charged through  very  short  circuits,  the  frequency  may  rise 
numbers  reckoned  by  millions  per  second.  Since  the  frequency' 
of  luminous  vibrations  falls  between  400  and  700  billions 
per  second,  these  condenser  oscillations  fall  in  frequency  in  the- 
gap  between  the  aco\istic  and  luminous  vibrations. 

It  is  of  interest  here  to  note  that  since  those  electrical' 
oscillations  in  a  circuit  are  crciitiug  pulsatory  cloctricat  dis- 
turbances, which  spread  out  from  the  wire  laterally,  the 
wire  in  which  the  electrical  oscillations  are  going  on 
virtually  emitting  "  light,"  although  not  such  light  as 
afl'cct  our  eyes.  The  ether  waves  in  the  case  of  these  elec- 
trical disturbances  are  too  long  to  be  eye-affecting.  If  the 
velocity  of  a  w.ive  disturbance  is  V,  and  the  wave  length  ia  A, 
and  the  frequency  of  the  oscillations  corresponding  to  this 
wave  length  is  n,  then  V  =  n  A,  for  the  wave  motion  travels 
over  the  length  of  one  wave  in  the  time  of  one  complete  oscil- 
lation. In  the  case  of  ether  disturbances  we  have  seen  that 
V  is  3x10"*  centimetres  per  second,  or  186,000  miles  pier 
second.  Hence  when  the  frequency  of  the  electrical  oscilla- 
tions is  known,  tho  wave  length  of  the  lateral  disturbance 
emitted  can  be  found.  According  to  Dr.  Lodge,  a  microfarad 
condenser  discharging  through  a  good  conducting  coil  of  one  i 
secohm  sclf-ind\iction  gives  a  current  alternating  160  times- 
in  a  second,  and  emits  ether  waves  about  1,200  miles  long. 
A  gallon  Ijcyden  jar  (capacity  about  -003  microfarad)  dis- 
charging through  a  stout  wire  suspended  round  an  ordinary 
sized  room  emits  ether  waves  between  three  and  four  hundred 
yards  in  length,  its  current  alternating  at  the  rate  of  about  one 
million  per  second.  A  pint  Leyden  jar  sparking  through  an 
ordinary  p.air  of  discliarging  tongs  gives  a  current  of  15  million 
olteniatiuns  per  second,  with  ether  waves  some  20  yards  in 
length.  An  ordinary  electrostatic  char-go  on  a  sphere  two  feet 
in  diameter,  if  disturbed  in  any  way,  will  surge  to  and  fro  at 
the  rate  of  300  million  vibrations  per  second,  emitting  ether 
waves  a  yard  long.  Electric  charges  on  bodies  of  atomic 
dimensions,  if  able  to  oscillate  at  all,  would  vibrate  thou- 
sands of  billions  of  times  a  second,  and  produce  ultra-violet 
light. 
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The  ordinary  use  of  a  condenser  with  an  induction  ooil  shows 
ihow  it  can  be  employed  to  neutralise  the  effect  of  self-induction 
in  a  circuit.  There  is  another  very  practical  case  of  a  like 
nature.  In  the  employment  of  a  relay  or  electro-magnetic 
circuit-closer  in  telegraphy  the  self-induction  of  the  reluy  is  an 
obstacle  to  the  production  of  rapid  changes  of  current  strength 
[-through  the  relay.  In  this  case  it  is  found  that  if  the  terminals 
•of  the  relay  are  joined  to  the  poles  of  a  suitable  condenser  the 
•effective  self-induction  of  the  relay  is  thereby  lesseueii.  Let 
L,  R  (Fig.  13)  be  an  inductive  circuit,  and  let  the  terminals  ab 
be  closed  by  a  condenser  C  of  capacity  C.  Let  L  be  the  induct- 
ance and  R  the  resistance  of  the  coil.  Let  i  be  the  value  at 
•any  instant  of  a  simple  periodic  current  sent  through  the  relay 
and  condenser  in  parallel,  and  let  t,,  tj  be  the  simultaneous 
ctirrcnt  strengths  at  that  instant  ia  the  condenser  circuit  and 
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the  coil  circuit  As  the  potential  difTerence  of  the  points  a  and 
b  oscillates  there  is  produced  in  the  condeuBcr  circuit  an  ebb 
and  flow  of  current;  the  condenser,  in  fact,  is  charged  and 
discharged  by  the  periodic  current;  also  a  periodic  current  is 
produced  in  the  inductive  circuit  Lj  R.  The  current  in  L,  R 
lags  in  phase  behind  the  impressed  electromotive  force  or 
potential  difference  of  the  points  a  b,  and  the  current  flowing  into 
Bthe  condenser  lags  90deg.  in  phase  behind  the  same  impressed 
electromotive  force.  From  this  it  results  that  the  mean  current 
through  the  inductive  circuit  may,  under  some  circumstances, 
\)e  yrrater  when  the  condenser  ia  joined  up  to  its  ends  than 
when  it  is  not  so  joined ;  its  effective  self-induction  is  thereby 
lessened,  and  it  acts  as  if  it  had  experienced  a  diminution  of 
self-induction.  The  condition  most  favourable  for  producing 
ithis  result  may  be  investigated  as  follows : — 
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Let  V  be  the  potential  difiFerence  of  the  points  a  and  6  at  thff 
instant  when  the  current  in  the  undivided  circuit  is  i  and  thatj 
in  the  brandies  is  t,  and  i^.     We  then  have,  by  the  priuoiplff 
of  continuity, 

«-»,  +  », (1) 

also  ii-cl* (2) 

L^«+Ri3=.w (3)- 

dt 

and  we  may  take  tlie  original  current  before  division  to  bor 
»ini]»ly  periodic,  and  to  be  expressed  by 

i"!  am pt (4) 

where  I  is  its  maximum  value. 

Then  by  elimination  of  v  and  i",  and  »'  from  the  above  four 
equations  we  arrive  easily  at  the  equation — 

CL^?+ CR^ls+»,-lBin7o<     .     .     .     (5) 

Now,  since  t^  must  be  a  simple  periodio  current  lagging  inr 
pliase  behind  that  of  the  undivided  current »',  we  may  take  I'j  to 
be  of  the  form 

tj  =  Ij8in  (p<-«) (0) 

I,  being  the  maximum  vahie  of  t,,  and  6  its  phase  lag  be- 
hind Ij. 

Hence,  by  differentiation  of  (6)  and  substitution  in  (5)  we 
arrive  at 

(1  -CLp')Ij8in(p«-5)  +  CRp»IjC0s(p«-fl)  =  l8inp<  (7) 
which  by  the  lemma  on  page  132  may  be  written — 

Ij  J{1- C hp^y  +  C  RV^"  sin (/)  t-  e  +  <^)-.  I  sin^  t  .  (8) 

Both  sides  of  this  last  equation  are  the  expressions  for  the 
same  thing,  viz.,  the  value  of  i',  and  hence,  equating  tiie  co* 
•fficieuts,  we  have 
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This  gives  us  the  value  of  the  ratio  of  the  maximum  or  mean 
values  of  the  strengths  of  the  undivided  current  and  the 
current  in  the  inductive  circuit.  If  we  differentiate  the 
right-hand  side  of  (9)  with  respect  to  C,  and  apply  the  usual 
criterion  to  ascertain  whether  we  have  a  maximum  or 
minimum  value,  we  find  that  the  expression  on  the  right- 
hand  side  of  (9)  has  a  minimum  value  when 


C> 


R^+p^U 


(10) 


111  other  words,  if  the  capacity  of  the  condenser  is  so  clioseu  as 
to  have  a  capacity  equal  numerically  to  the  quotient  of  the 
inductance  by  the  impedance  of  the  coil,  then  under  these' 
circumstances  the  mean  strength  of  the  cun-cnt  in  the  roil 
circuit  will  be  greater  than  the  mean  strength  of  the  current 
before  subdivision ;  and  it  is  easily  seen  by  substituting  in 
equation  (9)  the  value  of  C  given  by  (10),  which  makes  the 
ratio  of   current  strength  a  mininiiim,  that  with  this  value 

•  of  the  capacity  strength  of  the  current  in  the  inductive 
coil  is  to  the  strength  of  the  current  before  division  in  the 
ratio  of  the  impedance  to  the  resistance  of  the  inductive 
circuit. 

The  expression  (10)  gives  the  value  of  the  condenser  capacity 
which  will  pro<luce  the  recjuired  result  of  minimising  the  self- 
induction  of  a  relay  of  resistance  R  and  inductance  L  when 
applied  to  it.  Another  problem  of  a  like  kind,  but  not  so 
practically  useful,  is  the  investigation  of  the  behaviour  of  a 
condenser  when  joined  in  «m««  with  an  inductive  coil  and 
traversed  by  a  simple  periodic  current.  Let  a  condenser  of 
capacity  C  be  joined  in  series  with  an  inductive  circuit  of 
resisttince  R  and  inductance  L,  and  let  a  simple  periodic 
current  of  frequency  n  be  sent  through  the  two  in  series.  It 
is  not  difficult  to  show  that,  if  we  take  p  ioT  iirn,  aa  usual, 
and  if  the   cfti«city  and   inductance   are  bo   related   to  the 

frequency    of    oscillation    that  p=     .  —,  then,  under   these 

§VLC 
circumstances,  the   condenser  just   annuls  the  self-induction 
of  the  coil,  and  the  two  together  permit  the  passage  of  the 
some  current  which  would  traverse  the  coil  iu  virtue  of  its 
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resistance  R,  assuming  it  to  have  no  inductance, 
the  proof  of  tbJB  as  an  exercise  to  the  student.* 


§  8.  Impulsive  DiacharKes  and  Relation  of  Indnctanea 
thereto. — If  between  the  ends  of  a  conductor  a  difTereuco  of 
potential  is  created  which  ia  brought  about  slowly,  the  result 
shows  itself  in  a  current  in  the  conductor,  and  the  resulting 
current  is  dotcmiined  as  to  strength  by  the  mode  of  variation 
of  the  potential  and  by  the  capacity  as  well  as  by  the  induct- 
ance and  ohmic  resistance  of  the  conductor.  If,  however,  the 
difference  of  potential  is  created  with  great  suddenness,  the 
residting  electric  flow  is  less  and  less  determined  by  wliat  may 
be  the  true  resistance,  and  more  by  the  inductance  of  the 
conductor.  In  this  cose  we  have  the  phenomena  of  impidtive 
ditcharge$.  Wc  have  a  mechanical  analogy  iu  the  cose  of 
impulses  or  sudden  blows  given  to  heavy  bodies,  which  well 
illustrates  how  strikingly  force  phenomena  may  be  altered 
when  for  steady  or  slowly  varying  forces  we  substitute  exceed- 
ingly brief  impulses  or  blows.  If  an  explosive,  such  as  gun- 
cotton,  is  laid  on  a  stono  slab  in  open  air  and  simply  ignited  it 
bums  away  with  comparative  slowness,  the  slab  is  tuiinjiired, 
and  the  evolved  gases  simply  pu»li  the  air  away  to  make  room 
for  themselves.  But  it  is  well  known  that  by  means  of  detona- 
tors the  same  explosive  can  be  fired  with  enormously  greater 
rapidity,  and  in  this  case  the  blow  or  impulse  given  to  the  air 
is  so  sudden  that  it  has  not  time  to  be  pushed  away,  and  in 
virtue  of  its  inertia  its  incapability  of  receiving  a  finite  velocity 
in  an  infinitely  small  time  bestows  on  it  an  inertia  renttana^ 
which  causes  nearly  the  whole  of  the  effect  of  the  explosion  to 
take  effect  downwards  on  the  slab,  and  this  last  is  shattered. 
The  inductance  of  conductors  introduces  a  series  of  phenomena 
which  are  the  electrical  analogues  of  the  above  meclianical 
experiment.  We  have  seen  that  the  counter  electromotive 
force  of  self-induction  is  proportional  to  the  rate  of  change  of 
another  quantity,  called  the  electro-kinetic  momentum,  and  this 
quantity  physically  interpreted  is  the  total  flux  of  induction  or 
number  of  lines  of  force  enclosed  by  the  conducting  circuit  at 

*  Both  this  aod  the  previous  proposition  will  be  found  to  be  proved  bf 
a  geometrical  method  in  Mr.  Blakealej'a  book  on  "Alternating  Currents," 
Second  Edition. 
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that  instant.  A  ooodnctor  of  twiWa  inductance  can  no  nxtre 
ha,ve  a,  ctiirent  of  finite  magnitode  created  in  it  instantaneously 
than  a  body  of  sensible  mil  can  bare  a  finite  Telodtj  io- 
-atantaneoiuly  given  to  it.  la  both  cases  there  is  an  immense 
resistance  to  rerj  sodden  change  of  oooditioo.  A  very  loose 
plug  of  snow  or  earth  stofTed  into  the  muzzle  of  a  loaded  gnn 
will  cause  it  to  burst  when  fired,  since  the  inertia  resistance  of 
the  plug  to  very  sudden  motion  is  exceedingly  large,  though 
the  frictioual  resistaooe  may  be  smaU.  Accordingly,  the  study 
of  the  behaviour  of  conductors  under  exceedingly  sudden  elec- 
tric blows  or  electromotive  impulses  leads  us  to  consider  some 


D 


Fig.  14. 


■very  interesting  efTects,  We  shall  best  elucidate  these  eflects 
hj  describing  some  highly  interesting  and  suggestive  experi- 
ments due  to  Dr.  Oliver  Lodge.* 

His  first  experiment  is  called  the  experiment  of  the  altemalive 

path.   The  two  terminal  knobs  of  a  Voss  or  Wimshurst  electrical 

machine  {»ee  Fig.  14)  are  connected  to  the  two  inside  coatings 

1  of  a  pair  of  Leyden  jars.     The  two  outside  coatings  are  con- 


*  The  kccouot  of  the«e  experiments  is  token  from  the  report  of  Dr. 
Lodge's  Haon  Lectures  before  the  Society  of  Arts.  These  delightful  kod 
■niQ^estrve  lectures  were  reprinted  in  Tfu  Eleeirician,  entitled  "  Protection 
ot  Building*  from  Lightning,"  VoL  XXL,  pp.  234,  2:^3,  302. 
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nected  to  the  balls  of  another  digchorgcr,  B,  and  the  terminals 
of  this  discharger  are  ahort-circuited  by  a  metal  wire  indicated 
by  the  dotted  line.  The  Leyden  jars  stand  on  a  badly  insu- 
lating wooden  base.  On  turning  the  handle  of  the  electrical 
mncliine  tlie  inside  coatings  receive  ecjual  and  opposite  eleo- ■ 
tricjil  charges,  and  there  is  an  induced  charge  on  the  outer 
conting  of  each,  which,  in  the  language  of  the  old  school  of 
electricians,  was  called  the  "  bound  "  charge.  When  the  differ- 
ence of  potentials  of  the  inner  coatings  reaches  a  certain  value 
the  air  space  at  A  is  cracked,  and  a  spark  passes,  discharging: 
the  inner  coatings  of  the  jars.  At  that  instant  the  charges  of 
the  outer  coatings  are  set  "  free,"  or,  in  modern  language,  the 
potential  of  one  rises  and  that  of  the  other  falls.  The  effect  of 
this  is  that  whereas  before  the  spark  passed  at  A  the  Ijalls  at 
B  were  at  e(iual  potential,  on  the  spark  at  A  happening  the 
bnlls  at  B  are  in.stautancously  brought  to  a  very  great  differ- 
ence of  fiotcntiul.  It  might  be  thought  that  since  the  bolls  are 
sliort-circuited  by  a  metallic  wire  tliis  difference  of  p>otentia] 
will  expend  itself  on  making  a  cun*ent  in  the  wire.  On  the 
contrary,  very  little  of  the  discharge  may  take  place  through 
the  wire.  A  spark  pas-ses  at  B,  or,  in  other  words,  the  dis- 
clinrge  passes  in  great  part  across  the  exceedingly  highly 
resisting  air  sjkicc  at  B,  rather  than  t<ike  the  circuit  of  the 
mutHllic  wire  of  very  low  resistance,  so  tliat  although  there  is 
a  dividetl  circuit  open  to  the  discharge,  one  brunch  of  which 
measures  hiuulrcds  of  thousands  of  ohms  or  megohms  and  the 
other  ouly  a  siuiill  fmctiou  of  an  ohm,  it  neivrly  all  goes  by  the 
route  of  higher  resistance.  The  explanation  of  this  is  that 
^hen  the  balls  at  B  arc  thrown  with  great  suddenness  into 
pposite  electrical  states  the  counter  electromotive  force  of 
BcU-iuduction  of  the  circuit  of  metal  L  makes  it  virtually  abso- 
lutely nou-coaducting.  The  electromotive  blow  meets  with 
such  resistance  owing  to  the  electix>-magnetic  inertia  of  the 
circuit  that  it  rebounds  and  cracks  through  the  air.  In  order 
that  it  shall  do  this,  liovvcvcr,  the  distance  of  this  air  gap  at  B 
has  to  be  less  than  a  certain  amotnit.  There  is  a  certain  critical 
distaivcc  of  the  knobs  B  fur  less  than  which  the  discharge  always 
jumj>s  across  B,  and  for  greater  than  which  the  discharge  keep*  i 
mainly  to  the  metallic  circuit.  Even  if  the  short-circuiting  metal 
is  a  thick  rod,  still  when  B  is  not  great  the  discharge  cliooscs  the 


air-gap  path.  The  pheaomenon  here  presented  has  had  fresh 
interest  and  attention  called  to  it  by  Dr.  Lodge,  but  it  ha» 
really  been  long  a  familiar  one,  though  its  explanation  has  not 
Btood  out  hitherto  so  sharply  as  it  does  now. 

Famday  wa.s  acquainted  with  it,  and  showed  that  if  a  charged 
Leyden  jar  is  discharged  by  means  of  a  wire  crossed  or  bent  so 
that  there  was  a  loop  (Fig.  15),  the  wires  at  a  nearly  but  not 
quite  touching,  then  when  the  spark  happened  at  6  a  spark 
took  place  also  at  a,  showing  that  some  at  least  of  the  discharge 
jnmped  across  a  instead  of  pursuing  the  course  of  the  metal 
kwp. 

I  The  same  fact  lies  at  the  base  of  the  action  of  all  lightning 
Brrestors  placed  on  telegraph  or  telephone  instruments.  Mr. 
C.  F.  Varley,  we  believe,  first  suggested  that  the  coils  of  the 
■ingle-needle  instrument  might  be  protected  from  damage  by 
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lightning  by  twisting  together  the  earth  and  line  wires  where- 
^fethey  leave  the  case,  the  theory  being  tliat  although  ordinary 
currents  were  not  short-circuited  by  reason  of  the  cotton 
covering  of  the  wires,  yet  lightning  discharges  would  meet 
with  such  resistance  in  the  inductive  coils  that  they  would 
jump  across  the  knot  from  wire  to  wire  rather  than  pass 
roimd  and  damage  the  coils.  In  the  same  way  the  ordinary 
eomb  prolfctor  is  supposed  to  act.  Between  the  line  wire 
L  (see  Fig.  16)  and  the  electro-magnetic  instnimeut,  relay, 
telephone,  «kc.,  is  placed  a  metal  comb,  which  has  its  points  in 
opposition  to  another  comb  in  connection  with  the  earth,  and 
the  other  terminal  of  the  electro-magnetic  instrument  is  also 
"to  earth."  An  incoming  c\irretit  has  then  two  paths  open  to  it 
to  get  to  earth,  one  of  comparatively  low  resistnuce  through  the 
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instrttmunt,  aud  one  of  enormously  high  resistance  across  the  air 
gap  between  the  comb  points.  Ordinary  currents,  steady  or 
periodic,  pass  entirely  tlirough  the  metallic  circuit.  Very  violent 
electric  impnlsca,  such  as  a  lif^htuing  discharge,  meet  with  an 
«nornious  inductive  opposition  in  the  electro-magnetic  instru- 
ment owing  to  the  inability  of  au  inductive  circuit  to  respond 
to  an  electromotive  impulse  instantaneously.  Henco  the  air 
gap  is  cracked,  and  the  discharge  passes  across  the  combs  and 
the  instrument  may  be  saved.  Evidence  is,  however,  abimdant 
pointing  to  the  fact  that  the  protection  afforded  by  these  con- 
trivances is  very  far  from  complete.  We  are  not  here  concerned 
with  their  efficiency  as  practical  devices,  but  only  with  them 
£lb  illustrating  the  principle  of  the  alternative  path  and  the 
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behaviour  of  inductive  circuits  to  impulsive  discharges.  That 
these  devices  are  inefficient  has  been  fully  demonstrated  by 
many  experimentalists.* 

In  these  experiments  of  the  alternative  path  it  was  found  by 
Dr.  Lodge  that  the  critical  distance  at  which  the  discharge  jiut 
prefers  to  Jump  the  air  gap  was  greater  for  a  thick  copper  rod 
40  feet  long  (No.  1  B.W.G.)  than  for  an  iron  wire  (No.  27 

•  For  au  account  of  nome  intereatiiig  experiments  by  l'r<if.  Hugbe*  i 
Prof.  QuiUemia  on  "Lightning  Protector*"  see  The  EltctrUian,  VoL  XXL  • 
p.  304,  July  13,  1888.  It  was  found  that  a  protector  consiiting  of  two 
oppueed  flat  plates  was  better  than  a  comb  or  opposed  point. 
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B.W.G.)  of  33'3  ohros  resistance,  indicating  a  less  inductive- 
inertw  on  the  part  of  the  iron  ;  but  this  fnct  is  only  true  for 
the  particular  circumstances  of  the  experiment.     A  very  clear 
difference  was  established  between  copper  rod  and  tape,  using 
conductors  of  the  same  length  and  weight.     The  tape  has  an 
.advantage  in   permitting  more  easily  the  passage  of  sudden 
■  electric  discharges.    A  controversy  on  the  relative  suitability  of 
Itod  and  tape  for  lightning  conductors  dates  from  the  time  of 
f  Faraday  and  Sir  \V.  Snow  Harris,  and  a  possible  explanation 
of  the  rcn-sons  for  preferring  one  rather  than  the  other  presents 
itself  when  we  consider  the  matter  in  the  light  of  those  con- 
siderations, which  induce  ua  to  think  that  an  electric  current 
I  begins  always  at  the  surface  of  conductor,  and  takes  a  certain 
time  to  diffuse  or  soak  into  the  mass  of  the  metal.     It  is  not 
crofis-section  but  surface  which  is  here  concerned ;  and,  other 
things  being  equal,  the  conductor  which  ofTers  the  greatest 
surface  to  the  dielectric  is  able  to  dn»in  the  energy  out  of  the 
dielectric  most  quickly  mid  dissipate  it  as  heat  in  the  con- 

Iductor.  We  have  referred  to  this  on  a  previous  page  (see  ante, 
p.  252),  and  it  will  be  mentioned  again  in  connection  with  some 
views  of  Prof.  Poyntiug.*  With  respect  to  the  apparent  suj)e- 
riority  of  iron,  it  would  naturally  have  been  8n]>pi)sed  that, 
since  tlie  magnetic  permeability  of  iron  bestows  Ufwu  it  greater 


*  For  soDie  sfieciAl  remarka  on  the  solf-iii<^uotion  of  wires  of  vnrioua  cross- 
Mctions  nee  Mr.  Oliver  HeavisidB  in  the  Phil.  Mar/.,  Jnnuary,  1887,  p.  11: 
—"The  niBgnetic  cnergj'  per  unit  of  Iciiglli  of  a  circuit  ia  4  Lt',  where  i  i» 
tbe  current  in  the  wire  and  L  the  inductance  ]ier  unit  of  Icn^tli.  As  regards 
the  diminution  of  L  in  general  by  t<|)rca(liug  out  the  current  in  a  strip 
inatead  of  concentrating  it  in  a  wire,  that  is  a  matter  of  elcroentAry  reason- 
ing founded  on  the  Reneral  structure  of  L.  If  we  draw  o|i.irt  current*, 
keeping  the  currents  constant,  thus  doing  work  against  their  mutual 
attraction,  we  diminish  their  energy  at  the  same  time  by  the  amount  of 
work  done  against  their  attraction.  Thus  the  quantity  i  L  v'  of  a  circuit 
in  the  amount  of  work  that  must  be  done  to  take  the  current  to  pieces, 
BO  to  speak — that  is,  to  sci^rate  all  its  filamentary  elementa  of  currenta  to 
an  infinite  distance.  If  wires  are  taken,  each  of  a  unit  of  length  and  of 
^■the  same  total  cn>ss-sectional  area,  but  of  dlHcrent  forms  of  cross-section, 
^B  nmud,  square,  elliptical,  equilateral  triangle,  narrow  rectangle,  Jtc,  the 
ratio  of  their  inductances  is  the  same  as  the  ratio  of  their  tontional  rigidities. 
Thus  the  narrow  strip  has  the  least  torsional  rigidity,  and  the  circular- 
sectioned  wire  the  greatest,  and  this  it  true  also  for  their  relative  self- 
inductions." 
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inductance,  it  would  fonn  a  less  suitable  couductor  for  dis- 
charging with  grcftt  Kiiddeuiies-s  electric  energy.  Owing  to  the 
fact  that  the  current  uniy  jiunctrutes  just  into  the  skin  of  the 
conductor,  there  is  but  little  of  the  moss  of  the  iron  magnetised, 
even  if  theac  instantaneous  discharges  are  capable  of  magn»- 
tising  iron.  Tliis  hist  fact  has  been  thought  to  be  due  to  an 
:ictuul  time  lug  of  magnetisation,  viz.,  that  magnetising  force 
required  to  endure  for  a  sensible  time  in  order  to  produce 
inaguctisatiou,  but  recent  views  tend  in  the  direction  of  con- 
sidering the  apparent  lag  as  a  coiise<iuence  of  the  fact  that  the 
eddy  currents  produced  in  the  surface  layers  of  the  metal  by 
the  discharge  shield  the  inner  and  deeper  layers  from  inductive 
influence,  as  described  under  the  head  of  Magnetic  Screening. 
In  any  event  the  final  result  is  the  same  ;  the  electromotive 
impulses,  or  sudden  rushes  of  electricity,  do  not  magnetise  the 
iron,  and  hence  do  not  find  in  it  any  greater  self-inductive  oppo- 
.lition  than  they  would  find  in  a  non-magnetic  but  otherwise 
similar  conductor.  Dr.  Lodge's  further  researches  seem  to  show 
that  there  is  a  real  advantage  in  usitig  irou  for  lightning  cuu- 
ductors  over  copjtcr,  and  that  its  greater  specific  resistance 
and  higher  fusing  jioint  unable  an  irou  itxl  or  ta]>e  to  get  rid 
■safely  of  an  amount  of  electric  energy  stored  up  in  a  dielectino 
whicti  would  not  be  the  case  if  it  were  copper.  This  point  ii 
further  cliiciiluted  by  some  other  experiments  of  Dr.  Loilge. 
Two  tinfoil  comluctoi's  were  prejiored  of  approximately  equal 
resistance  and  length.  One  of  these  was  formed  into  a  spiral, 
each  layer  being  iii.sulated  with  parattin  paper,  and  wound  on  a 
glass  tube.  The  other  was  made  into  a  zig-zag  or  non-inductive 
resistance.  These  conductors  were  then  employed  as  alterna- 
tive paths,  as  in  the  former  experiment,  with  the  copper  wire.  lo 
the  case  when  the  tinfoil  zig-zag  was  employed  to  siioit-circuit 
the  jara  it  was  not  possible  to  get  a  B  s])ark  {tee  Fig.  13)  until 
the  distance  of  the  A  balls  was  shortened  to  '6  (tenths  of  inch). 
When  the  tinfoil  spiral  was  used  the  critical  spark  distance  at 
B  rose  to  6'4.  When  the  irou  wire  bundle  was  inserted  iu  the 
tube  it  did  not  in  any  perceptible  degree  increase  this  distance. 
The  length  of  the  sparking  distance  at  A  was  7 '3,  and  when 
no  alternative  path  was  used  at  aU  to  connect  the  jars  the 
critical  distance  of  the  B  balls,  at  which  sparks  aometimea 
passed  and  sometimes  failed,  was  ll'l.     Here,  then,  we  hav*  ^ 
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the  non-magnetisability  of  iron  by  sudden  discharges  illustrated. 

KDr.  I/>djre  has  called  attention  to  the  fact  that  a  "choking" 

H'Ooil  having  a  core  of  divided  iron  and  wound  over  with  many 
turns  of  wire  docs  not  odd  to  the  apparent  setf-inductioii  of  a 
circuit  discharging  a  Leydeii  jar.  It  may  even  diminish  it 
when  tiie  discharge  is  oscillatory  and  of  suHicient  frcijueuc^', 
although  the  oscillations  niaj*  be  as  few  as  500  per  second. 
This  experiment  shows,  as  we  know  from  other  facts,  that 
eddy  currents  are  set  up  even  in  a  core  of  finely-divided  iron, 
and  that  these  eddy  currents,  under  sufficiently  rapid  alterna- 
tion.<i,  are  confined  to  the  surface  of  tlie  core,  and  moreover, 

^■<iuce  they  are  as  regards  phase  neni-ly  in  ojiposition  to  that  of 
the  current  in  the  coil,  they  actually  tend  to  diminish  the  total 
flux  of  induction  through  the  coil,  and  hence  diminish  the  self- 
induction  of  the  circuit. 

The  inductive  opposition  to  electric  discharge  presented  by 

B«vou  a  short  length  of  conductor,  when  the  difference  of  poten- 

■  tial  betwi 
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tial  between  the  ends  is  made  very  suddenly,  is  seen  in  the 
tendency  under  such  circumstances  to  tidefia$k.  If  a  conduc- 
tor, say,  a  straight  rod  of  copper,  have  one  end  to  earth,  and 
•omewhcrc  very  near  its  side  is  the  end  of  another  conductor 
also  "  to  earth,"  then  if  the  free  pud  of  the  first  conductor  is 
suddenly  exalted  in  jwtcutial  the  impulsive  rush  of  electricity 
meeting  with  such  an  obstacle  in  the  inductance  of  the  conduc- 
tor spits  or  flimhcH  out  laterally  and  sparks  to  the  other  con- 
<luctor.  No  conductor  is  able  to  prevent  side  flash  altogether 
unless  it  has  practically  no  inductance.  As  long  as  a  conduc- 
tor must  be  straight  (like  a  lightning  conductor)  so  long  will 
there  be  a  tendency  to  side  flash.  This  is  illustrated  by  the 
following  esperimcnt.  A  massive  conductor  has  (Fig.  17) 
•  very  fine  wire  stretched  alongside  and  air  gaps  in  this  bye- 
path  left  by  bringing  the  ends  of  the  fine  wire  very  near  to  the 
sides  of  the  large  conductor.  On  sending  an  impulsive  rush  of 
€lcctricity  through  the  large  conductor  little  sparks  are  seen  at 
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a  and  b,  showing  that  some  of  the  discharge  has  left  the  thick, 
conductor  and  travelled  along  the  fine  wire,  even  although  it 
had  to  leap  across  an  air  gap.  If  the  bare  hands  are  applied  to-  ] 
the  ends  of  an  open  spiral  of  very  stout  copper  wire,  one  end  of ' 
which  ia  connected  to  a  "good  earth,"  shocks  will  be  felt  when 
a  Leyden  jar  is  discharged  through  the  copper.  In  this  case-  j 
the  human  body  fomis  the  bye-path,  and  the  experiment  indi- 
cates that  the  law  of  division  of  steady  currents  or  slow  dis- 
charges between  conductors  in  parallel,  viz.,  a  division  in  the 
ratio  of  their  conductivities,  does  not  hold  good  for  impulsive 
discharge,  and  that  the  relative  inductances  of  the  circuits 
hnve  more  influence  in  the  latter  case  in  determining  what 
happens. 

The  distinction  between  the  resulting  discharges  due  to  & 
steady  electromotive  force  or  strain  and  that  due  to  on  elec- 
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tromotive  impulse  or  impulsive  rush  of  electricity  has  beco 
illustrated  by  some  further  experiments  by  Dr.  Lodge  on  the 
behaviour  of  model  lightning  conductors  when  subjected  to 
the  action  of  these  two  modes  of  discharge.  Two  tin  plates 
are  placed  liorizontally  and  insulated,  and  these  are  suppoeed 
to  represent  the  earth  and  a  thunder-cloud.  These  plates  are 
connected,  as  in  Fig.  18,  to  an  electrical  machine,  and  by  work- 
ing the  handle  are  brought  up  to  a  steady  potential  difference. 
On  the  lower  plate  are  placed  little  rods  of  various  heights, 
sharp,  or  having  knobs,  and  these  rejiresent  lightning  con- 
ductors. At  a  certain  potential  difference  the  electric  strain 
set  up  in  the  nir  exceeds  the  limit  which  the  dielectric  can 
sustain,  and  it  breaks  down,  giving  rise  to  a  spark.  A  discharge 
then  takes  place  towards  one  or  other  of  the  mimic  lightning 
conductors.  In  one  experiment  three  condiictors  were  used — 
one  with  a  large  knob,  -9in.  less  in  height  than  the  distance 
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between  the  plates,  the  second  with  a  small  knob,  2in.  less  in 
height,  and  a  sharp  short  point.     The  point  even  when  very 
low  prevents  discharge  altogether.     It  may  be  too  low  to  be 
effective,  or  it  may  be  insufficient  to  cope  with  the  sujjply  of 
electricity  if  that  is  supplied  very  fast,  but  it  acts  to  jirevent 
discharge.     If  the  point  is  removed  or  covered  up  we  then  find 
that  the  discharge  takes  place,  when  the  potential  difference 
of  the  plates  is  made   great  enough,  to   the  small  knob  by 
Bpreference,  and  it  does  so  even  when  the  stem  of  the  short 
^^knob  is  lower  than  that  of  the  large  knob.     In  other  words, 
when  the  stems  are  the  same  height  the  small  knob  protects 
the  large  one,  and  it  docs  tliis  until  lowered  in  height  to  about 
■      two  inches  less  than  the  other  ;  when  this  is  the  case  both  knobs 
^ftare  struck  indifferently.     And  it  does  this  even  when  a  resist- 
ance of  one  megohm  is  interposed  in  the  stem  of  the  smaller 
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knob.  The  state  of  things  is,  however,  very  much  altered  if 
in  place  of  bringing  up  tho  two  plates  grnduallj-  to  a  sparking 
potential  difference  tliey  are  very  suddenly  throivn  into  oppo- 
site electrical  conditions  by  connecting  them  to  the  electrical 
^  machine,  aa  shown  in  Fig.  19. 

^1  The  jars  charge  up  as  they  stand  on  the  same  wooden  table, 
^"  and  when  the  potential  rises  to  sparking  amount  they  discharge 
at  A,  and  a  violent  electric  msh  then  takes  pla«e  between  the 
two  plates,  and  the  conductors  between  are  struck.  If  the  same 
^^tliree  kind  of  conductors  are  usetl,  and  they  be  adjusted  until 
^■Ihey  are  all  about  equally  struck,  we  find  that  the  smaller  and 
^B  Bhorter-stemmed  knob  no  longer  protects  the  larger  one,  and 
H  the  sharp  point  no  longer  protects  either ;  all  three,  large  ball, 
^1  small  ball  and  point,  are  liable  to  be  struck  equally  if  at  the 
"  Banie  height,  and  if  they  differ  in  height  the  highest  is  most 
likely  to  be  stnick,  no  matter  what  it  is.     Points  are,  then,  no 
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protection  against  these  impulsiTO  rushes  of  electricity.    The 
special  virtue  of  a  point  in  the  case  of  the  glower-timed  dis-J 
charges  is  that  it  prepares  the  path  of  the  discharge  to  itself^  J 
for  in  this  case  the  path  is  pre-arranged  by  induction.     If  on»j 
of  the  conductors  has  a  large  resistance — say  a  liquid  megohal 
inserted  in  it — then  this  one  is  no  longer  struck  ;  it  ceases  to ' 
protect  the  other  conductors  even  if  higher  than  them,  and 
even  if  it  be  so  raised  in  height  that  it  touches  the  top  plate, 
thus  connecting  the  plates  by  a  bad  conductor,  the  two  other 
conductors  get  struck  with  apparently  the  same  ease  as  before. 
This  indicates  that  a  lightning  conductor  with  a  bad  esu^h  can- 
not protect  well  against  discharges  of  the  nature  of  a  sudden 
rush.     Mr.  Wimshurst  has,  however,  shown  reason  for  consider- 
ing that  iu  this  experiment  the  cleotricai  state  of  plates,  as 
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regards  sign  of  electrification,  may  be  of  importance.  Tin 
((uestion  how  far  the  point  protects  from  the  impulsive  rush  is 
not  altogether  cleared  up.     It  is  still  gxdj  juJice. 

In  fwrformiug  the  first  experiment  of  the  alternative  path 
(Fig.  14)  it  was  noticed  that  the  B  spark  was  longer  than  the  K-i 
spark.  Plainly  this  indicates  that  the  discharge  at  A  sets  up 
electrical  oscillations.  The  manner  in  which  this  is  brought 
about  is  as  follows : — On  the  commencement  of  the  discharge 
the  air-space  is  intensely  heated,  and  its  conductivity  so  far 
increased  that  the  conditions  as  to  the  relation  of  inductance, 
resistance  and  capacity  of  the  discharger  and  condenser  are  ful- 
fiUed,  and  the  discharge  takes  the  oscillatory  form.  If  a  couple 
of  long  leads  are  attached  to  the  A  discharger  (Fig.  20),  thej 
farther  ends  being  insulated,  and  a  discharger  B  bridged  acicwM 


«t  Bj,  B,  or  By  then  it  is  kmoi  that  at  erciy  diackaise  «t  A  a 
■park  can  be  obtaiaed  at  B,  and  Cor  a  ocrtaaa  leag&  of  A  qiaik 
theBqwk  viD  be  longer  at  B,  tbaa  at  the  neai«r  poattow. 
Evidenthrvbat  b^pena  ii  tbattbe  efectrieal  oacOIataaa  aeroH  the 
A  discharge  iatemli  aeta  iq>TiafeBt  aiuginga  to  and  fro  in  tbe 
open  cticnit  virea,  joat  l&e  vater  in  a  kog  troogb  when  it  h 
tilted,  and  the  reeod  a*  the  inawlafed  ends,  eombined  with  the 
indoctanoe  ot  these  leada,  pioduMa  »  eraaa  fladi  at  B.  It  is,  iu 
foct,  a  case  of  reaonaoee ;  the  long  open  circuit  leada  act  like 
resonaton  to  the  oariTlating  discharge  acnxB  A,  and  the  nearer 
the  length  of  the  leads  approadtes  to  half  a  vaTe  length  cr  to 
Bome  multiple  of  half  a  ware  length  tbe  more  perfect  will  be 
the  resonance  and  the  greater  the  reoofl  at  the  open  ends,  and 
hence  the  greater  the  spark  at  By 

If  the  experiment  is  tried  in  the  dark,  the  B  disehaiger  being 
removed,  it  is  seen  that  the  leada  glow  at  the  ends  with  a  vivid 
bnuh  light  at  the  moment  when  the  jars  are  discharged.  When 
the  proper  length  of  open  circuit  lead  has  been  foimd  which 
resonates  best  in  accord  with  the  jaia  used  as  dischargers, 
then  the  whole  of  the  effects  described  can  be  made  to  dis- 
appear by  connecting  a  rery  small  Levden  jar  to  the  ends  of 
the  wires.  The  increase  of  static  capacity  thus  given  to  the 
leads  reduces  their  potential  below  sparking  point.  Arranging 
the  jar  so  as  to  leave  an  air-space  between  it  and  one  of  the 
wires,  a  spark  passes  into  it  at  each  A  spark  ;  but  the  jar  is 
not  in  the  least  charged  afterwards,  proving  that  the  spark  is 
a  double  one,  first  in  and  then  out  of  the  jar,  a  real  recoil  of 
the  reflected  pulse.  Hence,  also,  we  see  that  tbe  brush  visible 
in  the  dark  is  the  same  on  each  wire,  and  one  is  not  able  to  say 
that  one  brush  is  positive  and  the  other  negative,  for  each  is 
both. 

A  curious  experiment  illustrating  the  electrical  surgings  or 
oscillations  set  up  in  a  conductor  which  is  suddenly  discliarged 
at  one  end  is  as  follows : — Attach  one  end  of  a  lon;^'  wire  to  one 
knob  of  a  Wimshurst  machine,  and  connect  the  other  pole  to 
earth.  The  wire  is  otherwise  insulated,  and  now  fonus  one 
coating  of  a  condenser  of  which  the  other  is  the  walls  of  the 
room.  The  wire  is  bent  round  so  that  its  free  end  nearly 
touches  its  initial  end  (tee  Fig.  21).  Under  these  circumstances 
■one  would  naturally  say  that  a  spark  at  B  was  absurd,  and  yet 
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it  is  found  that  even  if  the  wire  is  a   stout  copper  wire  a 
spark  happcuB  at  B  when  one  is  produced  at  A.     This  B  spark 
is  caused  by  an  electrical  oscillation  in  the  wire.     The  wire  iv, 
as   it  wore,  pumped  full  of  electricity  by  the  machine,  and-' 
when  the  spark  happens  at  A  a  release  is  given  at  that  end  for 
one  brief  instant.     Then  ensues  a  rebound  of  the  electricity, 
and  the  pressure  rises  at  the  free  end  to  sparking  amount. 
The  whole  effect  is  just  analogous  to  the  effect  of  suddenly 
opening  and  closing  a  taj)  ou  a  high-jjressure  water  servic 
ooncusbion  is  heard  in  the  tap  on  shutting,  and  if  one  could  see-J 
the  water  it  would  be  found  that  it  rebounds,  and  a  reflected  | 
wave  is  set  up  in  the  pijie,  which,  if  the  pipe  is  not  stron 
enough,  will  burst  it  at  some  weak  point.     The  practical  mora)  J 
of  this  is  that  any  large  conductor  suddenly  discharged  has  set 
up  in  it  violent  electrical  surgiugs,  which  may  cause  it  to  spit 
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off  discharges  at  other  points,  and  these  sparks  may  be  as  Ion 
as  the  princii)al  spark. 

Another  way  of  making  these  electrical  Burginga  conspicuous 
is  by  their  effect  in  causing  a  Leyden  jar  to  overflow,  i.e., 
to  spark  round  its  edge.  A  jar  docs  this  when  its  coat- 
ings are  verj'  suddenly  raised  to  a  great  potential  difference. 
Fig.  22  shows  the  arrangement.  The  inside  of  the  jar  is  mode 
to  communicate  direct  to  one  machine  pole  and  the  outer 
coating  through  the  intervention  of  a  long  wire  to  the  other 
((ole. 

When  a  spark  happens  at  A,  and  the  length  of  the  >rire  L  is 
Bufficiently  great,  the  jar  sparks  over  its  edge.  The  explanation 
of  this  is  as  follows: — Whilst  the  handle  of  the  machine  is  being 
tunied  the  potential  difference  of  the  jar  coatings  increases.  At 
a  certain  limit  the  air  in  the  A  space  breaks  down,  and,  being  i 
heated,  becomes  for  a  moment  a  very  good  conductor;  there  is^  i 
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therefore,  a  rush  of  electricity  out  of  the  inner  coating  and  into 
the  cater  coating,  bnt  the  spark  at  A  ceasing,  this  outflow  from 
the  jar  is  suddenly  stopped  and  rebounds,  whilst  at  the  same  time 
the  inductance  of  the  wire  L  causes  a  rush  to  continue  into  the 
jar.  The  rebound  of  the  flow  when  the  rush  through  the  air 
space  is  suddenly  stopped  causes  the  potential  difference  of  the 
coatings  to  rise  to  a  point  at  which  they  spark  orer  the  edge  of 
the  glass.  In  an  example  given  by  Dr.  Lodge  the  jar  was  a 
one  gallon  jar,  with  glass  fully  three  inches  above  the  tinfoil. 
L  was  a  thick  No.  1  copper  wire  circuit  round  a  room.  The  jar 
overflows  every  time  a  spark  happens  at  A,  even  though  the 
length  of  this  spark  is  only  '64in.  If  the  long  lead  L  is  short- 
circuited,  then  the  jar  refuses  to  overflow  until  the  A  spark  has 
beea  increased  to  I'Tio.     The  higher  potential  difTerpiire  needed 
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to  cause  overflow  or  rebound  in  the  case  with  a  short  circuit  is 
illustrative  of  the  fact  that  a  little  self-induction  in  the  dis- 
charging circuit  bestows  momentum  on  the  flow  and  assists  in 
making  a  back  splash. 

A  hydraulic  analog'y  to  the  above  might  be  found  in  con- 
sidering the  case  of  a  liquid  flowing  steadily  along  a  trough  ur 
canal.  If  an  obstruction  was  suddenly  created,  as  by  closing  a 
valve  or  sluice,  the  liquid  would  rebound  and  a  wave  would  be 
created ;  and,  as  in  the  case  of  the  hydraulic  ram,  the  rebotind  of 
the  liquid  against  a  closed  valve  might  be  made  to  lift  some  of 
it  to  a  higher  level  than  that  from  which  it  originally  fell.  In 
the  electrical  case,  the  rebound  is  made  to  raise  the  jar  coatings 
to  a  greater  potential  ditference  than  that  which  existed  at  the 
instant  when  the  jar  commenced  to  discharge. 
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§  9.  Theory  of  Experiments  on  the  Alternative  Path. — We 
iiuiy  proceed,  following  Dr.  Lodge,*  to  examine  a  little  more 
in  detail  the  electriciil  oscillations  set  up  in  an  open  circuit  by 
Leydeu  jur  discharges.  These  stationary  electrical  oscillutions 
in  linear  conductors  resemble  those  which  can  be  set  up  in  a 
cord  fi.xed  at  one  end,  or  in  a  trough  of  liquid,  by  suitably- 
timed  impulses.  As  we  have  seen,  if  a  jar  discharges  at  A  {tee 
Fig.  23)  in  the  ordinary  way,  simultaneously  an  even  longer 
spark  may  be  obtained  at  B,  at  the  far  end  of  two  long  open 
circuit  leads.  Or  if  the  B  cuds  of  the  wire  are  too  fai"  apart  to 
allow  of  a  spark,  the  wires  glow  and  spit  off  brushes  every  time 
a  discharge  occurs  at  A.  The  theory  of  the  effect  seemil 
to  be  that  oscillations  occur  in  the  A  circuit  with  a  }>eriod 
T=2  jtVLC,  where  L  is  the  inductance  of  the  A  circuit  and 
V  tjie  capacity  of   the  jar.      These   oscillations   disturb   the 


A 


B^ 


Fig.  23. 


surrounding  medium,  and  send  out  radiations  of  the  precise 
niUure  of  light,  only  too  long  in  wave  leugth  to  affect  the 
retina  of  our  eyes.  The  velocity  of  these  electro-magnetic 
impulses  is,  as  we  have  seen,  equal  to  r,  where 

1 


so  the  wave  length  of  the  oscillations  is 


V  u  ■  K' 


L  C 

Now  -  is  the  electro-magnetic  measure  of  inductance,  and  - 

/*  K 

is  the  electrostatic  measure  of  capacity,  /x  being  the  magnetic 

*  See  PhiL  Mag.,  August,  1888 ;  aUo  Tht  Eleclrician,  Augujt  10th,  lB88k 
p.  435. 
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liat«aeet  m  the  vaj  of  spark  at  B  ia  olaenred  wken  tke  length 
of  each  vire  is  mcb  that  tke  tnae  oocapted  bj  aa  ekcttic  pulse 
in  tnrelling  lOoog  tke  wires  and  back  again  is  eqnal  to  tke 

Itiaie  of  a  oocnpleta  osnllataoa  to  tke  A  diruit;  tkat  i&,  wbea 
the  length  of  tke  open  eireait  wires  is  equal  to  half  a  waTo 
length  or  to  some  maJtipIe  of  half  a  wave  length.  Tke  aatoial 
poiod  of  oscillation  in  tke  loqg  wires  will  tken  agree  with  the 
OBcillatioo  period  of  the  disckaiging  eireait  and  the  oedUatioas 
in  the  open  circuit  wires,  and  the  &eld  due  to  the  oscillations 
in  the  A  dreuit  wiD  vibrate  in  unison  like  a  colonm  of  air  in  a 
pipe  resonating  a  toning  fork,  or  like  a  string  Tibrating  when 
attached  to  the  ton^e  of  a  reed. 

The  elements  r;  theory  of  the  open  circuit  osciDatioas  is  as 
follows : — 

Let  /,  and  r,  be  the  inductance  and  resistance  of  the  straight 
wires  per  unit  of  length,  a»  affteUd  by  the  periodicity,  and  let  e, 
be  the  capacity  per  unit  of  length.  Now  it  has  been  shown 
by  Lord  Rayleigh  {Phil.  Mag.,  May,  1886)  that  with  very  ropid 
oscillations  owing  to  the  <nrcumferential  distribution  of  the 
current  the  inductance  and  resistance  have  values  different  from 
the  steady  current  values,  and  when  the  frequency  of  the  oscil- 
lotious  is  very  great  the  resL-rtance  r,  per  unit  of  length  is  the 
geometric  mean  of  its  ordinary  value  r  and  \p(<^  where /i,  is 


the  magnetic  permeability  of  the  material  of  the  conductor,  or 
rj  =  J}^p /ig r,  p  being,  as  usual,  2  irn,  n  being  the  number  of 
complete  ottcillations  per  second. 

And  again,  when  n  is  very  great,  the  inductance  Lj  per  unit 

r 
of  length  is  equal  to  a  constant  pltt*  -,  or 


fi  =  ;  + 


P' 


I  being  the  induction  for  slowly  fluctuating  currents. 

In  the  case  of  the  two  parallel  wires  we  have  for  the  slope 

of  the  potential  -  -^—  along  them  the  usual  equations, 


dn 


i  being  the  instantaneous  current  in  the  section  uf  the  length^ 
lying  at  a  distance  x  from  the  origin  ;  and  also  for  the  accumu- 
lation of  charge  in  this  element  dz  ot  the  length  we  have  tlie 
equation 

dV    ^di 
~  dt'C^dr. ^-^ 

The  elimination  of  i  between  these  equations  gives  us  a 
differential  equation  for  V,  and  shows  that  stationary  waves 
of  current  are  set  up  in  finite  wires  of  suitable  length  supplied 
with  alternating  electromotive  force.  The  solution  of  the 
equation  for  a  long  wire  when  r^  is  small  and  p  is  very  big  is 


V  =  Vo«-ircos/,  («--), 


where 


^  and  111  = 


VL,C, 


The  velocity  of  propagation  of  the  wave  is  therefore  n^  and  th| 
wave  length  is  —  Hj. 

For  two  parallel  wires,  as  in  the  Leyden  jar  case,  we  liave  : 
each  wire  
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-r  being  the  ordiuary  resistance.  And  again,  as  Lord  Raylcigii 
has  shown  {Pkil.  Mag.,  May,  1886),  ire  have 

^-4Mlog^+% 

a     p 

h  being  the  distance  between  the  parallel  wires  and  a  the  radius 
of  cither,  and  ft.  the  magnetic  permeability  of  the  material  of 
the  conductors. 

For  immensely  quick  oscillations  the  second  term  is  sero. 
Also,  the  capacity  Cj  of  the  wires  per  unit  of  length  is,  by  a 
known  theorem, 

4  log  - 


hcDcc 


1 


s/L,u, 


and  tlie  velooity  of  the  pulse  aloug  the  wires  is  tlie  same  as  in 
the  dielectric  rouud  them.  In  other  words,  the  electriu  pulses 
set  up  in  titc  wires  rush  to  and  fro  with  a  velocity  e<|iial  to 
that  with  which  the  electro-magnetic  impulse  is  projKigiited 
through  the  dielectric  rouud  them.  Hence,  wo  have  hero  a 
means  of  detenniniug  experimentally  the  wave  length  of  a  given 
discharging  circuit.  Either  vary  the  size  of  the  A  circuit  or 
adjust  the  length  nf  the  B  wires  until  the  recoil  spark  B  is  as 
long  as  possible.  Then  measure,  and  see  whether  the  letigth  of 
each  wire  is  not  equal  to 


/L      C 

Vm-t 


A  small  condenser  can  be  made  having  an  electrostatic  capa- 
•city  of,  say,  two  or  three  centimetres,  and  if  such  a  coated  (Nine 
be  made  to  dischai^e  over  its  edge,  the  discharge  circuit  will 
have  an  electro-magnetic  inductance  of  a  few  centimetres. 
Under  these  circumstances  the  electrical  oscillations  would  be 
at  the  rate  of  a  thousand  million  a  second,  and  the  wave  length 
of  the  electro-maguetic  disturbance  radiated  would  be  about  20 
to  30  centimetres. 

If  a  conductor  as  small  as  an  atom  could  have  its  electrical 
charge  disturbed  in  the  same  way,  oscillations  would  be  set  up 
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Df  the  frequency  of  light  waves  and  eleotro-maguetio  disturb- 
ances of  light  wave  length  radiated ;   and  it  seems  probablfl 
that  thiij  is  just  what  light  waves  are,  viz.,  eleotro-magnetio ' 
disturbances  propagated  through  the  ether  and  due  to  electric 
oscillations  set  up  in  the  atomic  charge. 

§  10.  Impulsive  Impedance. — In  the  experiments  of   the 
•'  alternative  path,"  as  described  by  Dr.  Lodge,  the  main  result  i*  J 
very  briefly  summed  up  by  saying  that  when  a  sudden  discharge  I 
had  to  pass  through  a  conductor  it  was  found  that  iron  and  [ 
copper  acted  about  equally  well,  and  indeed  iron  sometimes  , 
exhibited  a  little  superiority,  and  that  the  thickness  of  the 
conductor  and  its  ordinary  conductivity  mattered  verj'  little 
indeed.    We  arc  led  by  this  to  see  that  the  impedance  which  a 
1,'onductor  ofi'enj  to  a  sudden  discharge,   and    which  may   be 
called    its   impulsive  impedance,  is  something  quite   different 
from  its  ordinary  or  ohmic  resistance,  or  even  its  impedance, 
ilefiued  as  ^R''  +p-L*,  to  slowly  periodic  or  oscillatory  cur- 
rents.    As  already  mentioned,  the  resistance  of  a  conductor  to 
very  rapidly  changing  currents  is  expressed  by  Rj,  where 


R  being  the  resistance  to  steady  currents,  fi^  the  permeability 
of  the  material  of  the  conductor  and  I  its  length,  and  />  =  2  r 
times  the  freijuency  of  the  oscillation.  Also  the  corresponding 
inductance  L^  is 

T       ,  .R, 


where  L  is  a  constant  depending  on  the  size  and  form  of  the 
circuit,  but  oidy  in  a  small  degree  upon  its  thickness.  Hence, 
forming  tlie  function  ^R,*+7>'Lj*,  and  caUing  this  Inij,  we 
have 

Imi=  J(pL  +  R^y-  +  R* 


■r^^ 


J      2m     2_wi« 


where  "-£v/F^" 
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In  the  case  of  enormously  rapid  oscillations  the  value  of  Int] 
practicallj  reduces  to  ji  L,  and  hence  the  impulsive  impedance 
varies  in  simple  proportion  to  the  frequency,  and  depends  on 
the  form  and  size  of  the  circuit,  but  not  at  all  on  its  specific 
resistance,  magnetic  permeability,  or  diameter. 

All  this  is  borne  out  by  experiment.  In  some  of  his  experi- 
ments Dr.  Lodge  found  the  impedance  of  a  No.  2  wire  of  two 
and  A'half  metres  length  bent  into  a  circle  to  be  180  ohms  at 
twelve  million  oscillations  per  second,  and  for  a  No.  40  wire 
the  im{)odance  was  only  300  ohms,  although  the  ohmic  resist- 
ances of  these  wires  were  respectively  '004  ohms  and  2 '6  ohms. 
At  three  million  oscillations  per  second,  or  at  one-fourth  the 
frequency,  the  im{>ednnces  of  the  same  circuits  were  43  ohms 
and  78  ohms.  At  one-quarter  million  oscillations  per  second 
the  imjietlances  are  reduced  to  four  and  six  ohms  respectively 
for  the  thick  rod  and  the  fine  wire.  Hence,  for  frequences  of  a 
million  per  second  and  upwards,  such  as  occur  in  jar  discbarges, 
and  perhaps  in  lightning,  the  impedance  of  all  rwusonably  con- 
ducting circuits  is  the  same,  and  independent  of  conductivity 
and  permeability,  and  hardly  affected  greatly  by  enormous 
changes  in  diameter. 


§  11.  Dr.  Hertz's  Researches  on  Electrical  Oscillatory  Indnc- 
tion, — The  whole  question  of  electrical  osciliatorj- discharge  lias 
been  made  the  subject  of  some  elaborate  and  most  instructive 
investigations  by  Dr.  Hertz,  of  Carlsruhe.  As  these  results  have 
a  most  direct  bearing  on  the  physical  theory  of  currents  of  in- 
duction, we  shall  reproduce  here  an  abstract  of  these  researches, 
which  is  from  the  pen  of  Mr.  G.  W.  de  Timzelmann.* 

Prelimiiuiry  ErpfrimenU. — It  is  kno>Tn  that  if  in  the  second- 
ary circuit  of  an  induction  coil  there  be  inserted,  in  addition  to 
the  ordinary  air  space  across  which  sparks  pass,  a  Riess  spark 
micrometer,  with  its  poles  joined  by  a  long  wire,  the  discharge 
will  piiss  across  the  air  space  of  the  micrometer  in  preference  to 
following  the  path  of  least  resisUnce  through  the  wire,  provided 

•  Thi*  section  ori»pnallv  appearfK)  u  a  serica  of  articles  in  the  pfcRW  of 
771*  i/«/r,nan,  in  Vol.  xja,  pp.  587,  625,  663,  696,  725, 757,  788  (1888). 
The  writer  felt  it  would  be  difficult  to  make  a  more  complete  digest  of  Dr. 
Herts's  work  than  is  conUiued  in  the»e  admiraljle  articles,  and  by  kind 
permissioD  of  their  author  U  allowed  to  reproduce  them  in  these  pages. 


412 


DYNAMICAL  THEORY   OF  OURRENT  INDUCTION. 


this  air  space  does  not  exceed  a  certain  limit ;  and  it  is  upon 
this  jirinciple  that  lightning  protectors  for  telegraph  lines  are 
■constructed.  It  might  be  expected  that  the  up-^rks  could  be 
made  to  disappear  bj  dimiuisbing  the  length  and  resistance  of 
the  connecting  wire ;  but  Hertz  finds  that  though  the  length 
of  tiic  sparks  can  be  diminished  in  this  way,  it  is  almost  ira- 
jiossible  to  get  rid  of  them  entirely,  and  they  can  still  be 
observed  when  the  balls  of  the  micrometer  are  connected  by  a 
thick  copper  wire  only  a  few  centimetres  in  length. 

This  shows  that  there  must  be  variations  in  the  potential 
measurable  in  iiiuiJredtiis  of  a  volt  in  a  portion  of  the  circuit 


JS! 
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only  a  few  centimetres  in  length,  and  it  also  gives  an  indirect 
proof  of  the  enormous  raj)idity  of  the  discbarge,  for  the  differ- 
ence of  potential  between  the  micrometer  knobs  can  only  be 
due  to  self-induction  in  the  connecting  wire.  Now  the  time 
occupied  by  variations  in  the  potential  of  one  of  the  knobs 
must  be  of  the  same  ortlcr  as  that  in  which  these  variations 
can  be  transmitted  througli  a  short  length  of  a  good  conductor 
to  the  second  knob.  The  resistance  of  the  wire  connecting 
the  knobs  is  found  to  be  without  sensible  effect  on  the  results. 
In  Fig.  24,  A  is  an  induction  coil  and  B  a  discharger.  The 
■wire  connecting  the  knobs  1  and  2  of  the  sjtark  micrometer  M 
consists  of  a  rectangle,  half  a  metre  in  lengtli,  of  copper  wiw 
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two  millimetres  in  diameter.  This  rectangle  is  connected  with 
the  secondary  circuit  of  the  coil  in  the  manner  shown  in  the 
diagram,  and,  when  the  coil  is  in  action,  sparks,  sometimes 
several  millimetreii  in  length,  are  seen  to  pass  between  the 
kuubs  1  and  2,  showing  that  there  arc  violent  electrical  oscilla- 
tions not  only  in  the  secondan-  circuit  itself,  but  in  any  con- 
ductor in  contact  with  it.  Tliis  experiment  shows  even  more- 
olearly  than  the  previous  one  that  the  rapidity  of  the  oscilla- 
tions is  comfttirable  with  the  velocity  of  transmission  of  elec- 
trical disturbances  through  the  copper  wire,  which,  according 
to  all  the  evidence  at  onr  disposal,  is  nearly  equal  to  the  velo- 
city of  lisfht. 

In  order  to  obtain  micrometer  sparks  sonic  millimetres  iu 
length  a  powerful  induction  coil  is  required,  and  the  one  used 
by  Hertz  was  52  centimetres  in  length  and  20  centimetres  in 
diameter,  provided  with  a  mercury  contact-breaker,  and  excited 
by  six  large  Bunsen  cells.  The  discharger  terminals  consisted 
of  brass  knobs  three  centimetres  in  diameter.  The  experiment* 
showed  that  the  phenomenon  depends  to  a  very  great  extent 
on  the  nature  of  the  sparks  at  the  discharger,  the  micrometer 
sparks  being  found  to  be  much  weaker  when  the  discharge  iu  the 
secondary  circuit  took  place  between  two  jwints  or  between  a 
point  and  a  plate  than  when  knobs  were  used.  The  micrometer 
sparks  were  also  found  to  l>e  greatly  enfeebled  when  the  second- 
an- discharge  took  place  in  a  rarefied  gas,  and  also  when  the 
sparks  in  the  secondary  were  less  than  half  a  centimetre  in 
length;  while,  on  the  other  hand,  if  they  exceeded  IJ  centi- 
metre the  sparks  could  no  longer  be  observed  between  the 
micrometer  knobs.  The  length  of  secondary  spark  which  wa» 
foimd  to  give  the  best  results,  and  which  was  therefore  em- 
ployed in  the  further  observations,  was  about  three-quarters  of 
a  centimetre. 

Very  slight  differences  in  the  nature  of  the  secondary  sparks 
were  found  to  have  great  effect  on  those  of  the  micrometer, 
and  Hertz  states  that  after  some  practice  he  was  able  to  deter 
mine  at  once  from  the  soimd  and  appearance  of  the  secondary 
spark  whether  it  was  of  a  kind  to  give  the  most  powerful  effects 
at  the  micrometer.  The  sparks  which  gave  the  best  results 
were  of  a  brilliant  white  colour,  only  slightly  jagged,  and 
accompanied  by  a  sharp  crack. 
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The  influence  of  the  spark  is  roidily  shown  by  increasing 
tliBtance  between  the  dischiirger  knobs  beyond  the  striking  dis- 
tance, when  the  micrometer  sparks  disappear  entirely,  althoa; 
the  variations  of  potential  are  now  greater  than  before 
length  of  the  micrometer  circuit  has  natumlly  an  im|)oi 
influenco  on  the  length  of  the  spark,  as  the  greater  its  len 
the  greater  will  be  the  retardation  of  the  electrical  wave  in  il 
passage  through  it  from  one  knob  of  the  micrometer  to 
other. 

The  material,  the  resistance,  and  the  diameter  of  the  wire 
which   the  micrometer  circuit  is  formed  have  very  little 
fluence  on  the  spark.     Tlie  potential  variations  cannot,  there- 
fore, be  due  to  the  resistance ;  and  this  was  to  be  expected,  f« 
the  rate  of  pn)[iiigation  of  an  electrical  disturbance  along 
conductor  depends  mainly  on  its  capacity  and  coefficient 
self-induction,  and  only  to  a  verj'  small  extent  on  its  resistaui 
The  length  of  the  wire  connecting  the  micrometer  circuit  wil 
the  secondary  circuit  of  the  coil  is  also  found  to  have  vi 
little  influence,  f)rovide<l  it  docs  not  exceed  a  few  metres 
length.     The  electrical  disturbances  must  therefore  traverse 
without  undergoing  any  appreciable  change.     The  position 
the  point  of  the  micrometer  circuit  which  is  joined  to  the 
secondary  circuit  is,  on  the  other  hand,  of  the  greatest  import- 
ance, as  would  be  expected,  for,  if  the  point  is  placed  synunctri- 
cally  with  respect  to  the  two  micrometer  knobs,  the  variatii 
of  potential  will  iTach  the  latter  in  the  .same  phase,  and  the; 
will  be  no  ctVect,  as  is  verified  by  observation.     If  the  two 
branches  of  the  micrometer  circuit  on  each  side  of  the  point 
contact  of  the  connection  with  the  secondary  are  not  sy 
trical  the  spark  cannot  be  made  to  disappear  entirely ;  bu 
minimum  effect  is  obUiined  when  the  point  of  contact  is  ab< 
half-way  between  the  micrometer  knobs.     This  point  may 
called  the  null  point. 

Fig.  25  shows  the  arrangement  employed,  e  being  the  null 
point  of  the  rectangular  circuit,  which  is  125  centimetres  loug 
by  80  centimetres  brood.    When  the  point  of  contact  is  at  a  or 
6  sparks  of  from  three  to  four  millimetres  in  length  are  ob^^ 
served ;  when  it  is  at  e  no  sparks  are  seen,  but  they  cau  a^M 
made  to  reappear  by  shifting  the  point  of  contact  a  few  centi^^ 
metres  to  the  right  or  left  of  the  null  point.     It  should  be 
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noted  that  >p*rk8  onlj  a  few  himdredtha  of  a  millitnetre  in 
length  can  be  obeerred.  I(  when  the  point  of  contact  is  at  f, 
another  conductor  ia  placed  in  contact  with  one  of  the  micro- 
meter knobs,  the  sparks  reappear. 

Now,  the  addition  of  this  conductor  cannot  produce  anr 
alteration  in  the  time  taken  by  the  disturbances  proceeding 
from  e  to  reach  the  knobs,  and  therefore  the  phenomenon  can- 
not be  due  simply  to  single  waves  in  the  directions  c  a  and  d  h 
rospectivelv,  bat  must  be  due  to  repeated  reflection  of  the 
waves  until  a  condition  of  stationary  vibration  is  attained, 
and  the  addition  of  the  conductor  to  one  of  the  knobs  must 
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diminish  or  prevent  the  reflection  of  the  waves  from  that  ter- 
minal. It  must  be  assumed,  then,  that  definite  oscillations  are 
set  up  in  the  micrometer  circuit  just  as  an  clastic  bar  is  thrown 
into  definite  vibrations  by  blows  from  a  hammer.  If  this 
assumption  is  correct,  the  condition  for  the  disappearance  of 
the  sparks  at  M  will  be  that  the  vibration  periods  of  the  two 
branches  <  1  and  e  2  shall  be  e<]ua1.  These  periods  are  deter- 
mined by  the  products  of  the  coetficients  of  self-iuduction  of 
these  conductors  into  the  capacitie«  of  their  terminals,  and  are 
practically  independent  of  their  resistances. 

In  confirmation  of  this  it  is  foimd  that  if,  when  the  point  of 
contact  is  at  «  and  the  sparks  have  been  made  to  reappear 
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by  connecting  a  conductor  with  one  of  the  knobs,  this  con- 
ductor is  replaced  by  one  of  greater  capacity,  the  sparking  i». 
greatly  increased.  If  a  conductor  of  equal  capacity  is  connected 
with  the  other  micrometer  knob,  the  sparks  disappear  again  '^ 
the  effect  of  the  first  conductor  can  also  bo  counteracted  by 
shifting  the  point  of  contact  towards  it,  thereby  diminishing 
the  self-induttion  in  that  branch.  The  conclusions  were  further 
confirmed  by  the  results  obtained  when  coils  of  copi)er  wire 
were  inserted  into  one  or  other  and  then  into  both  of  the 
branches  of  the  micrometer  circuit. 

Hertz  supposed  that  as  the  self-induction  of  iron  wires  is,  for 
slow  altcrniitions,  from  eight  to  ten  times  that  of  copj>er  wires, 
therefore  a  short  iron  wire  would  balance  a  long  copper  onCr 
but  this  was  not  found  to  bo  the  case,  and  he  concludes  that, 
owing  to  the  great  rapidity  of  the  alternations,  tlic  magnetism 
of  the  iron  is  unable  to  follow  them,  and  therefore  has  no  effect 
on  the  self-induction.* 

Jnilwtlon  Phenomena  in  Open  Circuitt. — In  order  to  test  more 
fully  his  conclusion  that  the  sparks  obtained  in  the  experiments 
described  in  my  last  Paper  were  due  to  self-induction,  Dr.  Herti 
placed  a  rectangle  of  copper  wire  with  sides  10  and  20  centi- 
metres in  length  respectively,  broken  by  a  short  air  space,  with 
one  of  its  sides  parallel  and  close  to  various  portions  of  the 
secondary  circuit  of  the  coil  and  of  the  micrometer  circuit,  with 
solid  dielectrics  intcrjxjsed  to  obviate  the  possibility  of  si)arking 
across,  and  he  found  that  sjaarkiug  in  this  rectangle  inrariably 
accompanied  tlic  discharges  of  the  induction  coil,  the  longest 
spark.s  bcinj,'  obtained  when  a  side  of  the  rectangle  was  close  to- 
the  discharger. 

A  copper  wire,  igh  (Fig.  26),  was  next  attached  to  the  dis- 
charger, and   a   side   of   the   micrometer   circuit,   which   was- , 
suppinted  on  an  insulating  stand,   was  jjlaced    jiarallel  to  %■ 
portion  of  this  wire,  as  sliown  in  the  diagram.     Tlio  sparks  at 
M  were  tlien  fomid  to  be  eitrcraely  feeble  until  a  conductor,  C,. 


*  In  a  note  in  Wiedemann's  Annalen,  Vol.  XXXI.,  p.  545,  Dr.  Hert* 
dtatex  tliitt  kiuce  tlie  publii-atioD  of  \\a  Pn]<cr  in  tlie  m\i\v  vulunic  be  had ' 
found  llmt  von  Dezold  bnd  pulilished  a  Paper,  in  1870  (P<>|f;geudr>rir» 
Annahn,  Vul.  CXL.,  p.  541),  in  which  he  had  arrived  by  u  difTeioui  method 
'if  exiicriinentiug  at  situllar  reaulU  and  cnncluiiions  kh  tlinse  giren  by  bin* 
under  the  head  uf  Prelimiuary  Experimeuta. 
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ebaracter  as  Uioae  described  in  mj  last  Paper.  Sparks  vete 
also  found  to  occur  between  the  micrometer  drcoit  and  iaaolated 
conductors  in  its  ricinitj.  The  sparks  became  much  shorter 
when  conductors  of  larger  capacity  were  attached  to  the  micro- 
meter knobs,  or  when  these  were  touched  by  the  honJ,  showing 
that  the  quantitj  of  electricity  in  motion  was  too  snudl  to 
charge  these  conductors  to  a  similarly  high  potent  iaL  Joining 
the  micrometer  knobs  by  a  wet  thread  did  not  perceptibly 
diminish  the  strength  of  the  sparks.  The  effects  in  the  micro- 
.Jneter  circuit  were  not  d  sufficient  strength  to  produce  any 
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Eensation  when  it  was  touched  or  the  circuit  completed  through 
the  body. 

In  order  to  obtain  further  confirmation  of  the  oecillatory 
nature  of  the  current  in  the  circuit  k  i  h  g  (Fig.  26),  the  con- 
ductor C  n-oH  again  attached  to  II,  and  the  micrometer  knob 
drawn  apart  until  sparks  only  passed  singly.  A  second  con*^ 
ductor,  C,  as  nearly  as  possible  similar  to  C,  was  tlien  attached 
to  k,  when  a  stream  of  sparks  was  immediately  observed,  and 
it  continued  when  the  knobs  wero  drawn  still  further  apart. 
This  effect  could  not  be  ascribed  to  a  direct  action  of  the 
portion  of  circuit  t  k,  for  in  this  case  the  action  of  the  portion 
of  circuit  g  h  would  be  weakened,  and  it  must  therefore  have 
•cousisted  in  C  acting  on  the  discharging  current  of  C — a  result 
which  would  be  quite  incompTehensible  unless  the  current 
in  g  k  wero  of  an  oscill.'itory  character. 

Since  an  oscillatory  motion  between  C  and  C  is  essential  for 
the  production  of  powerful  inductive  effects,  it  will  not  be 
sufficient  for  the  spark  to  occur  in  on  exceedingly  short  time, 
but  the  resistance  must  at  tlie  same  time  not  exceed  certain 
limits.  The  inductive  effects  will  therefore  be  excessively  small 
if  the  induction  coil  included  in  the  circuit  C  C  is  replaced  b/j 
An  electrical  maeliine  alternately  charging  and  dischai^n 
itself,  or  if  too  small  an  induction  coil  is  used,  or,  again,  if  the 
air  space  between  the  discharger  knobs  is  too  great,  as  in  all 
these  cases  the  motion  ceases  to  be  oscillatory. 

The  reason  that  the  discharge  of  a  powerful  induction  coil 
gives  rise  to  oscillatory  motion  is  that,  firstly,  it  charges  the 
terminals  C  and  C  to  a  high  jwtcntial ;  secondly,  it  prodo 
a  sudden  8[)ark  in  the  interN'ening  circuit ;  and  thirdly,  as  i 
as  the  discharge  begins  the  resistance  of  the  air  space  is 
much  reduced  as  to  allow  of  oscillatory  motion  being  sot  up. 
If  the  terminal  conductors  are  of  a  very  large  capacity — for 
example,  if  the  terminals  are  in  couuection  with  a  battei-y — the 
current  of  discharge  may  indefinitely  reduce  the  resistance  of 
the  air  space,  but  when  the  terminal  ctmductors  are  of  snuill 
capacity  this  must  be  done  by  a  separate  discharge,  and  tlicre- 
fore,  under  the  conditions  of  the  author's  experiments,  an 
induction  coil  was  absolutely  essential  for  the  production  of  the 
oscillations. 

As  the  induced  sparks  in  the  experiment  lust  described  weK 
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metres  in  length  vere  obtained  at  M,  and  though  the  length  of 
the  sparks  decreased  rapidlj  as  the  distance  of  the  micrometer 
circuit  was  increased,  a  continuous  stream  of  sparks  was  still 
obtained  at  a  distance  of  one  and  a-half  metre.  The  inters-eu- 
tion  of  the  obecrver's  body  between  the  micrometer  circuit  and 
the  wire  C  B  C  produced  no  visible  effect  on  the  stream  of 
sparks  at  M.  That  the  effect  was  really  due  to  the  rectilinear 
conductor  C  B  C  was  proved  by  the  fact  that  when  one  or  other, 
or  both,  halves  of  this  conductor  were  removed,  the  sparks  at  M 
ceased.  The  same  eflFect  was  produced  by  drawing  the  knobs 
of  the  discharger  B  apart  until  sparks  ceased  to  pass,  showing 
~  ek2 


4S0 


DTNAMtCAL  THKOBT   OF   CTJHHENT   INDUCTION. 


that  the  effect  was  not  due  to  the  electrostatic  potential  differ- 
ence of  C  and  C,  as  this  would  be  increased  by  separating  the 
discharger  knobs  beyond  sparking  distance. 

The  clused  micrometer  circuit  was  then  replaced  by  a  straig 
copjjer  wire,  slightly  shorter  than  the  distunce  C  C,  plao 
piirailel  to  C  B  ( •'  and  at  a  distance  of  60  centimetres  from 
This  wire  terminated  in  knobs,  10  centimetres  in  diameter, 
attached  to  insuhiting  siippoils,  and  the  spark  micrometer 
divided  it  into  two  equal  piirts.  Under  these  circumstiinces 
G|iurk8  were  obtained  at  the  micrometer  as  before. 

With  the  rectilinear  open  micrometer  circuit  sparks  were 
still  observed  at  the  micrometer  when  the  discharger  kuobe  of 
the  si'condary  coil  circuit  were  sejuirated  be3'ond  sparking  dis- 
tance. This  was,  of  eoiu^e,  due  simply  to  electrostatic  induc- 
tion, and  shows  that  the  oscillatory  current  in  C  C  was  super- 
j)OM'd  uiwn  the  ordinary  discharges.  The  clcctrostAtic  action 
could  be  got  rid  of  by  joining  the  micrometer  knobs  by  means 
of  u  d;itni»  thread.  The  conductivity  of  this  thread  was  there- 
fore sutticieut  to  afford  a  passage  to  the  comparatively  slow 
alteruations  of  the  coil  discharge,  but  was  not  sufiicient  to  pro- 
vide n  pn.Hsage  for  the  immeasurably  more  rapid  alternations  of 
the  o.scillntory  current.  Considerable  sparking  took  place  at 
the  micrometer  when  its  distance  from  C  B  C  was  1"2  metre, 
and  faint  sparks  were  distinguishable  up  to  3  metres.  At  these 
dist.'iuces  it  was  not  necessary  to  use  the  damp  thread  to  get 
rid  of  the  electrostatic  action,  as,  owing  to  its  diminishing  i 
nipidly  with  increase  of  distance  than  the  effect  of  the  cur 
induction,  it  was  no  longer  able  to  produce  sparks  in  the  micro- 
meter, as  was  proved  by  sepan»ting  the  discharger  knobs  beyo 
sparking  di.stance,  when  sparks  could  no  longer  be  perceived  ( 
the  micrometer. 

Rfumanre  Phenomena. — In  order  to  determine  whether, 
some  minor  phenomena  had  led  the  author  to  suppose,  the  oscil- 
lations were  of  the  nature  of  a  regidar  vibration,  he  availed  him- 
self of  the  principle  of  resonance.  According  to  this  principle, 
an  oscillatory  current  of  definite  period  would,  other  conditions 
being  the  same,  exert  a  much  greater  inductive  effect  up>on  one 
of  equal  pcrio<l  than  ujion  one  differing  even  slightly  from  it.* 


•  See  Oberbeck,  Wiedemann's  Annalm,  VoL  XXVI.,  p.  246,  1885. 
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nmlatii^  rtaada,  tlie  apaikn^  dktnea  could  be  i 
to  3-5  mtlTiiiietiet.  WbcB  tbeae  «o«  uplamt  bj  ■ 
cpberes  tbe  ipartiiigdirtwwuw  dinuaUMd  to  a  hi 
of  a  millimetre.  SBflar  raanhavoe  flbtamnd  oo 
tbe  microaMtcr  tenaiDab  with  tbe  plates  ot  a  RiJiliaifih  cen- 
denaer.  Wbco  tbe  plates  were  far  apart  the  in  i.  wan  of  capa- 
city iacreaaed  the  aparidng  diatancf,  bat  when  the  plates  tnetw 
brought  doae  together  the  ^MikiBg  distBBcea  agaia  fcfi  to  a  treiy 
■mall  Taloe. 

The  simpleat  method  of  adjusting  the  capadtr  of  tbe  micnv 
meter  cimut  ia  to  raspeod  to  ita  ends  two  parallel  wirea  the 
diatance  aad  lengths  of  which  are  capable  of  Tariati<^a.  Bjr  thia 
means  the  author  incceedcd  in  increasing  tbe  sparking  dietaiica 
up  to  three  miniiai,'trca,  after  which  it  diminished  when  tha 
wirea  were  either  lengthened  or  shortened.  Tbe  decrease  of  the 
sparking  distance  on  increasing  tbe  capacity  was  aatuially  to 
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be  exiKJCtod  ;  but  it  would  be  difficult  to  understand,  eicept  on 
the  principle  of  resonance,  wliy  a  decrease  of  the  capacity  should 
have  the  same  effect. 

The  experiments  were  then  varied  by  diminishing  the  capa- 
city of  the  circuit  C  B  C  so  as  to  shorten  its  period  of  oscil- 
lation, and  the  results  confirmed  those  previously  obtained ; 
and  n  series  of  experiments  in  which  the  lengths  and  capacities 
of  the  circuits  were  varied  in  diflferent  ways  showed  conclu- 
sively that  the  maximum  effect  does  not  depend  on  the  con- 
ditions of  either  one  of  the  two  circuits,  but  on  the  existence  of 
the  proper  relation  between  them. 
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Curre  Blinwing  relation  between  length  of  side  of  rectangle  (lakeD  w 
•bocissa)  and  mnxlnium  uparking  dijstancc (taken  as  orrlinate),  the  aides coo- 
aixting  of  straight  wires  of  varj-ing  lengths. 

When  the  two  circuits  were  brought  very  close  together,  aniT 
the  dischfti'ger  knobs  separated  by  an  interval  of  7  millimetre, 
sparks  were  obtained  at  the  micrometer,  which  were  also 
7  millimetres  in  length,  when  the  two  circuits  had  been  care- 
fully adjusted  to  have  the  siune  jteriod.  The  induced  E.M.F.s 
must  in  this  case  have  attained  nearly  as  high  a  value  as  the 
inducing  ones. 

To  show  the  effect  of  varying  the  coefficient  of  self-inducttoiv 
ft  series  of  rectangles,  abed  (Fig.  27),  were  taken,  having  a  con- 
stant breadth,  a  b,  but  a  length,  a  c,  continually  increasing 
from  10  centimetres  up  to  250  ucutimetres  :  it  was  found  that 
the  niitximimi  effect  was  obtained  with  a  length  of  1*8  metre- 
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The  quantitatiTe  resulto  of  these  experiments  are  shovni  in 
Fig.  28,  in  which  the  abecissis  of  the  curve  aie  the  double 
lengths  of  the  rectanf^Ies,  and  the  ordinates  represent  the  cor- 
respondingr  maxiiuiim  sparking  diatAnces.  The  sparking  dis- 
tances  could  not  be  determined  with  great  exactness,  but  the 
errors  were  not  sufficient  to  mask  the  general  nature  of  the 
result. 

In  a  second  series  of  experiments  the  sides  a  e  and  b  d  were 
formed  of  loose  coils  of  wire  which  were  gradually  pulled  out, 
and  the  result  is  shown  in  Fig.  29.  It  will  be  seen  that  the 
maximum   spiirkiug   distance    was   attained    for   a   somewhat 
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Curve  ahowing  relation  between  length  of  aide  of  rectangle  (U-vlcen  aa 
•baeim]  and  manmutn  xparking  distance  (taken  aa  ordiuate),  the  sides 
coiuiatiiig  of  qnralii  graduaUy  dravm  out. 


greater  length  of  side,  wliich  is  explained  by  the  fact  that  in 
the  latter  experiments  the  self-induction  ouly  was  increased  by 
increase  of  length,  while  in  the  former  series  the  cajiacity  was 
increased  as  well.  Varying  the  resistance  of  the  micrometer 
circuit  by  using  copper  and  German  silver  wires  of  various 
diameters  was  found  to  have  no  effect  on  the  period  of  oscilla- 
tion, and  extremely  little  on  the  sparking  distance. 

When  the  wire  c  d  was  surrounded  by  an  iron  tube,  or  when 
it  was  replaced  by  an  iron  wire,  no  perceptible  effect  was  ob- 
tained, confirming  the  conclusion  previously  arrived  at  that  the 
magnetism  of  the  iron  is  unable  to  follow  such  rapid  oscili*- 
tion^  and  therefore  exerts  no  appreciable  effect. 
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Nod^i. — The  vibrations  in  the  micrometer  circuit  which  have 
been  considered  are  the  simplest  ones  possible,  but  not  the  only 
ones.  While  the  potential  at  the  ends  alternates  between  two 
fixed  limits,  that  at  the  central  portion  of  the  circuit  retains  a 
constant  mean  value.  The  electrical  vibration,  therefore,  has 
a  node  at  the  centre,  and  this  will  be  the  only  nodal  point.  Its 
existence  may  be  proved  by  placing  a  small  insulateil  sphere 
close  to  various  portions  of  the  micrometer  circuit  while  8|>arks 
are  passing  at  the  discharger  of  the  coil,  when  it  will  he  found 
that  if  the  sphere  is  placed  close  to  the  centre  of  the  circuit 
the  sparking  will  be  very  slight,  increasing  as  the  sphere  is 
moved  further  away.  The  sparking  cannot,  however,  be  en- 
tirely got  rid  of,  and  there  is  a  better  way  of  detcnniiiing  the 
existence  and  position  of  the  node.  After  adjusting  the  two 
circuits  to  unison,  and  drawing  the  micrometer  terminals  so 
far  apart  that  sparks  can  only  be  made  to  pass  by  means  of 
resonant  action,  let  different  parte  of  the  circuit  be  touched 
by  a  conductor  of  some  capacity,  when  it  will  be  found  that 
the  sparks  disappear,  owing  to  interference  with  the  resonsuit 
action,  except  when  the  point  of  contact  is  at  the  centre  of  the 
circuit.  The  author  then  endeavoured  to  produce  a  vibration 
with  two  nodes,  and  for  this  purpose  he  modified  the  apparatus 
previously  used  by  adding  to  the  micrometer  circuit  a  second 
rectangle,  ffgk^  exactly  similar  to  the  first  (as  shown  in  Fig.  30), 
and  joining  the  points  of  the  circuit  near  the  tcrminaht  by  wirea 
1  3  and  2  4,  as  shown  in  the  diagram. 

The  whole  syBtetti  then  formed  a  closed  metallic  circuit,  the 
fundamental  vibration  of  which  would  have  two  nudes.  Since 
the  period  of  this  vibration  wrould  necessarily  agree  closely 
with  that  of  each  half  of  the  circuit,  and,  therefore,  with  that 
of  the  circuit  C  C,  it  was  to  be  ex{>ected  that  the  vibration 
would  have  a  pair  of  loops  at  the  junctions  1  3  and  2  4,  and  a 
pair  of  nodes  at  the  middle  points  ol  ed  and  gh.  The  vibra- 
tions were  determined  by  measuring  the  sparking  distance 
between  the  mierumctcr  terminals  1  and  2.  It  was  found  that, 
contrary  to  what  was  expected,  the  addition  of  the  second 
rectangle  diminished  this  sparking  distance  from  about  throe 
millimetres  to  about  one  millimetre.  The  existence  of  reso- 
nant action  between  the  circuit  C  C  and  the  micrometer  cir- 
cuit was,  however,  fully  demoiistated,  for  any  alteration  in  the 
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-circuit  efg  h,  whether  it  consisted  in  increasing  or  in  decreas- 
ing its  length,  diminished  the  sparking  distance.  It  wns  also 
found  that  much  weaker  sparking  took  place  between  cdort/h 
and  an  insulated  sphere  than  between  a  e  or  bf  and  the  same 
here,  showing  that  the  nodes  were  in  c<f  and  ^^  as  expected. 
Further,  when  the  sphere  was  made  to  touch  c  rf  or  ff  h  it  had 
■no  effect  on  the  sparking  distance  of  1  and  2  ;  but  when  the 
point  of  contact  was  at  any  other  portion  of  the  circuit  the 
sparking  distance  was  diminished,  showing  that  these  nodes 
did  really  belong  to  the  vibration,  the  resonant  action  of  which 
increased  this  sparking  distance. 


Fio.3a 


The  wire  joining  the  points  2  and  4  was  then  removed.  As 
the  strength  of  the  induced  oscillatory  current  should  be  zero 
At  these  points,  the  removal  ought  wot  to  disturb  the  vibrations, 
and  this  w^as  showii  experimentally  to  be  the  case,  the  resonant 
effects  and  the  position  of  the  nodes  remaining  unchanged.  Tlie 
vibration  with  two  nodal  points  was,  of  course,  not  the  funda- 
mental vibration  of  the  circuit,  which  consisted  of  a  vibration 
with  a  node  between  a  and  «,  and  for  which  the  highest  values 
of  the  potential  were  at  the  points  2  and  4. 

When  the  spheres  forming  the  terminals  at  these  points  were 
brought  close  together  slight  sparking  was  found  to  take  place 
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between  tbom,  which  was  attributed  to  the  excitation,  thoa| 
only  to  a  small  extent,  of  the  fundamental  vibration.  This  ex- 
])1aimtiou  was  confinned  in  the  following  manner: — The  sparks-^ 
between  1  and  2  were  broken  off,  leaving  only  the  sparks  between 
2  and  4,  which  measured  the  intensity  of  the  fundamental 
vibration.  The  period  of  vibration  of  the  circuit  C  C  was  thea 
increased  by  drawing  it  out  to  its  full  length,  and  thereby 
increasing  its  cu[)acity,  when  it  was  observed  that  the  sparking 
gradually  increased  to  a  maximum,  and  then  l>egan  to  dimi- 
nish ugain.  The  maximum  value  must  evidently  occur  when 
the  pcriofl  of  vibration  o(  the  circuit  C  C  is  the  same  as  that  of 
tl>e  fundamental  vibration  of  the  micrometer  circuit,  and  it 
was  shown  that  ■when  the  sparking  distance  between  2  and  4 
had  its  maximum  value  the  sparks  corresponded  to  a  vibration 
with  only  one  nodal  point,  for  the  sparks  censed  when  the 
previously  existing  nodes  were  touched  by  a  conductor,  and  the 
only  point  where  contact  could  take  place  without  effect  on 
the  sparking  was  between  a  and  e.  These  results  show  that 
it  is  possible  to  excite  at  will  in  the  same  conductor  cither  the 
fundamental  vibration  or  its  first  overtone,  to  use  the  language ' 
of  acoustics. 

Hertz  appears  to  consider  it  very  doubtful  whether  it  will 
be  possible  to  get  higher  overtones  of  eioctrieal  vibration,  the 
ditHeuity  of  obtaining  such  lying  not  only  in  the  method  of 
observation,  but  also  in  the  nature  of  the  oscillations  them- 
selves. The  intensity  of  these  is  fnund  to  vary  considerably 
during  a  series  of  discharges  from  the  coil  even  when  all  the 
circumstances  arc  maintained  as  constant  as  possible,  and  the 
companvtivc  feebleness  of  the  resonant  effects  shows  that  there 
must  be  a  considerable  amount  of  damping.  There  ore,  more- 
over, many  secondary  jihononicna  which  seem  to  indicate  that 
irregular  vibrations  are  Huj)erposed  upon  the  regular  ones,  aa 
would  be  expected  in  complex  systems  of  conductors.  If, 
tlierefore,  we  wish  to  comjmre  electrical  oscillations  from  a 
mathematical  point  of  view  Avith  those  of  acoustics,  we  must 
seek  our  analogy  in  the  high  notes  intermixed  with  irregular 
vibrations,  obtained,  say,  by  striking  a  wooden  rod  with  a 
hammer  rather  than  in  the  comparatively  slow  harmonic 
vibration  of  tuning  forks  or  strings ;  and  in  the  case  of  vibra- 
tions of  the  former  class  we  have  to  be  contented  even  in  the 
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Btudy  of  acoustics  vrith  little  more  tliaa  indicatious  of  such 
phenomena  as  resotumoe  and  nodal  points. 

lleferriug  to  tlie  conditions  to  be  fulfilled  in  order  to  obtain 
the  best  results,  should  other  physicists  desire  to  repeat  the 
experiuiouts,  Dr.  Hertz  notes  a  fact  of  very  cousidcnible  interest 
and  novelty,  namely,  that  the  spark  from  the  discliarger 
should  always  be  visible  from  the  micrometer,  as,  when  this 
was  not  the  case,  though  the  phenomena  observed  were  of  the 
same  character  the  sparking  distance  was  invariably  diminished. 
This  effect  of  the  light  from  the  spark  of  an  induction  coil  in 
increasing  the  sparking  distance  in  the  secondary  circuit  of 
anotlier  coil  excited  groat  interest  when  referred  to  by  Prof. 
Lo<lge  in  the  course  of  the  recent  discussion  on  Lightning  Con- 
ductors at  the  British  Association,  and  he  pointed  out  that  the 
same  effect  was  produced  by  light  from  burning  magnesium 
wire  or  other  sources  rich  in  the  ultra-violet  raj-s. 

Theory  of  the  Erperimentii. — The  theories  of  electrical  oscilla- 
tions which  have  been  developed  by  Sir  William  Thomson,  von 
Helmholtz,  and  Kirchhoff  have  been  shown*  to  hold  good  for 
the  open  circuit  oscillations  of  induction  apparatus,  as  well 
as  for  the  oscillatory  Leyden  jar  discharge ;  and  although 
Dr.  Hertz  has  not  succeeded  in  obtaining  definite  quantitative 
results  to  compare  with  theory,  it  is  of  interest  to  ini]uire 
whether  the  observed  results  are  of  the  same  order  as  those 
indicated  by  theory. 

Hertz  cunsiilers,  in  the  first  place,  the  vibration  period.  Let 
T  be  tlie  period  of  a  single  or  half  vibration  proper  to  the 
conductor  exciting  the  micrometer  circuit ;  L  its  coefficient  of 
Bclf-induction  in  absolute  electro-magnetic  measure,  expressed, 
therefore,  in  centimetres ;  C  the  capacity  of  one  of  its  tcrminalg 
in  electrostatic  measure,  and  therefore  also  expressed  in  centi- 
metres ;  and  v  the  velocity  of  light  in  centimetre-seconds ; 
then,  if  the  resistance  of  the  conductor  is  small. 


In  the  cose  of  the  resonance  experiments,  the  capacity  C  wa» 
approximately  the  radius  of  the  sphere  formiug  the  terminal. 
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«o  that  C=15  centimetres.  The  coefficient  of  aelf-inductiou 
was  that  of  a  wire  of  length  l^loO  centimetres  and  diameter 
*/=  1/2  centimetre. 

According  to  Neumann's  formula. 


L  =  ;[°^'d,<i.'. 


-11° 

which  gives  in  the  case  considered 

« 

L  =  2  /  Aog.  1^  -  0-75  ^  =  1,902  centimetres. 

As,  however,  it  is  not  (luite  certain  that  Neumann's  formula 
is  applicable  to  an  open  circuit,  it  is  better  to  use  von  Helui- 
faoltz's  more  gcncrul  formula,  contuining  au  undetermined  con- 
stant I;  accoitling  to  which 


L  =  2/(log.tf-0-75+>^*) 


Putting  £'  =  1,  this  reduces  to  Neumann's  formula  ;  for£»0 
it  reduces  to  that  of  Maxwell,  and  for  ^  =  -  1  to  Weber's.  The 
greatest  diflferencc  in  the  values  of  L  obtained  by  giving  thew 
different  values  to  k  would  not  eicced  a  sixth  of  its  mean 
vbIuc,  and  therefore,  for  the  purposes  of  the  present  approxima- 
tion it  is  enough  to  assume  that  k  is  not  a  large  fKxsitive  or 
negative  number ;  for  if  the  number  1,902  does  not  give  the 
correct  value  of  the  coefficient  for  the  wire  150  centimetres  in 
length,  it  will  give  the  value  corresponding  to  a  conductor  not 
differing  greatly  from  it  in  length. 

Taking  L  =  1 ,902  centimetres,  we  have  jt  ^C  L  =  531  centi- 
metres, which  represents  the  distance  traversed  by  light  during 
the  oscillation,  or,  according  to  Maxwell's  theory,  the  length  of 
an  electro-magnetic  ether  wave.  The  value  of  T  is  then  found 
to  be  1*77  huudred-millionths  of  a  second,  which  is  of  the  same 
order  as  the  observed  results. 

The  ratio  of  damping  is  then  considered.  In  order  that 
oscillations  may  be  possible,  the  resistance  of  the  open  circuit 
must  be  less  than  2  v  JL/C  For  the  exciting  circuit  used  this 
gives  676  ohms  as  the  upper  limit  of  resistance.     If  the  actual 
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resistance,  r,  is  sensibly  below  this  limit,  the  ratio  of  damping 

rT 

rillbo*"'.     The  amplitude  will  therefore  be  reduced  in  the 
ratio  1:2-71  in 

2L     Iv     l\.     676     215 


2L__2_i;     /I 
rf"7rrV  C 


oscillations.  We  have,  unfortunately,  no  mciins  of  determining 
the  resistance  of  the  air  space  truversed  l)y  the  spark,  but  as 
the  resistance  of  a  strong  electric  tire  is  never  less  than  a  few 
ohms  we  shall  be  justified  in  assuming  this  as  the  minimunv 
limit.  From  this  it  would  follow  that  the  number  of  oscilla- 
tions due  to  a  single  impulse  must  be  reckoned  in  tons,  and 
not  in  hundreds  or  thousands,  which  is  in  accordance  with  the 
character  of  the  experimental  results  imd  agrees  with  results' 
observed  in  the  case  of  the  oscillatory  Leydeu  jur  discharge.  Id 
the  case  of  closed  metallic  circuits,  on  the  other  hand,  theory 
indicates  that  the  number  of  oscillations  before  equilibrium  is 
attained  must  bo  reckoned  by  thousands. 

Hertz  compares,  lastly,  the  order  of  the  inductive  actions  of 
these  oscillations  according  to  theory  ivith  that  of  the  effects 
actually  observed.  To  do  this  it  must  bo  noted  that  the  maxi- 
mum K.M.F.  induced  by  the  OvStiilution  in  its  own  circuit  is 
api>roxini:itely  eijual  to  the  masimuni  jwtential  diflercncc  at  its 
extremities;    for  if  there  were  no  damping   these   quantities 

i  would  be  identical,  since  at  any  moment  the  potential  differ- 
ence at  the  extremities  and  the  E.M.F.  of  induction  would  be 
in  equilibrium.  In  the  experiments  inider  consideration  the 
potential  difference  at  the  extremities  was  such  as  to  give  a 
spark  7  to  8  millimetres  in  length,  which  must  therefore  repre- 
sent the  maximum  inductive  action  excited  in  its  own  circuit 
by  the  oscillation.  Again,  at  any  instant  the  induced  E.M.B'. 
in  the  micrometer  circuit  must  be  to  that  in  the  exciting  con- 
ductor in  the  same  ratio  as  that  of  the  coefBcient  of  mutual  in- 
duction p  of  the  two  circuits  to  the  coefficient  of  self-induction 
L  of  the  exciting  circuit.  The  value  of  ji  for  the  cuse  con- 
8i<lered  is  easily  calculated  from  the  ordinary  fomiulir,  and  it  i» 
foimd  to  lie  between  one-ninth  aud  one-twelfth  of  L.     This 

I  would  only  give  sparks  of  from  \  to  §  millimetre  in  length,  so 
that  according  to  theory  visible  sparks  ought  in  any  case  to  be 
obtained ;  but,  on  the  other  hand,  sparks  several  millimetres  ii> 
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length,  as  wore  obtained  in  the  experiments  previoualy  de- 
scribed, can  only  be  explained  on  the  assumption  that  the 
successive  inductive  actions  produce  an  accumulative  effect; 
so  that  theory  indicates  the  necessity  of  the  existence  of  the 
resonant  effects  actually  observed. 

Dr.  Hertz  was  at  first  inclined  to  suppose  that  as  the  micro- 
meter circ\iit  was  only  broken  by  the  extremely  short  aiir  space 
limited  by  the  maximum  sparking  distance  under  the  conditions 
of  the  experiment,  it  might  therefore  be  treated  as  a  closed 
circuit,  and  only  the  total  induction  considered.  The  ordinary 
methods  of  electro-dynamics  give  the  means  of  completely 
determining  the  total  inductive  effect  of  a  current  element 
•on  a  closed  circuit,  and  would,  therefore,  in  this  case  liave 
sufficed  for  the  investigation  of  the  phenomena  observed.  He 
found,  however,  that  the  treatment  of  the  micrometer  circuit 
as  a  closed  circuit  led  to  incorrect  results,  so  that  it,  as  well  as 
the  primary,  had  to  be  treated  as  an  open  circuit,  and  therefore 
a  knowledge  of  the  total  induction  was  insiiificient-,  and  it 
became  necessary  to  consider  the  value  both  of  the  E.M.F.  of 
induction  and  of  the  electrostatic  KM.F.  due  to  the  charged 
«xtremitie8  of  the  exciting  circuit  at  each  point  of  the  micro- 
meter circuit. 

Tlie  investigations  to  which  these  cousidcratious  led  are 
described  by  Dr.  Hertz  in  a  Paper,  "  On  the  Action  of  a  Itccti- 
linear  Electrical  Oscillation  upon  a  Circuit  in  its  Vicinity," 
published  in  Wiedemann's  Annalen,  Vol.  XXXIV.,  p.  155,  1888. 

In  what  follows,  the  exciting  circuit  will  be  spoken  of  an  tlie 
primary  and  the  micrometer  circuit  as  the  secondary.  Hertz 
points  out  that  the  reason  tliat  the  electrostatic  effect  cannot 
be  neglected  is  to  be  found  in  the  extreme  rapidity  with  which 
the  electrostatic  forces  change  their  sign.  If  the  electrostatic 
alternations  in  the  primary  were  comparatively  slow  they  might 
attain  a  very  high  intensity  without  giving  lise  to  a  spark  in  the 
secondary,  siuce  the  electrostatic  distribution  on  the  secondary 
would  vary  so  as  to  remain  in  equilibrium  with  the  extenial 
E.M.F.  This,  however,  is  impossible,  because  the  variations  in 
direction  follow  each  other  too  rapidly  for  the  distribution  to 
follow  them. 

In  the  present  investigations  the  primary  circuit  consisted  of 
a  straight  copper  wire  5  millimetres  in  diameter,  carrying  at  its 
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■extremities  hollow  zinc  spheres  30  centimetres  in  diameter.  The 
centres  of  the  spheres  wore  one  metre  apart,  and  at  tiie  middle 

■  of  the  wire  was  an  air  space  J  centimetre  in  length.  'Ilie  wire 
was  placed  in  a  horizontal  position,  and  the  observations  wci'e 
all  made  at  points  near  to  the  hnrizontal  plane  through  it, 
which,  however,  did  not  of  course  iilToct  their  generality,  as  the 
same  effects  would  necessarily  be  produced  in  any  i)hine  through 
the  horizontal  wu'e.  The  secondary  circuit  consisted  of  a  circle 
•of  35  centimetres  radius,  of  copper  wire  2  millimetres  in  diame- 
ter, the  circle  being  broken  by  an  air  space  capable  of  variation 
by  means  of  a  micrometer  screw.* 
^1  The  circular  form  was  selected  for  the  secondary  circuit 
^"  ))ecause  the  fonuer  investigations  had  shown  that  the  sparking 
-distance  was  not  the  saiue  at  all  points  of  the  secondarj-,  even 
when  the  conductor  as  a  whole  remained  unchanged  in  position, 
and  with  a  circular  circuit  it  was  easier  to  bring  the  air  space  to 
*ny  part  than  if  any  other  form  had  been  used.  To  attain  this 
object  the  circle  was  made  movable  about  an  axis  passing 
tlirough  its  centre  perpendicular  to  its  ]>laue. 
^m  The  circvtits  of  the  dimcusions  stated  were  very  nearly  in 
^*  unison,  and  they  were  further  adjusted  by  means  of  little 
Strips  of  metal  soldered  to  the  extremities,  and  varied  in  length 
until  the  maximum  sparking  distance  was  obtained. 

We  shall  follow  Dr.  Hertz  in  first  considering  the  subject 
theoretically,  and  then  examining  how  far  the  cxporimenta] 
results  are  in  accordance  with  the  theoretical  conclusions.  It 
will  be  assumed  that  the  E.M.F.  at  every  point  is  a  simple 
hanuonic  fimction  of  the  time,  but  that  it  does  not  undergo 
reversal  in  direction,  and  it  will  further  be  assumed  that  the 
oscillations  are  at  any  given  moment  everywhere  in  the  same 
phase.  This  will  oeitainly  bo  the  case  in  the  immediate  neigh- 
bourhood of  the  primary,  and  for  the  present  we  shall  confine 
our  attention  to  sucli  points.  Let  s  be  the  distance  of  a  point 
measured  along  the  circuit  from  the  air  space  of  the  secondary, 
and  F  the  component  E.JI.F.  at  that  point  along  the  circular 
Arc  d  s.     Then  F  ik  a  function  of  »,  which  assumes  its  original 


•Thi«  smftll  circular  ileteotor  circuit  may  be  called  ati  rteetromar/ntlic 
tye,  because  it  cnnblca  ua  to  see  the  electro-magnetic  disturbance  and  to 
jpffialisa  it. 


432 


DYNAMICAL   THEOBT   OF   OUBHENT  INDUCTION. 


value  after  passing  once  round  the  circle  of  circumference  S>. 
It  may,  therefore,  be  expanded  in  the  form 


F  =  A  +  Bco8l^+. 

S 


,  +  B'8in  ^i  +  . 


The  higher  terms  of  the  series  may  be  neglected,  as  the  only- 
result  of  80  doing  will  be  that  tlie  approximate  theory  will  give- 
an  absolute  disappearance  of  sparks  where  reallj-  the  disappear- 
ance is  not  quite  complete,  and  indeed  the  experiments  are  not 
delicate  enotij,'li  to  enable  us  to  compare  their  results  witl» 
theory  beyond  a  first  approximation. 

The  force  A  acts  in  the  same  direction,  and  is  of  constant 
amount  at  all  points  of  the  circle,  and  therefore  it  must  be 
independent  of  the  electrostatic  E.M.F.,  as  the  integral  of  the- 
latter  round  the  circle  is  zero.  A,  then,  represents  the  total 
E.M.F.  of  induction,  which  is  measured  by  the  rate  of  variation 
of  the  number  of  magnetic  lines  of  force  which  pass  through 
the  circle.  If  the  electro-magnetic  field  containing  the  circle 
is  assumed  to  be  uniform,  A  will  therefore  be  proportional  to 
the  component  of  the  magnetic  induction  perpendicular  to  the 
plane  of  the  secondary.  It  will  therefore  vanish  when  the 
direction  of  the  magnetic  induction  lies  in  the  plane  of  the 
secondary.  A  will  consist  of  an  oscillation,  the  intensity  of 
which  is  independent  of  the  position  of  the  air  space  in  the 
circle,  and  the  corresponding  spartiiug  distance  will  bo  colled  o. 


The   term  B'  sin 


2nji 


can  have  no  effect   in  exciting  the 


fundamental  vibration  of  the  secondary,  since  it  is  symmetrical 
on  opposite  sides  of  the  air  space. 

2  TTS 

The   term  B  cos  — ~  will  give  a  force  acting  in  the  same 
o 

direction  in  the  two  quadrants  opposed  to  the  air  space,  and  will 
excite  the  fundamental  vibration.  In  the  two  quadrants  adja- 
cent to  the  air  sjjace  it  will  give  a  force  in  the  opjxwite  direction, 
but  its  effect  will  be  less  than  that  of  the  former  one ;  for  the 
current  is  stero  at  the  extremities  of  the  circuit,  and  therefore 
the  electricity  cannot  move  so  freely  as  near  tho  centre.  This 
corresfwnds  to  the  fact  that  if  a  string  fastened  at  each  end 
has  its  central  portion  and  ends  acted  on  resfiectively  by  oppo- 
sitely directed  forces,  its  motion  will  be  tliat  due  to  the  force 
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\tLt  the  central  portion,  which  ivill  excite  the  fundamental 
Tibration  if  its  oscillations  arc  in  unison  with  the  latter.  The 
intensity  of  the  vibration  will  be  proportional  to  B.  Let  E  be 
the  total  E.M.F-  in  the  uniform  field  of  the  secondary,  <(>  the 
angle  between  its  direction  and  the  plane  of  the  latter,  and 
0  the  angle  which  its  projection  ou  this  plane  makes  with 
the  radius  drawn  to  the  air  space.  Then  we  shall  have, 
approximately, 

^P  F<°E  cos  <^  sin  ^- 

and,  therefore,  B  =  -  E  cos  ^  sin  0. 

B,  therefore,  is  a  function  simply  of  the  total  E.M.F.  due 
both  to  the  electrostatic  and  electro-tlynamic  actions.  It  will 
vanish  when  <f>  =  90* — that  is  to  say,  when  the  total  E.M.F.  is 
perpendicular  to  the  plane  of  the  circle,  whatever  be  the  posi- 
tion of  the  nir  space  on  the  circle.  B  will  also  vanish  when 
0  =  0 — that  is  to  say,  when  the  projection  of  the  E.M.F.  on 
the  plane  of  the  circle  coincides  with  the  radius  through  the 
air  space.  If  the  position  of  the  air  space  on  the  circle  is 
varied,  the  angle  0  will  vary,  and,  therefore,  also  the  intensity 
of  the  vibration  and  the  sparking  distance.  The  sparking 
distance  corresponding  to  the  second  term  of  the  expansion 
for  F  can  therefore  be  represented  approximately  by  a  formula 
of  the  form  /3  sin  0. 

■  Now,  the  oscillations  giving  rise  to  sparks  of  lengths  a  and 
p  sin  0  respectively  are  in  the  same  phase.  The  resulting 
oscillations  will  therefore  be  in  the  same  phase,  and  their 
amplitudes  must  be  added  together.  The  sparking  distance 
being  approximately  proirartional  to  the  maximum  total 
amplitude  may  therefore  also  be  obtained  by  adding  the 
sparking  distances  due  to  the  two  oscillations  respectively. 
The  sparking  distance  will  therefore  be  given  as  a  function  of 
the  position  of  the  air  space  on  the  secondary  circuit  by  the 
^^  expression  o  +  )S  sin  0.  Since  the  direction  of  tiie  oscillation 
^fe  in  the  air  spuico  does  not  come  into  consideration,  we  are  con- 
cerned only  with  the  absolute  value  of  this  expression  and  not 
with  its  sign.  The  determination  of  the  absolute  values  of 
the  quantities  a  and  /3  would  involve  elaborate  theoretical 
investigations,  and  is,  moreover,  unnecessary  for  the  explanation 
of  the  experimental  results. 

rw 
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Ej^pei-immU  mth  tfte  Secondary  Circuit  in  a  Vfrtical  Plane. — 
When  llio  circle  forming  tlio  secondary  circuit  wus  placed  Avitli 
it.s  plane  vertical,  anywliero  in  the  neighbourhood  of  the 
])riniary,  the  following  results  were  obtained  : — 

The  sparks  disappeared  for  two  positions  of  the  air  space, 
»epi\rntcd  by  1 80  dog.,  namely,  those  in  which  it  lay  iu  the  hori- 
zontal plane  through  the  primary  ;  but  in  every  other  poaitiou 
sparks  of  greater  or  less  length  were  observed. 

From  this  it  followed  that  tho  value  of  a  must  liave  been 
wnstantly  zero,  and  that  6  was  zero  when  tho  air  space  was  in 
the  horizontal  pluue  through  the  primary. 

The  clectro-niagnctic  lines  of  force  must  therefore  have  been 
perpendicular  to  this  horizontal  plane,  and  therefore  consisted 
of  circles  with  their  centres  on  the  primary  ;  while  the  electro- 
static litios  of  farce  niii.st  have  been  entirely  in  the  horizontal 
plane,  and  therefore  this  system  of  lines  of  force  consisted  of 
curves  lying  in  pianos  passing  through  the  primary.  Both  of 
these  results  are  in  agreement  with  theory. 

When  the  nir  sjiaco  was  at  its  greatest  distance  from  the 
))lane  the  sj)arkiiig  distatice  Attained  a  maximum  value  of  from 
2  to  3  millimetres.  The  sparks  were  shown  to  be  due  to  tho 
finidameutal  vibration,  by  slightly  varj-ing  the  secondary  so  as 
to  tlirow  it  out  of  uni.son  with  the  primary,  when  the  sparking 
distauce  was  diminished,  which  would  not  have  been  the  case 
if  tho  sparks  had  been  duo  to  overtones.  Moreover,  the  sparks 
disappeared  when  the  secondary  was  cut  at  its  points  of  inter- 
section with  the  horizontal  piano  through  the  primarj-,  though 
these  would  be  nodal  points  for  the  first  overtone. 

When  the  air  space  was  kept  at  its  greatest  possible  distance 
from  the  horizontal  plane  through  the  primary,  oud  turned 
about  a  vertical  axis,  the  sparking  distance  attained  two  maxima 
at  the  points  for  which  <^  =  0,  and  almost  disappeared  at  the 
points  for  which  <f>  =  90'. 

The  lower  iialf  of  Fig.  31  shows  tho  different  positions  of 
minimum  sparking.  A  A'  is  the  prim.iry  conductor,  and  tho 
lilies  VI  n  re{>rusent  the  projections  of  the  secondary  circuit  on 
the  horizontal  plane.  The  arrows  perpendicular  to  these  give 
the  direction  of  the  resultant  lines  of  force.  As  this  did  not 
anywhere  vanish  in  passing  from  the  sphere  A  to  the  sphere  A", 
it  could  not  clmugc  its  sign. 
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The  diagram  brings  out  tho  two  following  points  : — 

1.  The  distribution  of  tho  resultant  E.M.F.  in  the  vicinity 
bf  the  rectilinear  vibration  is  very  similar  to  tiiat  of  the  electro- 

■tatic  K.M.F.  due  to  the  action  of  its  two  extremities.  It 
should  be  specially  noted  that  near  the  centre  of  tho  primary 
the  direction  is  that  of  the  electrostatic  E.M.F.,  showing  tlmt 
it  is  more  powerful  than  tho  electro-dynamic,  as  reipured  by 
theory. 

2.  The  lines  of  force  deviate  more  rapidly  from  the  line  A  A' 
than  the  electrostatic  lines,  though  this  is  not  so  evident  on  the 
reducetl  scale  of  the  diagram  as  in  the  auttior's  original  draw- 
ings on  a  much  larger  sc.ile. 

^P    It  is  duo  to  the  components  of  the  electrostatic   E.M.K. 
parallel  to  A  A'  being  weakened  by  the  RM.F.  of  induction, 

■irhilc  the  perpendicular  components  remain  unafTected. 
Experiments  with  the  Secondary  Circuit  in  a  Horizontal  Plant. 
— Tlic  results  obtained  when  the  plane  of  the  secondary  was 
horizontal  can  best  bo  explained  by  reference  to  the  upper  half 
of  the  diagram  in  Fig.  31. 

In  the  position  I.,  with  the  centre  of  tho  circle  in  tiie  line 
A  A'  produced,  the  sparks  disappeared   when   tho   air  space 
occupied,  either  of  the  positions  6,  or  h\,  while  two  equal  niaximn 
.of  the  sparking  distance  were  obtained  at  a,  and  a'„  the  length 


■-\\ 


Fio.  31. 
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of  the  spark  in  these  positions  being  2*5  millimetres.     Both 
these  resxilts  are  in  accordance  with  theory. 

In  the  position  11.  the  circle  is  cut  by  the  electro-magnetic 
lines  of  force,  and  therefore  a  does  not  vanish.  It  will,  how- 
ever, be  small,  and  we  should  expect  that  the  cspression  a  +  fi 
sin  6  would  have  two  unequal  maxima,  f3+a  and  fi  -  a,  both 
for  6  =  90°,  and  having  the  line  joining  them  perpendicular  to 
the  resultant  E..M.F.,  and  between  these  two  maxima  we  should 
ex[)ect  two  points  of  no  sparking  near  to  the  smaller  maximum. 
This  was  confirmed  by  the  observations. 

The  maximum  sparking  distances  wore  3'5  millimetres  at 
fij  and  2  millimetres  at  a'j.  Now,  with  the  air  space  at  a^ 
the  sphere  A  being  positive,  the  resultant  E.M.F.  in  the  oppo- 
site portion  of  the  circle  will  repel  positive  electricity  from  A, 
and  therefore  tend  to  make  it  flow  roimd  the  circle  clockwise. 
Between  the  two  spheres  the  electrostatic  E.M.F.  acts  from  A 
towards  A',  and  the  opposite  E.M.F.  of  induction  in  the  neigh- 
bourhood of  the  primary  acts  from  A'  to  A,  parallel  to  the 
fonner,  and,  acting  more  strongly  on  the  nearer  than  on  the 
further  portion  of  the  secondary,  tends  to  cause  a  current  in 
same  direction  as  that  due  to  the  former,  namely,  in  a  clockwise 
direction.  Thus  the  resultant  E.M.F.  is  the  sum  of  the  two 
as  required  by  theory,  and  in  the  same  way  it  is  easily  seen 
that  when  the  air  space  is  at  a'^  the  resultant  E.M.F.  is  eqiial 
to  their  difference. 

As  the  position  III.  is  gra<Iually  approached  the  maximum 
disappears,  and  the  single  maximum  sparking  distance  a,  was 
found  to  be  four  millimetres  in  length,  having  opposite  to  it  a 
point  of  disappearance  a\.  In  this  case  clearly  a  =  /3,  and  the 
sparking  distance  is  given  by  the  expression  a  (1  -(-sin  6).  The 
line  flj  a'g  is  again  perpendicular  to  the  resultant  E.M.F. 

As  the  circle  approaches  further  towards  the  centre  of  A  A',  a 
will  become  greater  than /J,  and  the  expression  a  +  fi  sin  6  will 
not  vanish  for  any  value  of  &,  but  will  have  a  maximum  a  +  p 
and  a  minimum  a-fi;  and  in  the  experiments  it  was  found 
that  the  sjiarks  never  entirely  disappeared,  but  varied  betweeaj 
a  maximum  and  a  minimum,  as  indicated  by  theory. 

In  the  position  IV.  a  maximum  sparking  distance  of  5'5  milli- 
metres was  observed  at  a^,  and  a  minimum  of  1*5  millimetre 
at  a\. 
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In  the  position  V.  there  was  a  maximum  sparking  distance 
of  6  millimetres  at  a^,  and  a  minimum  of  2'5  millimetres  at  a'y 
In  these  experiments  the  air  space  aliould  be  screened  off  from 
the  primary  in  the  latter  positions  as  well  as  in  the  earlier  ones, 
in  which  it  is  unavoidable,  as  otherwise  the  results  would  not  be 

,  comparable. 

I  In  passing  from  the  position  III.  to  the  position  V.  the  line 
a  a  rapidly  turned  from  its  position  of  parallelism  to  the 
primary  circuit  into  a  position  perpendicular  to  it.  In  the 
latter  positions  the  sparking  was  essentially  due  to  the  induc- 
tive action,  and  therefore  the  author  was  justified,  in  the  experi- 
ments described  in  my  previous  Papers,  in  assuming  the  effect 
in  these  positions  to  be  duo  to  induction. 

Even  in  these  positions,  however,  the  sparking  is  not  totally 

I  Independent  of  electrostatic  action,  except  when  the  air  space 
is  half-way  between  the  maximum  and  minimum  positions,  and, 
therefore  /3  sin  6  =  0. 

Otker  Positions  of  the  Secondary  Circuit. — Dr.  Hertz  made 
numerous  observations  with  the  secondary  circuit  in  other  posi- 
tions, but  in  no  case  were  any  phenomena  obser\-ed  which  were 
not  completely  in  accordance  with  theory.     As  an  example  of 

,  these  cousider  the  following  experiment : — 

I  The  secondary  was  first  placed  in  the  horizontal  plane  in  the 
position  V.  (Fig.  31),  and  the  air  spmce  was  in  the  jwsition  a^ 
relatively  to  the  primary.  The  circle  was  then  turned  about  a 
horizontal  axis  through  its  centre  and  parallel  to  the  primary, 
so  as  to  raise  the  air  space  above  the  horizontal  plane.  During 
this  rotation  6  remained  equal  to  90deg.,  and  the  value  of  p  re- 
tmiined  nearly  constant,  but  a  varied  approximately  in  the  same 
ratio  as  cos  ■*P',  '^,  being  the  angle  between  the  plane  of  the 
circle  and  the  horizontal,  for  a  is  proportional  to  the  number  of 

'  magnetic  lines  of  force  passing  through  the  circle.  Let  o^  be 
the  value  of  a  in  the  initial  position,  then  in  the  other  positions 
its  value  would  be  a^  cos  '4',  and  therefore  the  sparking  dis- 
tance should  be  given  by  the  expression  o^  cos  '^  +  [i,  in  which 
«j  was  known  to  bo  greater  than  fi.  This  was  confirmed  by 
[>bser\-ation,  for  it  was  found  that  as  the  air  space  increased  its 
lieight  above  the  horizontal  plane  the  sparking  distance  dimin- 
bhed  from  6  millimetres  down  to  2  millimetres,  its  value  when 

rthe  air  space  was  at  its  greatest  distance  above  the  horizontal 
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plane.     During  tho  rotation  through  iLe  next  quadrant  the 
sparking  distance  diminished  ahiiost  to  zero,  and  then  iucrcascd . 
to  the  smaller  maximum  of  Q'S  millimetres,  which  it  attained 
when  the  circle  had  turned  through  ISOdeg.,  and  was  therefore 
again  horizontal.     Similar  results  were  obtained  in  the  op]x>sit« 
order  as  the  circle  was  rotated  from  ISOdeg.  to  360deg.    Wheal 
the  circle  was  kept  with  the  air  space  at  its  maximum  height  i 
above  tho  horizontal  plane,  and  then  raised  or  lowered  bodily 
without  rotation,  tho  sparking  distance  was  found  to  dimiuLih 
in  the  former  case  and  to  increase  in  the  latter — results  com- 
pletely in  accordance  with  theorj'. 

Forces  at  Greater  Dintanees. — Experiments  with  tho  secondary 
at  greater  distances  from  tho  primary  are  of  great  importance, 
.\s  the  distribution  of  E.M.F.  in  the  field  of  an  open  circuit  is 
very  difTorent  according  to  difTeront  theories  of  electro-dynamic 
action,  and  the  results  mny,  therefore,  serve  to  eliminate  some 
of  them  as  untenable.  In  making  these  experiments,  however, 
an  unexpected  difficulty  was  encountered,  as  it  was  foiuid  that 
at  distances  of  from  1  to  I'O  metro  from  tho  primary,  the 
maximum  and  minimum,  except  in  certain  positions,  became 
indistinctly  defined  ;  but  when  the  distance  was  increased  to 
upwards  of  two  metres,  though  the  sparks  wore  then  very 
Bniiill,  tho  maximum  and  minimum  were  found  to  be  very 
sharply  marke<l  when  the  sparks  were  observed  in  the  dark. 
The  positions  of  maximum  and  minimum  were  found  to  occur 
with  the  circle  in  pianos  at  right  angles  to  e.ich  other.  At  con- 
siderable distances  the  sparking  diminished  very  slowly  as  tho 
distance  was  increased.  Dr.  Hertz  was  not  able  to  determine 
an  upper  limit  to  the  distance  at  which  sensible  effects  took 
place,  but,  in  a  room  14  metres  by  12,  sparks  were  distinctly 
observed  when  the  primary  was  j)laced  in  one  comer  of  the 
room  wherever  tho  secondary  was  placed.  When,  however,  the 
prim.oi-y  was  slightly  displaced  no  effects  could  be  observed, 
even  when  the  secondary  was  brought  considerably  nearer. 
The  interposition  of  solid  screens  bctweeu  the  two  circuits 
greatly  diminished  the  effect. 

Dr.  Hertz  mapped  out  the  distribution  of  force  throughout 
tlic  room  by  means  of  chalk  linos  on  tho  floor,  putting  stars  at 
the  points  whore  the  direction  of  the  E.M.F.  became  indetermi- 
nate.    A  portion  of  the  diagram  obtained  in  this  manner  is 
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shown  on  a  reduced  scale  in  Fig.  32,  with  respect  to  which  the 
following  points  ore  noteworthy  : — 

1.  At  distances  beyond  three  metres  the  E.M.F.  is  cvei-y- 
where  parallel  to  the  primary  oscillation.  Within  this  region, 
therefore,  the  electrostatic  E.M.F.  is  negligible  in  comp.orison 
with  the  E.M.F.  of  induction.  Now  all  the  theories  of  the 
mutual  action  of  current  elements  agree  in  giving  an  E.M.F. 
of  induction  inversely  proportional  to  the  distance ;  while  the 
electrostatic  E.M.F.,  being  due  to  the  differontiiil  action  of 
the  two  extremities  of  the  primary,  is  approximately  inversely 
proportional  to  the  cube  of  the  distance.  Some  of  these 
theories,  however,  are  not  in  accordance  with  the  oxjwri- 
menUU  result  that  the  effect   diminishes    much  more  nipidly 
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I  in  the  direction  of  the    primary    oscillation  than  in  a  direc- 

I  tion  at  right  angles  to  it,  induced  sparks  being  observed  ut 

a    distance     exceeding     12    metres    in    the    latter    dircction, 

while  they  disappeared  at  a  distance  of  about  four  metres  in 

I  the  former  direction. 
2.  That,  as  already  proved,  for  distances  loss  than  one  metre, 
the  distribution  of  E.M.F.  is  practically  th.it  of  the  clcetrft- 
static  E.M.F. 

3.  There  arc  two  straight  lines  at  all  points  of  which  the 

direction  of  the   E.M.F.  is  determinate,   namely,  the  line  in 

^  which  the  primary  oscillation  takes  place,  and  the  perpendicular 

Hto  the  primary  tiirougli  its  middle  point.     Along  the  latter  the 

E.M.F.  does  not  vanish  at  any  point ;  the  sparking  diminishes 

graduiilly  as  the  distance  is  increased.     This,  again,  is  incon- 
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sistent  with  some  of  the  theories  of  mutual  action  of  current 
elements,  according  to  which  it  should  Tanish  at  a  certAin  defi- 
nite distance.  A  very  important  result  of  the  investigation  is 
the  demonstration  of  the  existence  of  regions  within  which 
the  direction  of  the  E.M.F.  becomes  indeterminate.  These 
regions  form  two  rings  encircling  the  primary  circuit.  Since  the 
E.M.F.  within  them  acts  very  nearly  equally  in  every  direction, 
it  must  assume  different  directions  in  succession,  for,  of  course, 
it  cannot  act  in  different  directions  simultaneously. 

TJie  observations,  therefore,  lead  to  the  conclusion  that 
within  these  regions  the  magnitude  of  the  E.M.F.  remains 
very  nearly  constant,  while  its  direction  varies  through  all  the 
points  of  the  compass  at  each  oscillation.  Dr.  Hertz  states 
that  he  has  been  unable  to  explain  this  result,  as  also  the 
existence  of  overtones,  by  means  of  the  simplified  theory  in  which 
the  higher  terms  of  the  expansion  of  F  are  neglected,  and  he 
considers  that  no  theor}*  of  simple  action  at  a  distance  is 
capable  of  explaining  it.  If,  however,  the  electrostatic  E.M.F. 
and  the  E.M.F.  of  induction  are  propagated  through  space 
with  unequal  velocities,  it  admits  of  very  simple  explanation. 
For  within  these  annular  regions  the  two  E.M.F.s  are  at  right 
angles  and  of  the  same  order  of  magnitude ;  they  will,  there- 
fore, in  consequence  of  the  distance  traversed,  differ  in  phase, 
and  the  direction  of  the  resultant  will  turn  through  all  the 
points  of  the  compass  at  each  oscillation. 

This  phenomenon  appears  to  him  to  bo  the  first  indication 
which  has  been  observed  of  a  finite  rate  of  propagation  through 
space  of  electrical  actions,  for,  if  there  is  a  difference  in  the  rate 
of  propagation  of  the  electrostatic  and  electro-dynamic  E.M.F., 
one  at  least  of  them  must  be  finite. 

At  the  end  of  the  Paper  in  which  the  preceding  experiments 
are  described,  Dr.  Hertz  describes  some  observations  which  he 
has  mode  on  the  conditions  at  the  primary  sparking  point 
which  affect  the  production  of  sparks  in  the  secondary  circuit. 
He  finds  that  illuminating  the  primary  spark  diminishes 
its  power  of  exciting  rapid  oscillations,  the  sparks  in  the 
secondary  being  observed  to  cease  when  a  piece  of  magnesiimi 
wire  was  burnt  or  an  arc  lamp  lighted  near  tlie  primary 
point.  The  observed  effect  on  the  primary  sparks  is  that 
they  are  no  longer  accompanied  by  a  sharp  crackling  sound 
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Dr.  Hertz  •  aext  Paper  is  «vder  of  piMif  rina  in  Wiede- 
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bam  BJeebaetl  AetMW  in  Dicfeetrica  '  (ToL  XXXIT^  p.  373). 

taken  with  a  view  of  ohtainrng  £i«ct  experimental  ooafinna- 
tioB  of  the  awniptiun  inTolTed  in  tbe  owct  aoggeatiTe  ihieory 
of  deetiKal  aettons,  riz^  that  of  Faradaj  and  MarweU,  that 
the  «eD-k«>vn  eleetraatatic  phenotnena  ohaerred  in  dieleo- 
trici  are  aeewnpaiued  hj  cotieapuuding  efeetto-djaaiBie  aetaoBs. 
The  method  of  obaenratioa  cooairted  in  placing  a  aeoondaij 
oondttctor  adjoated  to  imianii,  aa  regards  electrical  oaciUationa^ 
with  tbe  primarjr,  aa  near  aa  poarible  to  the  fonner,  and  ia 
Boch  a  reiatiTe  poaitaon  that  the  sporiu  iu  tbe  priooair  produced 
no  sparking  in  the  aecoodarr.  As  the  equilibrium  could  be 
disturbed  and  sparking  induced  in  the  seoondarj  bj  the 
approach  of  conductors,  it  formed  a  kind  of  induction  balance; 
but  the  point  of  special  interest  in  connection  with  it  was 
that  a  similar  effect  was  produced  when  the  conductors  were 
replaced  bj  insulators,  provided  the  latter  were  of  conipara- 
tJTely  large  size.  Tlie  observed  rapidity  of  the  oscillations 
induced  in  the  dielectricti  showed  that  the  quantities  of  elec- 
tricity in  motion  umier  the  influence  of  dielectric  polarisation 
were  of  the  same  order  of  magnitude  as  in  the  case  of  metallic 
conductors. 
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The  apparatus  employed  is  shoM-n  dtagrammatically  in  Fig.  33, 
and  was  supported  on  a  light  wooden  framework,  not  shown  in 
the  iUustration.  The  primary  conductor  consisted  of  two  bniss 
plates,  A  A',  with  sides  40  centimetres  in  length,  joined  by  a 
copper  wire  70  centimetres  long  and  half  a  centimetre  in 
diameter,  containing  an  air  space  of  three-quarters  of  a  centi- 
metre, with  terminals  formed  of  polished  brass  spheres.  When 
placed  in  connection  with  a.  powerful  induction  coil,  oscillations 
are  set  up,  the  perio<l  of  which,  determined  by  the  dimensious 
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of  the  j)rimary,  can  l>c  determined  to  within  a  hundred-millionth 
of  a  second.  The  secondary  conductor  consisted  of  a  circle,  35 
centimetres  in  radius,  of  copper  wire  two  millimetres  in  diameter, 
conr.iiining  an  air  space,  the  loiiirtii  of  which  could  lie  varie<l  by 
niean.s  of  a  screw  from  a  few  hundredths  of  a  millimetre  up  to 
several  millimetres.  The  dimensions  stated  were  such  as  to 
bring  the  two  conductors  into  luiison,  and  secondary  sparks  up 
to  sis  or  sevcu  millimetres  in  length  could  be  obtained. 

The  circle  was  movable  about  nn  axis  through  its  centre 
pcrpenilicular  to  its  plane,  to  enable  the  ]K)sition  of  the  uir 
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•pace  to  be  varied.  The  axis  was  fixed  in  the  poeition  w  n  in 
the  plane  of  A  and  A',  and  half-way  between  tlicm.  The 
centre  of  the  circltt  woa  at  a  distance  of  12  centimetres  from 
the  nearest  points  of  A  and  A'. 

When /was  in  either  of  the  positions  a  or  a  lyinfr  in  the 
plane  of  A  A'  no  sparking  occurred  in  the  secondiiry,  while 
tnaximam  sparking  took  place  at  6  and  h'  OOdeg.  from  the 
former  jKJsitions.  The  E.M.F.  giving  rise  to  the  secoiidarv 
sparks  is,  as  in  previous  experiments,  partly  electrostatic  and 
partly  electro-ni.ignctic,  and  the  former  being  the  greater  will 
determine  the  sign  of  the  resultant  E.M.F.  The  oscillations 
must,  for  the  reason  previously  explained,  be  considered  as 
produced  in  the  j)art  of  the  secondary  most  remote  from  the  air 
8|)ace.  Assuming  the  E.M.F.  and  the  amplitude  of  the  result- 
ing oscillation  to  be  pisitive  when  /  is  in  the  position  b\  they 
will  both  be  negative  when/  is  at  b. 

When  the  circle  was  slightly  lowered  in  its  own  plane  the 
sparkiug  tliatance  was  increased  at  b'  and  diminished  at  b,  and 
the  null  points  lay  at  a  certain  distance  l>elow  a  and  a'.  The 
electrostatic  E.M.F.  is  scarcely  afTected  by  such  a  displacement, 
but  the  integnil  of  the  E.M.F.  of  induction  taken  round  the 
circle  is  no  longer  zero,  and  therefore  gives  rise  to  an  oscilla- 
tion which  will  be  of  [lositive  sign  whatever  lie  the  jxjsition 
of  /,  for  the  direction  of  the  restiltaut  E.M.F.  of  induction 
is  opposite  to  that  of  the  electrostatic  E.M.F.  in  the  upper 
half  of  the  circle,  and  coincides  with  it  in  the  lower  hilf,  where 
the  electrostatic  E.M.F.  has  been  assumed  to  be  positive.  Since 
the  new  o.scillation  so  produced  is  in  the  same  phase  as  the 
previously  existing  one,  their  amplitudes  must  be  added  to  give 
the  resultant  amplitude,  which  ex{)Iaiii8  the  phenomena. 

Effntt  of  thf  Apjrrouch  of  Comhictofs. — In  making  those 
observations  it  was  found  necessary  to  remove  nil  conductors  to 
a  considenible  distance  from  the  apparatus,  in  oitlcr  to  obtain 
a  complete  dis.npfKJarancc  of  sparking  at  the  points  a  and  a'. 
Even  the  neighbourhood  of  the  observer  was  sufficient  to  setup 
8[>urking  when  the  air  space /w.is  in  either  of  these  positions, 
and  the  sparks  had  therefore  to  be  observed  from  a  distance.  The 
conductors  used  for  the  experiments  were  of  the  form  shown  at 
C  (Fig.  10),  and  consisted  of  thin  niotal  foil.  The  objects  kept 
iu  view  in  selecting  the  material  and  dimensions  were  to  obtain 
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a  conductor  whicli  would  give  a  moderately  large  effect  aud 
having  an  oscillation  period  less  than  that  of  the  primary. 

When  the  comiuctor  C  was  brought  near  to  A  A',  it  was  found 
that  the  spnrkitig  distance  decreased  at  b  and  increased  at  &', 
and  the  null  points  were  displaced  upwards — that  is,  in  the 
direction  of  C. 

From  the  results  of  experiments  already  described  it  is 
evident  that  the  effect  of  displacing  A  A'  upwards  would  be 
the  same,  qualitatively,  as  that  of  a  current  in  the  same 
direction  as  that  in  A  A'  directly  alx>ve  it.  The  effect  pro- 
duced by  the  approach  of  C  was  the  reverse  of  this,  and 
could  be  explained  by  an  inductive  action,  supposing  there 
were  a  current  in  C  in  the  opposite  direction  to  that  in  A  A', 
which  is  exactly  what  must  occur;  tor  the  electrostatic  E.M.F. 
would  give  rise  to  such  a  current,  and  since  the  oscillutions 
in  C  are  more  rapid  than  those  of  the  E.M.F.,  the  current 
must  be  in  the  same  phase  as  the  inducing  E  M.F.  The  truth 
of  ttiis  explanation  was  confirmed  by  the  following  experiments. 
The  horizontal  plates  of  the  conductor  C  being  left  in  the  same 
position  as  before,  the  vertical  plute  was  removed,  and  succes- 
sively replaced  by  wires  of  incrciusing  length  and  fineness,  in 
order  to  lengthen  the  oscillation  period  of  C.  The  effect  of 
this  wivs  to  displace  the  imll  points  more  and  more  in  an  upward 
direction,  wliilc  at  the  same  time  they  became  less  sharply 
defined,  a  niiiiiunnn  sparking  takint.'  the  place  of  the  previous 
absolute  disiip]icuniuce.  The  sparking  distance  at  the  highest 
jjoint  had  jtrevicusly  been  much  less  than  at  the  lowest  {loint, 
but  after  the  disjippearance  of  the  null  jKiints  it  began  to 
increase.  At  a  certain  stage  the  siiarkiug  distance  at  the  two 
[Kisitions  became  equal,  and  tiicn  no  definite  minimum  points 
could  be  found,  but  sparking  took  place  freely  at  all  |K)sitions 
of  /'.  Bej'ond  this  .stage  the  sparking  distance  at  the  lowest 
point  diminished,  and  very  soon  two  minimum  points  made 
their  appearance  close  to  it,  not  clearly  defined  at  first,  but 
gradually  becoming  more  distinct,  and  at  the  same  time 
approaching  the  jxjints  a  a,  with  wliich  they  tiltimately  coin- 
cided, when  the  minimiun  points  agaiu  became  absolute  null 
points.  These  results  are  in  agreement  with  the  conultisiou 
drawn  from  the  former  observations,  for  as  the  oscillation 
period   of  C  approaches   that  of  A  A'   the   intensity  of  the 
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current  in  the  former  increases,  but  a  difference  of  phase 
arises  between  it  and  the  existing  E.XLF.  When  the  two 
are  in  unisun  the  current  in  C  attains  its  maximum,  and, 
as    in    other   cases    of    resonance,  the    difference    of    phase 

I  gives  rise  to  a  slightly  damped  oscillation,  having  a  period 
of  about  a  quarter  that  of  the  original  one,  which  makes 
*ny  interference  between  the  oscillations  excited  in  the  circle  B 
by  A  A'  and  C  respectivelj-  impoesiblc.  These  conditions 
clearly  con-espond  to  the  8ta;:e  at  which  the  sparking  distances 
at  Ij  and  fc'  were  equal.  When  the  oscillation  jieriod  of  C 
becomes  decidedly  greater  than  that  of  A  A',  the  amplitude  of 
the  uscillation  in  the  former  will  again  dimiuisli,  so  that  the 
difference  in  phase  between  it  and  the  exciting  RM.F.  will 
approach  half  of  the  original  perioil.  The  cuiTcnt  in  C  will 
therefore  always  be  in  the  same  direction   as  thut  in  A  A',  so 

»that  interference  between  the  two  oscillations  excited  in  B  will 
again  become  poesible,  and  the  effect  of  C  will  then  be  opposite 
to  its  original  effect.  Whcu  the  conductor  C  was  made  to 
approach  A  A'  the  sparks  in  B  became  much  smaller,  which 
is  explained  by  the  fact  that  its  effect  will  be  to  increase  the 
oscillation  period  of  A  A',  and  therefore  to  throw  it  out  of 
unison  with  B. 

Effrcti  nf  the  Ajrproach  of  D'uUctrici. — K  vcryrciugh  estimate 

» shows  that  when  a  dielectric  of  large  moss  is  brought  near  to 
the  apparatus  the  quantities  of  electricity  set  in  motion  by 
dielectric  polarisation  are  at  least  as  large  as  in  metallic  wires 
or  thin  rods.  If,  therefore,  ttie  action  of  the  apparatus  were 
unaffected  by  the  approach  of  such  masses,  it  would  show  that, 
in  contrailiction  to  the  theories  of  Faraday  and  Maxwell,  no 
electro-dynamic  actions  are  called  into  play  by  menus  of 
dielectric  polarisation,  or,  as  Maxwell  calls  it,  electric  displace- 
ment. The  experiments,  however,  showed  an  etTect  similar  to 
that  which  would  be  produced  if  the  dielectric  were  replaced 
by  a  conductor  with  a  very  small  oscillation  period.  In  the 
first  cxijerimcnt  made,  the  ma-ss  of  dielectric  consisted  of  a 
pile  of  books,  Ta  metre  long,  0-5  metre  broad,  and  1  metre 
high,  placed  under  the  plates  A  A'.  Its  effect  was  to  disphvce 
the  null  points  through  about  lOdeg.  towards  the  pile.  A 
block  of  luiphalte  (D,  in  Fig.  33),  weighing  800  kilogrammes, 
and  meosm-ing  Vk  metre  in  length,  0'4  metre  in  breadth,  and 
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0'6  metre  in  licijjht,  waa  then  used  in  place  of  the  books,  the. 
plates  beiiiir  allowed  to  rust  »ipon  it. 

The  following  results  were  then  obtained  ; — 

1.  The  spark  at  the  highest  point  of  the  circle  was  now 
deciilcdly  stronger  tlian  that  at  tho  lowest  point,  which  was 
nearer  to  the  asphalte. 

2.  The  miii  jtoint-s  were  displaced  through  about  23deg.  down- 
wards— that  is,  in  the  direction  of  the  block — and  at  tho  same 
time  were  transfornietl  into  mere  points  of  minimum  sjiorking, 
a  complete  disajipoarauco  being  no  longer  obtainable. 

3.  Wlieii  the  plates  A  A'  rested  on  the  asi)lialtc  block  the 
oscillation  period  of  tho  primarj-  was  increased,  as  shown  by 
the  fact  that  tlic  period  of  B  had  to  be  slightl,;  increased  in 
order  to  obtiiin  tiic  maximum  sparking  distjinci: 

4.  When  the  appjiratus  was  moved  gradually  away  from  the 
block  its  action  steadily  diuiini.slied  without  changing  its 
character. 

5.  Tlie  action  of  the  block  could  be  compensiitcd  by  bringing 
the  con<luctor  C  over  tho  plates  A  A'  while  they  rested  on  the 
block,  tlie  null  jxjints  being  brought  back  to  a  and  a'  when  C 
was  at  a  height  of  11  centimetres  above  the  plates,  \\nien  tho 
upper  surface  of  the  asphaltc  was  5  centimetres  below  the 
plates,  compensation  was  obtained  when  ('  was  placed  at  a 
heiglit  of  17  centimetres  above  them,  showing  that  the  action 
of  the  dielectric  was  of  the  order  of  magnitude  winch  had  been 
anticipated. 

The  a.splm]tc  contained   about  5   per  cent,  of  aluminium 
and  iron  eompouiids,  40  i«r  cent,  of  calcium  comjiounds,  and 
17  i)cr  cent,  of  (juartz  saud.     In  order  to  make  sure  that  tho  - 
observed  eflects  were  not  due  to  the  conductivity  of  some  of 
these  substances  a  intmber  of  further  experiments  were  made. 

In  the  first  jilaec,  the  asjihalte  was  rejilacod  by  a  mass  of 
the  same  dimensions  of  the  so-called  artificial  pitch  prepared 
from  coal,  and  effects  of  a  similar  kind  were  obscrvwl,  but 
slightly  weaker,  the  greatest  displuceinent  of  the  null  ]K>int8 
amounting  to  lOdeg.  Unforttniately  this  pitch  contains  free 
carbon,  the  amount  of  which  it  is  difficult  to  determine,  and 
this  would  have  some  conductivity. 

The  experiments  were  then  repeated  with  a  conductor,  C,  of 
half  the  linear  dimensions  of  the  former  one,  and  smaller  blocks 
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of  various  Biibstaiiccs,  on  account  of  the  great  cost  of  obtaining 

t largo  blocks  of  puro  mftteriala.  The  substances  used  were 
Bsphaltc,  cail-pitcli,  paper,  wood,  sanrlstone,  sulphur,  paraffin, 
Knd  also  a  fluid  dielectric,  namely,  petroleum.  With  the 
smaller  apparatus  it  was  not  possible  to  obtain  quantitative 
iTSulta  of  the  same  accuracy  as  before,  but  the  eft'ects  were  of 
an  exactly  similar  character,  and  left  little  room  for  doubt  of 
the  reality  of  the  action  of  the  dielectric. 

The  results  might  possibly  bo  supposed  to  be  due  to  a  change 
in  the  distribution  of  the  electrostatic  E.M.F.  in  the  neighbour- 
hood of  the  dielectric,  but,  in  the  first  place,  Dr.  Hertz  states 
that  he  has  been  unable  to  explain  the  details  of  the  obscr\'a- 
ti(jns  on  this  hypothesis,  and  in  the  second  place  it  is  dwproved 
by  the  following  ex[>eriucut : — 

The  smaller  apparatus  was  placed  with  the  lino  r  $  on  the 
upper  near  comer  of  one  of  the  largo  blix^ks,  in  which  jHSsition 
the  dielectric  was  bounded  by  the  plane  of  the  plates  A  A'  and 
the  perpendicular  plane  through  r  s,  both  of  which  ore  equi- 
jKjtentirtl  siirfaccs,  so  that  if  the  action  were  electrostatic  no 

■  effect  shoidd  bo  protiuccd  by  the  dielectric.  It  wa.s  found,  how- 
ercr,  to  produce  the  same  effect  as  in  other  positions.  It  might 
also  be  supposed  that  the  effects  were  due  to  a  slight  conduc- 
tivity, but  this  could  liardly  be  the  case  with  such  gooil  in- 
sulators as  sulphur  and  paraffin.  Suppose,  moreover,  that  the 
^■conductivity  of  the  dielectric  is  sufficient  to  discharge  the  ])lato 
^^  A  in  tlic  ten-thousanth  of  a  second,  but  not  much  more  rapidly  ; 
then,  iluring  one  oscillation,  the  plates  woidd  lo.so  only  the  ten- 
thousandth  part  of  their  charge,  and  the  conduction  current  in 
•the  suljstance  experimented  on  would  not  exceed  the  ten- 
thousandth  port  of  the  prinmrj-  current  in  A  A',  so  that  the 
effect  would  be  quite  insensible. 

It  is  thus  shown  in  the  experiments  described  above  that 
when  variable  electrical  forces  act  in  the  interior  of  dielec- 
trics of  specific  inductive  capacity  not  equal  to  unity  the  cor- 
resiwndiug  electric  displacements  produce  electry  -  dynamic 
efl'ects.  In  a  Paper,  "On  the  Velocity  of  Propagation  of  Electro- 
Dynamic  Actions,"'  in  Wiedemann's  Annalen,  Vol.  XXXIV., 
H  p.  551,  Dr.  Hertz  shows  that  similar  actions  take  place  in  the 
^  air,  which  proves,  as  was  previou.sly  pointed  out,  that  electro- 
dynamic  action  must  be  propagated  with  a  finite  velocity. 
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The  method  of  investigation  was  to  excite  electrical  oscilla- 
tions in  a  rectilinear  conductor  in  tiie  same  manner  as  in  formej 
experiments,  and  then  to  produce  effects  in  a  secondary  con- 
ductor by  exciting  electrical  oscillations  in  it  by  means  of  the 
in  the  rectilinear  conductor,  and  at  the  same  time  by  the 
primary  conductor  acting  through  the  inter\-cuing  space.  This 
distance  was  gradually  incrensed,  when  it  was  found  that  the . 
phase  of  the  vibration-^  at  a  distance  from  the  primary 
behind  those  in  its  immediate  noigbourhood,  showing  that  the 
action  is  propagated  with  a  finite  velocity  which  was  found 
to  be  greater  than  the  velocity  of  propagation  of  electrical 
vraves  in  wires  in  the  ratio  of  about  45  to  28,  so  that  the  former 


Fig.  M. 


is  of  the  same  order  as  the  velocity  of  light.  Dr.  Hertz  was 
unable  to  obtain  any  evidence  with  respect  to  the  velocity  of 
propagation  of  electrostatic  actions. 

The  primary  conductor  A  A'  (Fig.  34)  consisted  of  a  pair  of 
square  brass  plates  with  sides  40  centimetres  in  length,  con- 
nected by  a  copper  wire  GO  centimetres  in  length,  at  the  middle 
point  of  which  was  an  air  space,  acroes  which  sparks  were  made 
to  pass  by  means  of  powerful  discharges  from  the  induction  coil  J. 
The  conductor  was  fixed  at  a  height  of  1  'O  metre  above  the  base- 
plate of  the  coil,  with  its  plates  vertical,  and  the  connecting  wire 
horizontal.  A  straight  line,  r  s,  dniwn  horizontally  through  the 
air  space  of  the  primary,  and  perpendicular  to  the  direction  of 
the  primary  oscillation,  will  be  called  "  the  base-line ;"  and  a 


point  in  this,  situated  at  a  distADce  of  45  centimetres  from  the 

■  air  space,  will  be  referral  to  as  "  the  null  point." 
The  experiments  were  made  in  a  large  lecture-room,  with 
nothing  near  the  base-line  for  a  distance  of  1 2  metres  from  the 
primary  conductor.     The  room  was  darkened  during  the  experi- 
ments. 

The  secondary  conductor  consisted  either  of  a  circular  wire, 

tC,  of  35  centimetres  radius,  or  of  a  square  of  wire,  B,  with 
Bides  60  centimetres  long.  The  primary  and  secondary  air 
Bp.iccs  were  both  capable  of  adjustment  by  means  of  micrometer 
screws.  Both  the  secondary  conductors  were  in  unison  with 
the  primary,  the  (half)  vibration  period  of  each  being  1*4 
liundred-millionth  of  a  second,  us  calculated  from  the  capacity 
jiiid  coefhciont  of  self-induction.     It  is  doubtful  whether  tlio 

Bordinarj-  theory  of  electrical  oscillations  would  lead  to  accurate 
results  under  the  conditions  of  these  experiments,  but  as  it 
gives  correct  numerical  results  in  the  ciisc  of  Lcydcu  jar  dis- 
charjics,  it  may  be  expected  to  bo  correct  as  far  as  the  order  of 
the  results  is  concenied.  Wlicn  the  centre  of  the  secondary 
lies  in  the  base-line,  and  its  plane  coincides  with  the  vertical  plane 

» through  the  base-line,  no  sjiarks  arc  observed  in  the  secondary",  the 
'E.M.F.  l>ci!ig  everywhere  perpendicular  to  the  direction  of  the 
fiecondary.  Thiswill  be  referred  to  as  "the  first  principal  position" 
of  the  sccondarj'.  When  the  plane  of  the  secondary  is  vertical 
and  perpendicular  to  the  base-line,  the  centre  still  lying  in  the 
base-line,  the  secondary  will  be  said  to  be  in  its  "second 
principal  position."  Si>arkiny;  then  occurs  in  the  secondary 
^Vtv'hen  its  air  space  is  either  above  or  below  the  horizontal  plane 
^^through  the  base-line,  but  not  when  it  is  in  this  plane.  As  the 
distance  from  the  primary  was  incixased,  the  sparking  distance 
■was  observed  to  decrease,  rapidly  at  first,  but  ultimately  very 

Balowly.  Sparks  were  observ-ed  throughout  the  whole  distance 
of  12  metres  available  for  the  experiments.  The  sparking  in 
this  position  is  due  essentially  to  the  E.M.F.  pro<luced  in  the 
jKjrtion  of  the  secondary  remote  from  the  air  space.  The  total 
E.M.F.  is  partly  electrostatic  and  partly  electro-dynamic,  and 
the  experiments  show  beyond  the  possibility  of  doubt  that  the 
fonnor  is  greater,  and  therefore  determines  the  direction  of  the 
total  E.M.F.  close  to  the  primary,  while  at  greater  distances 
.  it  is  the  electro-dynamic  E.M.F.  which  is  the  greater. 
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The  plane  of  the  secondary  was  then  turned  into  the  hori- 
zontal, its  centre  still  lying  in  the  base-line.  This  may  be 
called  "  the  third  ]>ri))fif)al  position."  When  the  centre  of  the 
circular  secondary  conductor  wiis  kept  fixed  at  the  null  point, 
and  tlie  air  space  was  made  to  travel  round  the  circle,  vifjorous 
sparking  was  observed  in  all  positions.  The  sparking  distance 
attained  its  maximnni  length  of  about  six  millimetres  when  its 
air  space  was  nearest  to  that  of  the  primary,  and  its  minimum 
length  of  aViout  three  millimetres  when  the  distance  between 
the  two  air  spaces  wn^  greatest.  If  the  secondai-y  had  been 
influenced  by  the  electrostatic  force,  sparking  would  only  be 
expected  when  fiie  air  space  was  close  to  the  base-line,  and  a 
cessation  of  sjwrks  in  the  intermediate  i>ositions.  The  direc- 
tion of  the  oscillation  would,  moreover,  be  determined  by  the 
direction  of  the  E.M.F.  in  the  portion  of  the  secondary  furthcs&^^H 
from  the  air  space.  There  is,  however,  superposed  ui)on  t1iO'-^^| 
[electrostatically  excited  oscillation  a  second  oscillation,  due  to 
Ithe  MM.l''.  of  induction,  whicli  produces  a  considerable  effect, 
rigince  it«  integral  round  the  circle  (considered  as  a  closed  circuit) 
rdocs  not  vanisli ;  and  tiio  direction  of  this  integral  E.M.F.  is 
indcjiendent  of  the  position  of  the  air  space,  opposing  the  elec- 
trostatic E.M.F.  in  the  portion  of  the  secondary  next  to  A  A', 
and  assisting  it  in  the  portion  furthest  from  A  A',  as  explained 
in  ft  previous  Paper. 

The  electrostatic  and  elcctro-tlynamic  E.M.F.s,  therefore,  act 
in  the  same  direction  when  the  air  space  is  turned  towards  the 
primary  eouductora,  and  in  opposite  directions  when  the  air 
space  is  turned  away  from  the  primary.  In  tlie  latter  position 
it  is  the  E.M.F.  of  induction  which  is  the  more  powerful,  as  is 
shown  by  the  fact  that  there  is  no  disappearance  of  sparking  in 
any  position  of  the  air  space,  for  when  this  is  OOdeg.  to  the 
right  or  left  of  the  base-line  it  coincides  with  a  node  with  respect 
to  the  electrosUitic  E.M.F.  In  these  positions  the  inductive 
action  in  the  neighbourhood  of  the  primary  can  be  observed 
independently  of  the  electrostatic  action. 

Wavet  in  liectiliruar  Wirfs. — In  order  to  produce  in  a  wire  by 
means  of  the  primary  oscillations  a  series  of  advancing  waves 
of  the  character  required  for  these  experiments,  the  following 
arrangements  were  made : — Behind  the  plate  A  was  placed  a 
plate,  P,  of  equal  size,   A  copper  wire  one  millimetre  in  diameter 
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connected  P  to  the  point  il  of  the  base-line.  From  M  the  wiro  was 
continued  in  a  curve  about  a  metre  in  lenjrth  to  tlie  point  N, 
situated  about  30  centimetres  above  the  ai/  space,  and  was  then 
further  continued  in  a  straight  line  parallel  to  the  base-line  for 
such  a  distance  as  to  obviate  all  danger  of  disturbance  froiu 
reflected  waves.  In  the  present  series  of  experiments  the  wire 
passed  through  a  window,  and  after  being  carried  to  a  distance 
of  about  60  metres,  was  put  to  cai-th,  and  a  special  series  of  ex- 
periments showed  that  this  length  was  sufficient.  Wlien  a  wire, 
bent  so  as  to  form  a  nearly  closed  circuit  with  a  small  air  space, 
was  brought  near  to  this  straight  wire,  a  scries  of  fine  gparks  was 
seen  to  accompany  the  di-schai^es  of  the  induction  coil.  Their 
intensity  could  bo  varied  by  varying  the  distance  between  the 
plates  P  and  A.  The  waves  in  the  rectilinear  wire  trcrc  of  the 
same  period  as  that  of  the  primary  oscillations,  as  was  ]irovc<l 
by  their  being  shown  to  be  in  unison  with  each  of  the  two 
secondary  conductors  previously  described.  The  existence  of 
stationary  waves  showed  that  the  waves  in  the  rectilinear  wire 
were  of  a  steady  character  in  space  as  well  as  in  time.  The  nu<lal 
points  were  determined  in  the  following  manner  ; — The  further 
end  of  tlie  wire  was  left  free,  and  the  secondary  conductor  was 
brought  near  to  it  in  such  a  position  that  the  wire  lay  in  its 
plane,  and  had  the  air  space  tunied  towards  it.  jVs  the  second- 
ary was  moved  along  the  wire,  points  of  no  sparking  were 
observed  to  recur  periodically.  The  distance  from  the  point  ii 
to  the  first  of  these  was  measured,  and  the  length  of  the  wire 
made  equal  to  a  multiple  of  this  distance.  The  experiments 
were  then  rej)eated,  and  it  was  found  that  the  nodal  points 
occurred  at  approximately  equal  intervals  along  the  wire. 

The  nodes  could  also  be  distinguished  from  the  loops  in 
other  ways.  Tlio  secondary  conductor  was  brought  near  to 
the  wire,  with  its  plane  perpendicular  to  it,  and  with  its  air 
space  neither  directed  completely  towards  the  wire  nor  com- 
pletely away  from  it,  but  in  an  intermediate  position,  so 
as  to  produce  E.M.F.s  perpendicular  to  the  wire  Si>nrks 
were  then  obser\-ed  at  the  nodes,  while  they  disappeunHl 
at  the  loops.  When  sparks  were  taken  from  the  rectilincnr 
wire  by  means  of  an  insulated  conductor,  they  were  foinxl 
to  be  stronger  at  the  nodes  than  at  the  loops ;  the  difference, 
however,  was  small,  and  was,  indeed,  scarcely  distinguishable 
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unless  the  position  of  the  nodes  and  loops  was  previously 
known.  The  reason  that  this  and  other  similar  methods  do 
not  give  a  -well-defined  result  lies  in  the  fact  that  irregular 
oscillations  are  superposed  upon  the  waves  considered  ;^  the 
regular  waves,  however,  can  be  picked  out  by  means  of  the 
secondary,  just  as  definite  notes  are  picked  out  by  means  of  a 
Helmholtz  resonator.  If  the  wire  is  severed  at  a  node,  no  effect 
is  produced  upon  the  waves  in  tlio  portion  of  wire  next  to  the 
origin ;  but  if  the  severed  portion  of  wire  is  left  in  its  place  the 
waves  continue  to  be  projKigated  through  it,  though  with  some- 
what diniiuished  strength. 

The  possibility  of  measuring  the  wave-lengths  leads  to  various 
applications.  If  the  copjicr  wire  hitherto  used  is  replaced  by 
one  of  different  diameter,  or  by  a  wire  of  some  other  metal,  the 
nodal  points  retain  their  position  unchanged.  It  follows  from 
this  that  the  velocity  of  jiropagatiou  iu  a  wire  has  a  definite  value 
independent  of  its  dimensions  and  material.  Even  iron  wires 
offer  no  exception  to  this,  showing  that  the  magnetic  suscepti- 
bility of  iron  docs  not  play  any  part  in  the  case  of  such  rapid 
motions.  It  would  be  interesting  to  investigate  the  behaviour 
of  electrolytes  iu  this  respect.  In  their  case  we  should  expect 
a  smaller  velocity  of  propagatiou,  because  the  electrical  motions 
are  accompanied  by  motions  of  the  molecules  carrying  the 
electric  charges.  It  was  found  that  no  propagation  of  the  waves 
took  place  through  a  tube  10  millimetres  iu  diameter,  filled  with 
a  solution  of  sulphate  of  copper;  but  this  may  have  been  due 
to  the  resistance  being  too  high.  By  the  measurement  of  wave- 
lengths the  relative  vibration  periods  of  JiH'erent  primary  con- 
ductors can  be  determined,  and  it  therefore  becomes  p)0ssible 
to  compare  in  this  manner  the  vibration  periods  of  plates, 
spheres,  ellipsoids,  ic. 

In  the  experiments  made  by  Dr.  Hertz,  nodes  were  very  dis- 
tinctly produced  when  the  wire  was  severed  at  a  distance  of 
cither  8  metres  or  5'5  metres  fi-om  the  null  point  of  the  bnse- 
line.  In  the  first  case  the  nodes  occurred  at  distances  from  the 
jiull  point  of  -0'2  metre,  2'3  metres,  5'1  metres,  and  8  metres, 
and  iu  the  latter  case  at  distances  of  -O'l  metre,  2'8  metres, 
and  5'5  metres.  It  appears,  therefore,  that  the  (half)  wave- 
length in  a  free  wire  cannot  differ  much  from  2 '8  metres.  The 
fact  that  the  wavc-leugths  nearest  to  P  were  somewhat  stuallcr 
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WM  to  bo  expected  from  the  influence  of  the  plates  and  of  the 
curvature  of  the  wire.  Tljis  wave-length,  with  a  period  of  1  ••* 
hu^redmillionth  of  a  second,  gives  200,000  kilometres  per 
second  for  the  velocity  of  profwigation  of  electrical  waves  in  wires. 
FizeauandGoitnelle(Poggcndortr8  Annaltn,  Vol.  LXXX.,p.  158, 
1850)  obtained  for  the  velocity  in  iron  wires  100,000  kilo- 
metres per  second,  and  1 80,000  in  copper  wires.  W.  Siemens 
(Poggendorffs  Annalfn,  Vol.  CLVII.,  p.  309,  1876),  by  the  aid 
of  Leyden  jar  discharges,  obtained  a  velocity  of  from  200,000  to 
260,000  kilometres  per  second  in  iron  wires.  Dr.  Hertz's  result 
is  very  nearly  the  mean  of  these,  from  which  we  may  conclude 
that  the  order,  at  any  rate,  of  the  vibration  period  as  calculated 
by  him  is  correct.  The  value  obtained  cannot  be  regarded, 
independently  of  its  agreement  with  experimental  results  other- 
wise obtained,  as  a  fresh  determination  of  the  velocity,  since  it 
rests  upon  a  theory  which  is  open  to  doubt. 

InUrferenee  of  the  ZHrect  Actions  with  thote  Traiumitti'd 
ihrovgh  the  Wire. — If  the  square  circuit  B  is  placed  at  the 
null  point  in  the  second  principal  position,  with  the  air  space 
at  its  highest  point,  it  will  be  imafTectcd  by  the  waves  in  the 
wire,  but  the  direct  action  when  in  this  position  was  found  to 
produce  sparks  2  millimetres  in  length.  B  was  then  turned 
about  a  vertical  axis  into  the  first  principal  position,  in  which 
there  woxdd  be  no  direct  action  of  the  primary  oscillation,  but 
the  waves  in  the  wire  gave  rise  to  sparks,  and  by  bringing  P 
near  enough  to  A  a  sparking  distance  of  2  millimetres  could  bo 
obtained.  In  the  intermediate  positions  sparks  were  producotl 
in  both  these  ways,  and  it  would  therefore  be  possible  to  get 
a  difleronce  of  phase,  such  that  one  should  either  increase  or 
diminish  the  effect  of  the  other.  Phenomena  of  this  nature 
were,  indeed,  observed.  When  the  plane  of  B  was  in  such  a 
position  that  the  normal  drawn  towards  A  A'  was  directed 
away  from  that  side  of  the  primary  conductor  on  which  P  was 
placed,  there  was  more  sjMirking  than  even  in  the  principal 
position ;  but  if  the  normal  were  directed  towards  P  the  sparks 
disappeared,  and  only  reappeared  when  the  air  space  was  made 
smaller.  When  the  air  space  was  at  the  lowest  p>oint  of  B,  the 
other  conditions  remaining  the  same,  the  sparks  disappeared 
when  the  normal  was  turned  away  from  P.  Further  variations 
of  the  experiment  gave  results  in  accordance  with  these. 
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It  is  easily  seen  that  these  phcuomena  were  esactl^r  wh&t 
were  to  bo  expected.  To  fix  the  ideas,  suppose  the  air  space  to 
be  at  the  highest  point,  and  the  normal  directed  towards  P,  as 
in  Fig.  34.  Consider  wliat  happens  at  the  moment  that  the 
plate  A  lias  its  greatest  positive  charge.  The  electrostatic,  and 
therefore  the  total,  E.M.F.  is  directed  from  A  towards  A',  The 
oscilhition  to  which  tliis  gives  rise  in  B  is  dctemiiued  by  the 
direction  of  tho  E.M.F,  in  the  lower  portion  of  B.  Therefore 
jiositivo  electricity  will  flow  towards  A'  in  the  lower  portion, 
and  away  from  A'  in  the  upper  portion. 

Consider  next  the  action  of  the  waves.  As  long  as  A  is  posi- 
tively clmrgcd,  positive  electricity  will  flow  from  the  plate  P. 
This  current  is  at  the  moment  considered  at  its  maximum 
value  at  the  middle  point  of  the  first  half  wave-length.  A 
quarter  of  a  wave-length  further  from  the  origin — that  is  to 
say,  in  the  neighbourhood  of  the  ntill  point — it  first  changes  its 
direction.  The  I"],M,F.  of  induction  will  here,  therefore,  impel 
positive  electricity  towanls  the  origin.  A  current  will  there- 
fore flow  round  B  towards  A'  in  the  upper  portion  and  away 
from  A'  in  the  lower  i>ortiou.  The  electrostatic  and  electro- 
dj'iianiic  E.M.F.s  are  therefore  in  opposite  phases  and  oppose 
cucli  others  action.  If  the  secondary  circuit  is  rotated  through 
90dcg.,  through  the  first  principal  position,  the  direct  action 
changes  its  sign,  but  not  so  the  action  of  tho  waves,  so  that 
they  now  tend  to  strengthen  each  other.  The  fiame  reasoning 
holdM  when  the  .'lir  space  is  at  the  lowest  point  of  B. 

Grcatcr  lengths  of  wire  were  then  included  between  m  and  n, 
and  it  was  found  that  the  interference  became  gradually  less 
marked,  until  within  a  length  of  2'5  metres  it  di,<«»ppeared  en- 
tirely, the  sparks  being  of  equal  Icugtii  whether  the  normal  were 
directed  towards  or  away  from  1',  When  the  length  of  wire 
iKJtwcen  m  and  n  was  further  incrc.ised,  tho  distinction  between 
the  different  quadrants  rc.ippcared,  and  with  a  length  of  4 
metres  the  disappearance  of  tho  sjiarks  was  fairly  sharp.  Tho 
disaji])canincc,  however,  tlien  took  place  (with  the  air  sjiaco  at 
the  highest  point)  when  the  norm.-il  was  directed  away  from  P, 
the  opposite  direction  to  that  in  which  the  disappe.irance  pre- 
viously took  place.  With  a  still  furtlicr  increase  in  tlio  length 
of  the  wire  the  interference  reappeared,  and  ratumed  to  its 
original  direction  with  a  length  of  6  metres.     These  phenomena 
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are  clearly  to  be  explained  by  the  retardation  of  the  waves  in 
the  wire,  and  show  that  here  again  the  direction  of  motion  in 
the  advancing  waves  changes  its  sign  at  intervals  of  about 
2' 8  metres. 

To  obtiiin  interference  phenomena  with  the  secondary  circuit 
C  in  the  third  principal  position,  the  rectilinear  wire  must  bo 

I  removed  from  its  original  ]>osition  and  placed  in  the  horizontal 
plane  through  C  either  on  the  side  of  the  plate  A  or  of  the 
plate  A'.  Practically  it  is  sufficient  to  stretch  the  wire 
loosely,  and  to  fix  it  by  means  of  an  insulated  clamp  on  each 
side  of  C  alternately.  It  was  found  that  when  the  wire  was 
on  the  same  side  as  the  plate  P  the  waves  in  it  diminished 
the  previous  sparking,  and  when  on  the  opposite  side  the 
sparking  was  increased,  both  results  being  unaffected  by 
the  position  of  the  air  space  in  the  secondary  circuit.  Now 
it  has  been  already  pointed  out  that  at  the  moment  when 
the  plate  A  has  its  iiiaximuiii  positive  charge,  and  at  which, 
therefore,  tlic  primary  current  begins  to  flow  from  A,  the 
current   at  tlie   first   node   of   the  rectilinear  wire  begins  to 

[flow  jiway  from  the  origin.  The  two  curreuts,  therefore, 
flow  round  C  in  the  same  direction  when  C  lies  between  the 
rectilinear  wire  and  A,  and  in  opiwsite  directions  when  tlie  wire 

I  luid  A  are  on  the  same  side  of  C.  The  fact  that  the  position 
of  the  air  space  is  indifferent  confirms  the  conclusion  formerly 
arrived  at  tliat  the  direction  of  oscillation  is  tliat  due  to  the 
electro-dynamic  E.if.F.  These  interferences  are  also  changed 
in  direction  when  the  wire  m  >t,  1  metre  in  length,  is  replaced 
by  a  wire  4  metres  in  length. 

Dr.  Hertz  also  succeeded  in  obtaining  interference  pheno- 
mena when  the  centre  of  the  secondary  circuit  was  not  in 
tlie  base-line,  but  those  results  were  of  no  special  im[)ortance, 
except  that  tlicy  confirmed  the  previous  conclusions. 

Interference  Pfienomftut  at  Various  Diftancet. — Interference 
may  be  produced  witii  the  secondary  at  greater  distances  than 
that  of  the  null  point ;  but  care  must  then  be  taken  that  the 
action  of  the  waves  in  the  wire  is  of  about  the  same  magnitude 
as  the  direct  action  of  the  primary  circuit  through  the  air. 
Tliis  can  bo  cfleuted  by  increasing  tlie  distance  between  P  and  A. 
Now,  if  the  velocity  of  propagation  of  the  electro-dynamic 

'  disturbances  through  the  air  is  infinite,  the  interference  will 
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change  its  sign  at  every  half-wave  length  in  the  wire — that  is 
to  say,  at  intervals  of  about  2-8  metres.  If  the  velocities  o( 
propagation  through  the  air  and  through  the  wire  are  equal, 
the  interference  will  be  in  the  same  direction  at  all  distances.. 
Finally,  if  the  velocity  of  propagation  through  the  air  is  finite, 
but  diflferent  from  the  velocity  in  the  wire,  the  interference  will 
change  in  sign  at  intervals  greater  than  2 '8  metres. 

The  interferences  first  investigated  were  those  which  occurred 
when  the  secondary  circuit  was  rotated  from  the  first  into  the 
second  j)rincipal  position,  the  air  space  being  at  the  highest 
point.  The  distance  of  the  secondary  from  the  null  point  wns 
increased  by  half-metre  stages  fr"m  0  »ip  to  8  metres,  and 
at  each  of  these  positions  an  observation  was  made  of  the 
effects  of  directing  the  normal  towards  and  away  from  P  respeisi 
tively.  The  points  at  which  no  difference  in  the  sparking  was 
observed  in  the  two  jiositions  of  the  normal  arc  miirkctl  0 
in  the  table  below.     Those  in  which  the  sparking  w-aa  least, 


^ 


I 


Table  I. 


0 

1 

8 

3 

4 

5 

6 

7 
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100 
160 
200 
250 
300 
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400 
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+ 
0 
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+ 
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+ 
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+ 
+ 
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0 

+ 
+ 
+ 
+ 
+ 
0 
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+ 
+ 
+ 
+ 
+ 
0 
0 

0 

0 
0 

+ 
+ 
+ 
+ 
0 
0 

0 

+ 
+ 
+ 
+ 
0 
0 

0 
0 

+ 
+ 
+ 
+ 
0 
0 
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+ 
+ 
+ 
0 
0 
0 

0 
0 

+ 
+ 
0 
0 
0 

0 

+ 
+ 
0 
0 
0 

0 

0 

0 
0 
0 

0 
0 
0 

+ 
+ 
0 
0 
0 

0 
0 

+ 

+ 
+ 
0 
0 

0 
0 

+ 

+ 

0 

0 

0 
0 

+ 

♦ 
0 
0 
0 

0 

+ 
+ 
+ 

showing  the  existence  of  intorference,  when  the  normal  was 
directed  towards  P  are  marked  + ,  and  those  in  which  the  spark- 
ing was  least  when  tlio  normal  was  directed  away  from  P  are 
marked  - .  The  experiments  were  repeated  with  different 
lengths  of  wire  m  n,  varying  by  steps  of  half  a  metre  from 
1  metre  up  to  6  metres.  The  first  horizontal  line  in  the  table 
gives  the  distance,  in  metres,  of  the  centre  of  the  secondary 
circuit  from  the  null  point,  while  the  first  vertical  line  gives 
the  lengths  of  the  wire  m  n,  also  in  metres. 


An  inspection  of  this  table  shows,  in  the  first  place,  that  the 
changes  of  sign  take  place  at  longer  intervals  than  2'8  metres ; 
and,  in  the  second  place,  that  the  change  of  phase  is  more 
rapid  in  the  neighbourhood  of  the  origin  than  at  a  distance 
from  it.  As  a  variation  in  the  velocity  of  propagation  is  very 
unlikely,  this  is  probably  due  to  the  fact  indicated  by  theory 
that  the  electrostatic  E.M.F.,  which  is  more  powerful  than  the 
electro-dynamic  KM.F.  in  the  neighbourhood  of  the  primary 
cocillation,  has  a  greater  velocity  of  propagation  than  the 
latter. 

In  order  to  obtain  a  definite  proof  of  the  existence  of  similar 
phenomena  at  greater  distances.  Dr.  Hertz  continued  the  obser- 
vations, in  the  case  of  three  of  the  lengths  niTi,  up  to  a  dis- 
tance of  12  metres,  and  the  result  is  given  in  the  table  below: — 
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Tabu  II. 
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9 
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11 
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100 
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0 

0 

0 

- 

- 

- 

400 

0 

+ 

+ 

0 

0 

~ 

— 

~* 

~ 

0 

0 

0 

If  we  make  the  assumption  that  at  the  greater  distance  it  is 
only  the  E.M.K.  of  induction  which  produces  any  effect,  the 
experiments  would  show  that  the  interference  of  the  waves 
excited  by  the  RM.F.  of  induction  with  the  original  waves  in 
the  wire  changes  its  sign  only  at  intervals  of  about  7  metres. 

In  order  to  investigate  the  E.M.F.  of  induction  close  to  the 
primary  oscillation,  where  the  results  are  of  special  importance, 
I>r.  Hertz  made  use  of  the  interferences  which  were  obtained 
when  the  secondary  circuit  was  in  the  third  priuci{)al  position, 
and  the  air  space  was  rotated  through  90deg.  from  the  Ijose-line. 
The  direction  of  the  interference  at  the  null  poiut,  which  has 
already  been  considered,  was  taken  as  negative,  the  interference 
being  considered  positive  when  it  w^as  produced  by  the  passage 
of  waveti  on  the  side  of  C  remote  from  P,  which  makes  the  signs 
correspond  with  those  of  the  previous  experiments.  It  must  be 
borne  in  mind  that  the  direction  of  the  resultant  E.M.F.  at  the 
null  point  is  opjxwed  to  that  of  the  E.M.F.  of  induction,  and 
therefore  the  first  table  would  have  begun  with  a  negative  sign 
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if  the  electrosttttic  E.M.F.  could  liavc  been  eliminated.  TUe 
present  experiments  showed  that  up  to  a  distauce  of  3  metres 
interference  continued  to  occur,  and  always  of  the  sonic  sign  as  ' 
at  the  null  point.  It  was  unfortunately  impossible  to  extend 
thcso  observations  to  a  gi-eater  distance  than  4  metres,  on  account 
of  the  feebleness  of  the  sparks,  but  the  results  obtained  were 
Buiiicient  to  give  distinct  evidence  of  a  finite  velocity  of  propa- 
gation of  the  E..M.F.  of  induction.  These  observations,  like 
the  former  ones,  were  repeated  with  various  lengths  of  the 
wire  m  n  iu  ordor  to  exhibit  the  variation  in  phase,  and  the 
results  obtained  are  given  in  the  table  Lclow,  wiiich  shows 

Tadlk  III. 
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1 

2 

6 

4 
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_ 

_ 
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0 
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_ 
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0 

0 

200 

0 

0 

0 

+ 

+ 
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+ 

+ 

+ 
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+ 

+ 

+ 

+ 
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+ 

+ 

+ 

+ 
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+ 

+ 

+ 

4- 

0 

4&0 

+ 

+ 

4- 

0 

0 
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+ 

a- 

0 

0 

0 
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+ 

0 

0 

0 

— 

600 

0 

— 

■- 

^ 

that  as  tlio  distance  increases,  the  phnao  of  the  interferencs 
changes  in  such  a  manner  that  a  reversal  of  sign  takes  place 
at  intervals  of  from  7  to  8  metres.  This  result  is  further  con- 
firmed by  fon)[)aring  the  results  of  Table  III.  with  the  results 
for  greater  distances  given  in  Table  II.,  for  iu  the  former 
series  the  efToct  of  the  electrostatic  E.M.F.  is  eliminated,  owing 
to  the  special  position  of  the  secondary  circuit,  while  in  the 
former  it  becomes  insensible  at  the  greater  distances  owing  to 
its  rapid  decrease  with  increasing  distance.  We  should  there- 
fore expect  the  results  given  in  the  first  table  for  distances 
beyond  4  metres  to  follow  without  a  break  the  results  given  in 
Table  III.  for  distances  up  to  4  metres.  This  was  found  to  bo 
the  case,  as  is  evident  from  inspection  of  Tables  II.  and  III. 

To  show  this  more  clearly,  the  signs  of  the  interference  of  the 
■waves,  due  to  the  electro-dynamic  lO.M.F.,  with  the  waves  in  the 


wire  arc  collected  together  in  Table  TV.,  the  first  four  columns 
of  which  are  taken  from  Table  III.,  and  the  remaining  columns 
from  Table  II. 
'  Table  IV, 
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From  the  results  given  in  this  table  the  author  draws  the 
following  conclusions: — 

1.  Tlic  interference  docs  not  change  its  sign  at  intervals  of 
2'8  metres.      Tlie  electro-dynamic  actions  are   therefore   not 
'^-  propagated  with  an  inBnitc  velocity. 

^P  2.  The  interference  is  not  in  the  same  phase  at  all  points. 
Therefore  the  electro-dynamic  actions  arc  not  propagated 
through  air  with  the  same  velocity  as  electric  waves  in  wires. 

3.  A  gradual  retardation  of  the  waves  in  the  wire  lias  the 
effect  of  displacing  a  given  phase  of  the  interference  towards 
the  origin  of  the  waves.  The  velocity  of  j)ropagation  through 
the  air  is  therefore  greater  than  through  a  wire. 

4.  The  sign  of  the  interference  is  reversed  at  intervals  of 
7*5  metres,  and  therefore  in  traversing  this  distance  an  electro- 
dynamic  wave  gains  one  length  of  the  waves  in  the  wire. 

Tluis,  while  the  former  travels  7  "5  metres,  the  latter  travels 
7"5-2-8  =  4w  metres,  and  therefore  the  ratio  of  the  velocities 
is  75  :  47,  which  gives  for  the  half  wave-length  of  the  electro- 
dyuaniio  action  2'8  x  75/47  =  4'5  metres.  Since  this  distance 
is  traversed  in  1*4  hundred-millionth  of  a  second,  the  alxwlute 
velocity  of  propagation  through  the  air  must  be  320,000  kilo- 
tnctrcs  per  second.  This  result  can  only  bo  considered  reliable 
as  far  as  its  order  is  concerned ;  but  its  true  value  can  hardly 
exceed  half  n-s  much  again,  or  bo  less  than  two-thirds  of  this 
amount.  In  order  to  obtain  a  more  accurate  determination  of 
the  true  value  it  will  be  neces.sary  to  determine  the  velocity  of 
electric  waves  in  wires  with  greater  exactness. 

It  does  not  necessarily  follow  from  the  fact  that  in  the  imme- 
diate neighbourhood  of  the  primary  oscillation  the  interference 
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changes  its  sign  after  on  interval  of  2'8  metres,  that  the  velocity 
of  propagiition  of  the  electrostatic  action  is  infinite,  for  such 
a  conclusion  wonld  rest  upon  a  single  change  of  sign,  which 
might,  moreover,  be  explained,  independently  of  any  change  of 
phase,  by  a  change  in  the  sign  of  the  amplitude  of  the  resultant 
force  at  a  certain  distance  from  the  primary  oscillation.  Quite 
indepen<lently,  however,  of  any  knowledge  of  the  velocity  of 
propagation  of  electrostatic  actions,  there  exist  definite  proofs 
that  the  rates  of  propagation  of  electrostatic  and  electro-dynamic 
E.M.F.8  are  unequal. 

In  the  first  place,  the  total  force  does  not  vanish  at  any 
point  on  the  base-line.     Now,  near  the  primary  the  electro>^^H 
static  E.M.K.  is  the  greater,  while  the  electro-dj-namic  E.M.P»^H 
is  the  greater  at  greater  distances.     There  must,  therefore,  be 
some  point  at  which  they  are  equal,  and  since  they  do  not 
balance  they  nnist  take  different  times  to  reach  this  point. 

In  the  second  place,  the  existence  of  points  at  which  the 
direction  of  the  resultant  E.M.F.  becomes  indeterminate  does 
not  seem  capable  of  explanation,  except  on  the  supposition 
that  the  electrostatic  and  clectro-dyuamic  comjxjuents  perpen- 
dicular to  each  other  are  in  appreciably  different  phases,  and, 
thei"eforc,  do  not  compound  into  a  rectilinear  oscillation  in  a 
fixed  direction.  The  fact  that  the  two  components  of  the  re- 
snltant  are  propagated  with  different  velocities  is  of  consider- 
able importJince,  in  that  it  gives  an  independent  proof  that  one 
of  them  at  any  rate  must  have  a  finite  velocity  of  propagation. 

Further  researches  of  Dr.  Hertz  on  electrical  oscillations,  of 
which  accounts  have  been  published,  are  to  be  found  described 
in  a  Paper,  "On  Electro- Dynamic  Waves  in  Air,  and  their 
Reflection,"  in  Wiedemann's  Annnlai,  Vol.  XXXIV.,  p.  609. 
The  author  had  been  eudeavoiu-ing  to  find  a  more  striking  and 
direct  proof  of  the  finite  velocity  of  propagation  of  elec 
dynamic  waves  than  those  which  he  had  hitherto  given  ;  for, 
though  these  are  quite  sufiicicnt  bo  establish  the  fact,  they  can 
only  be  properly  ajipreciated  by  one  who  has  obtained  a  grasp 
of  the  results  of  the  entire  series  of  researches. 

In  many  of  the  cxjieriments  which  have  been  described.  Dr. 
Hertz  had  noticed  the  appearance  of  sparks  at  points  in  the 
secondary  conductor  where  it  was  clear  from  geometrical  con- 
siderations that  they  could  not  bo  due  to  direct  action,  and  it 


was  observed  that  this  occurred  chioflj  in  the  neighbourhood  of 
solid  obstacles.  It  was  found,  moreover,  that  in  most  positions 
of  the  secondary  conductor  the  feeble  sparks  produced  at  a  great 
distance  from  the  primary  became  considerably  stronger  in  the 
vicinity  of  a  solid  wall,  but  disappeared  with  considerable  sud- 
denness quite  close  to  the  wall.  The  most  obvious  explanation 
of  these  experiments  was  that  the  waves  of  inductive  action 
were  reflected  from  the  wall  and  interfered  with  the  direct 
■waves,  especially  as  it  was  found  that  the  phenomena  became 
more  distinct  when  the  circumstances  were  such  as  to  favour 
reflection  to  the  greatest  possible  extent.  Dr.  Hertz  therefore 
determined  upon  a  thorough  investigation  of  the  phenomena. 

The  experiments  were  made  in  the  Physical  Lecture  Theatre, 
which  is  15  metres  in  length,  1-t  metres  in  width,  and  6  metres 
in  height.  Two  rows  of  iron  columns,  running  parallel  to  the 
sides  of  the  room,  would  collectively  act  almost  like  a  solid  wall 
towards  electro-dynamic  action,  so  that  the  available  width  of 
the  room  was  only  8'5  metres.  All  pendant  gas-fittings  were 
removed,  and   the  room   left    empty,    with   the  exception  of 

I  wooden  tables  and  forms,  which  would  not  exert  any  appre- 
ciable disturbing  effect.  The  end  wall,  from  which  the  waves 
%ere  to  be  reflected,  was  of  solid  sandstone,  with  two  doora  iu 
it,  and  the  numerous  gas  pipes  attached  to  it  gave  it,  to  a 
certain  extent,  the  character  of  a  conducting  surface,  and  this 
was  increased  by  fastening  to  it  a  sheet  of  zinc  four  raetreti 
high  and  two  metres  broad,  connected  by  wires  to  the  gas 
pipes  and  a  neighbouring  water  pipe.  Special  care  was  taken 
to  provide  an  escape  for  the  electricity  at  the  upi)er  and  lower 
extremities  of  the  zinc  plate,  where  a  certain  accumulation  of 
electricity  was  to  be  expected. 

The  primary  conductor  was  the  same  that  was  employed  in 
(  the  experiments  described  on  page  448,  Fig.  34,  and  was  placed 
'  at  a  distance  of  13  metres  from  the  zinc  plate,  and,  therefore, 
two  metres  from  the  wall  at  the  other  end  of  the  room.  The 
conducting  wire  was  placed  vertically,  so  that  the  E.M.F.s  to 
be  considered  increased  and  diminished  in  a  vertical  direction. 
The  centre  of  the  primary  conductor  was  2-5  metres  above  the 
floor  of  the  room,  which  left  a  clear  space  for  the  observations 
above  the  tables  and  benches.  The  point  of  intersection  of  the 
reflecting  siu-facc  with  the  perpendicular  from  the  centre  of  the 
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primary  conductor  will  bo  called  "  the  point  of  incidence,"  and 
tbo  experiments  were  limited  to  the  neighbo\irhood  of  this 
point,  as  the  invostigatiou  of  waves  striking  the  wall  at  a  oou- 
siderablo  angle  would  be  complicated  by  the  dififerencea  in  their 
polarisation.  The  piano  of  vibration  was  therefore  pwirallel  to 
the  reflecting  surface,  and  the  plane  of  the  waves  was  perpen- 
dicular to  it,  and  passed  through  the  point  of  incidence. 

The  secondnry  conductor  consisted  of  the  circle  of  35  centi- 
metres radius,  which  lijis  been  already  described.  It  was 
movable  about  an  axis  through  its  centre  perpendicular  to  its 
plane,  and  the  axis  itself  was  movable  in  a  horizontal  plane 
about  a  vertical  axis.  In  most  of  the  experiments  the  second- 
ary conductor  was  held  in  the  hand  by  its  insulating  wooilcn 
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support,  as  this  was  the  most  convenient  way  of  bringing  it  into 
the  various  positions  required.  The  results  of  these  experiments, 
however,  had  to  be  checked  by  observations  made  with  the 
observer  at  a  greater  distance  from  the  secondary,  as  the  neigh- 
bourhood of  his  body  exerted  a  slight  influence  upon  the  pheno- 
mena. The  sparks  were  distinct  enough  to  bo  observed  at  a 
distance  of  several  metres  when  the  room  was  darkened,  but 
when  the  room  remained  light  they  were  practically  invisible 
even  when  the  observer  was  quite  close  to  the  secondary. 

When  the  centre  of  the  secondary  was  placed  iu  the  lino  of 
incidence,  and  with  its  plane  in  the  plane  of  vibration,  and  the 
air  space  was  turned  first  towards  the  reflecting  wall  and  then 
away  from  it,  a  considerable  difTerence  was  generally  observed 
in   the  strength  of  the  sparks   in  the  two  positions.     At  a 
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distance  of  about  0*8  metre  from  the  wall  the  sparks  were 
much  stronger  whcu  the  air  space  was  directed  towards  the 
wall,  and  its  length  coulil  be  adjusted  so  that,  while  there  was 
a  steady  stream  of  sparks  whca  in  this  position,  they  disap- 
peared entirely  when  the  air  space  was  directed  away  from  the 
wall.  These  phenomena  were  reversed  at  a  distance  of  3  metres, 
and  recurred,  as  in  the  first  case,  at  a  distance  of  5 '5  metres. 
At  a  distance  of  8  metres  the  sparks  were  stronger  when  the 
air  space  was  turned  away  from  the  wall,  as  at  the  distance  of 
3  metres,  but  the  difference  was  not  so  well  m-orked.  When 
the  dLstance  was  increased  beyond  8  metres  no  further  reversal 
took  place,  owing  to  the  increase  in  the  direct  effect  of  the 
primary  oscillation  and  the  complicated  distribution  of  the 
E.M.F.  in  its  neighbourhood. 

The  positions  I.,  II.,  III.  and  IV.  (Fig.  35)  of  the  secondary 
circle  are  those  in  which  the  si>.-u-ks  were  strongest,  the  distance 
from  the  wall  being  shown  by  the  horizontal  scale  at  the  foot. 
When  the  secondar)-  circle  was  in  the  positions  V.,  VI.,  and 
VII.,  the  sparks  were  e<]ually  strong  in  both  positions  of  the  air 
space,  and  quite  close  to  the  wall  the  difference  between  the 
sparking  in  the  two  positions  again  diminished.  Therefore  the 
points  A,  B,  C,  D  in  the  diagram  may  in  a  certain  sense  be 
regarded  as  nodes.  The  distance  between  two  of  these  points 
must  not,  however,  be  taken  as  the  half  wave-length,  for  if  all 
the  electrical  motions  changed  their  directions  on  passing 
through  one  of  these  points  the  phenomena  observed  in  the 
secondary  circuit  would  be  repeated  without  variation,  since 
the  direction  of  oscillation  in  the  air  space  is  indifferent. 

The  conclusion  to  be  drawn  from  the  eipcriments  is  that  in 
passing  any  one  of  these  points  part  of  the  action  is  reversed, 
while  another  part  is  not.  The  experimental  results,  however, 
warrant  the  assumption  that  twice  the  distance  between  two  of 
these  points  is  equal  to  the  half  wave-length,  and  when  this 
assiunption  is  nmde  the  phenomena  can  be  fully  explained. 

For  suppose  a  wave  of  E.M.F.,  with  oscillations  in  a  vertical 
direction,  to  impinge  ujKm  the  wall,  and  to  be  reflected  with 
only  slightly  diminished  intensity,  thus  giving  rise  to  stationary 
waves.  If  the  wall  were  a  perfect  conductor,  a  node  would 
necessarily  be  formed  in  its  surface,  for  at  the  boundary  and 
in  the  interior  of  a  perfect  conductor  the  E.M.F.  must  be 
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infinitely  small.  The  wall  cannot,  however,  bo  considered  as  a 
perfect  conductor,  for  it  was  not  metallic  throughout,  and  the 
portion  which  was  metallic  was  not  of  any  great  extent.  The 
E.M.F.  would  therefore  have  a  finite  value  at  its  surface,  and 
would  ho  in  the  direction  of  the  impinging  waves.  The  node, 
which  in  the  case  of  perfect  conductivity  would  occur  at  the 
surface  of  the  wall,  would,  therefore,  actually  be  situated  a 
little  behind  it,  as  shown  at  A  in  the  diagram.  If,  then,  twice 
the  distance  A  B — that  is  to  say,  tlie  distance  A  C — is  half  the 
wave-length,  the  steady  waves  will  bo  as  represented  by  the 
continuous  lines  in  Fig.  3.5.  Tiio  E.M.F.s  acting  on  each  side 
of  the  circles,  in  the  positions  I.,  II.,  III.,  and  IV.,  will,  there- 
fore, at  a  given  moaiotit  be  represented  in  magnitude  and 
direction  by  the  arrows  on  each  side  of  them  in  the  diagram. 
If,  therefore,  in  tho  neighljourhood  of  a  node,  the  air  space  is 
turned  towards  the  node,  the  strongest  E.M.F.  in  the  circle 
will  act  under  more  favourable  conditions  against  a  weaker  one 
under  less  favourable  conditions.  If,  however,  the  air  space  is 
turned  away  from  tho  node,  tho  stronger  E.M.F.  acts  under 
iilfss  favourable  comlitions  again.st  a  weaker  one  under  more 
,{avourable  conditions.  In  tho  latter  case  the  resultant  action 
must  be  less  than  in  the  former,  whichever  of  tho  two  E.M.F.s 
has  the  greater  eflcct,  which  explains  the  change  of  sign  of 
the  jihcnomenou  at  each  quarter  wave-length. 

This  explatiatiou  is  further  confirmed  by  the  consideration 
that,  if  it  is  the  true  one,  the  cliange  of  sign  at  the  points  15 
and  D  must  take  jilace  in  quite  a  difl'ereut  manner  from  that 
of  the  point  C.  The  E.M.F.s  acting  on  the  secondary  circle, 
in  tho  jxjsitions  V.,  VI.,  and  VII.,  are  shown  by  the  corresjwnd- 
ing  arrows,  and  it  is  clear  that  in  the  positions  B  and  D,  if  the 
air  space  is  turned  from  one  side  to  the  other,  the  vibration  will 
change  its  direction  round  tho  circle,  and  therefore  the  spark- 
ing must,  during  tho  rotation,  vanish  either  otice  or  an  uneven 
number  of  times.  In  the  position  C,  however,  the  direction  of 
vibration  remaius  unaltered,  and  therefore  the  sparks  must 
disapjiear  an  even  number  of  times,  or  not  at  all. 

Tiio  experiments  showed  that  at  B  and  D  the  sparking  dimi- 
nished OS  the  air  space  receded  from  a,  vanished  at  the  highest 
point,  and  again  attained  its  original  value  at  the  point  fi.  At 
C,  on  the  other  hand,  the  sparking  continued  throughout  the 
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rotation,  being  a  little  stronger  at  the  highest  and  lowest  points. 
If,  then,  there  is  any  change  of  sign  in  the  po6itioa  C,  it  must 
occur  with  verr  much  smaller  displacements  than  in  the  other 
positions,  so  that  in  any  case  there  is  a  distinction  snoh  aa  ia 
required  between  thia  and  the  other  two  cases. 

Another  very  direct  proof  of  the  truth  of  Dr.  Herta's  repre- 
sentation of  the  nature  of  the  waves  was  obtained.  If  the 
secondary  circle  lies  in  the  plane  of  the  waves  instead  of  in  the 
plane  of  vibration,  the  E.M.F.  mnst  be  equal  at  all  points  of  the 
circle,  and  for  a  given  position  of  the  air  space  the  sparking 
must  be  directly  proportional  to  its  intensity.  When  the  ex- 
periment was  made,  it  was  found,  as  expected,  that  at  all  dis- 
tances the  sparking  vanished  at  the  highest  and  lowest  points 
of  the  circle,  and  attained  a  maximum  value  at  the  points  in 
the  horizontal  plane  through  the  point  of  incidence. 

The  air  apace  was  then  placed  at  such  a  point  and  close  to 
the  wall,  and  was  then  moved  slowly  away  from  the  wall,  when 
it  was  found  that,  while  tliere  was  no  8{>arking  quite  close  to 
the  metal  plate,  it  began  at  a  very  small  distance  from  it, 
rapidly  increased,  reached  a  maximum  at  the  point  B,  and  th  \ 
diminished  again.  AtC  the  sparking  again  became  excessive/ 
feeble  and  increased  as  the  circle  was  moved  still  further  away. 
The  sparking  ooDtinued  steadily  to  increase  after  this,  as  the 
motion  of  the  circle  was  continued  in  the  same  direction,  owing 
as  before,  to  the  direct  action  of  the  primary  oscillation. 

The  curves  shown  by  the  continuous  lines  in  Fig.  35  weie 
obtained  from  the  results  of  these  experiments,  the  ordinate 
representing  the  intensity  of  the  sparks  at  the  distances  reprj 
sented  by  the  corresponding  abscissie. 

The  existence  in  the  electrical  waves  of  nodes  at  A  and  C, 
and  of  loops  at  B  and  D,  is  fully  established  bj  the  experiments 
which  have  been  described  ;  but  in  another  sense  the  points 
B  and  D  may  be  regarded  as  nodes,  for  thej  are  the  nodal 
points  of  a  stationary  wave  of  magnetic  induction  which, 
according  to  theory,  accompanies  the  electrical  wave  and  lags 
a  quarter  wave-length  behind  it. 

This  can  easily  be  shown  to  follow  from  the  ex{>eriment8,  for 
when  the  secondary  circle  is  placed  in  the  plane  of  vibration 
with  the  air  space  at  its  highest  point,  there  will  be  no  spark- 
ing if  the  E.M.F.  is  uniform  throughout  the  space  occupied  bj 
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the  secondary.     Tliis  can  only  take  place  if  the  E.M.F.  varies 
from  point  to  point  of  the  circle,  and  if  its  integral  round  the 
circle  differs  from  zero.     This  integral  is  proportional  to  the 
number  of  magnetic  lines  of  force  passing  backwards  and  far>J 
wards  across  the  circle,  and  the  intensity  of  the  sparks  may  ' 
considered   as  giving  a  measure  of  the  magnetic  induction, 
■which  is  perpendicular  to  the  piano  of  the  circle.     Now,  in  this 
position  vigorous  sparking  was  observed  close  to  the  wall,  dimi- 
nishing nijiidly  to  zero  as  the  point  B  was  approached,  then 
increa.sing  to  a  maximum  at  C,  falling  to  a  well-marked  mini- 
mum at  D,  and  finally  increasing  continuously  as  the  secondary 
approached  still  nearer  to  the  primary.     If  the  intensities  of  j 
these  sparks  are  t:»kcn  as  ordinates,  positive  and  negative,  andil 
the  distances  from  the  wail  as  abscissa;,  the  curve  shown  by  thai 
dotted  lines  in  Fig.  35  is  obtained,  which  therefore  represent 
the  magnetic  waves. 

The  phenomena  observed  in  the  first  series  of  experiments ' 
describwl  in  this  paper  may  therefore  be  regarded  as  due  to  the 
resultant  electric  and  magnetic  actions.     The  former  changetl 
sign  at  A  and  C,  the  latter  at  B  and  D,  so  that  at  each  of  tbeMt 
pointe  one  part  of  the  action  changes  sign,  while  the  other  doea* 
not,  and  therefore  the  residtant  action  which  is  their  product 
must  change  sign  at  each  of  these  points,  as  was  found  to  be 
the  case. 

When  the  secondary  circle  was  in  the  plane  of  vibration  tha 
sparking  in  the  vicinity  of  the  wall  was  observed  to  be  a  maxi- 
mum on  the  side  towards  the  wall  and  a  minimum  at  the 
opposit*  side,  and  us  the  circle  was  turned  from  one  position  to 
the  other  there  was  found  to  be  no  point  at  which  the  spMirka 
disappeared.  As  the  distance  from  the  wall  was  increased,  the 
Bjiarks  on  the  remote  side  gradually  became  weaker,  and 
vanished  at  a  distance  of  1*08  metre  from  the  wall.  When 
the  circle  was  carried  further  in  the  same  direction  the  sparks 
appeared  again  on  the  side  remote  from  the  wall,  but  were ' 
always  weaker  than  on  the  side  next  to  it;  the  sparking,  how- 
ever, no  longer  passed  from  a  maximum  to  a  minimum  merely, 
but  vanished  during  the  rotation  once  in  the  upper  and  once 
in  the  lower  half  of  the  circle.  The  two  null  points  gradiially 
rece<led  from  their  origioal  coincident  ]K)sitions,  until  at  the 
point  B  they  ocourred  at  the  highest  and  lowest  points  of  the 
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circle.  As  the  circle  was  moved  further  in  the  same  direction 
the  null  points  passed  over  to  the  side  next  to  the  wall,  and 
approached  each  other  again,  until,  when  the  centre  was  at  a 
distance  of  2°35  metres  from  the  wall,  the  two  null  points  were 
again  coincident.  6  must  be  exactly  half-way  between  this 
point  and  the  similar  point  previously  observed,  which  gives 
1-72  metre  as  the  distance  of  B  from  the  wall — a  result  which 
agrees,  within  a  few  centimetres,  with  that  obtained  by  direct 
observation.  Moving  further  in  the  direction  of  C,  the  spark- 
ing at  different  points  of  the  circle  became  more  nearly  equal, 
until  at  C  it  was  exactly'  so.  In  this  position  there  was  no  null 
point,  and  as  the  distance  was  further  increased  the  phenomena 
recurred  in  the  same  order  as  before. 

Dr.  Hertz  found  that  the  position  of  C  conld  be  determined 
within  a  few  centimetres,  the  detenninations  of  its  distance 
from  the  wall  varying  from  4"10  to  415  metres  ;  he  gives  its 
most  probable  value  as  A-\'2  metres.  Tlie  point  B  could  not  be 
observed  with  any  exactness,  the  direct  determinations  varying 
from  6  to  7'5  metres  as  its  distance  from  the  wall.  It  could, 
however,  be  determined  indirectly,  for  the  distance  between  B 
and  C  being  found  to  be  2*4  metres,  taking  this  as  the  true 
value,  A  must  have  been  0'68  metre  behind  the  surface  of  the 
wall,  and  6'52  metres  in  front  of  it.  The  half  wave-length 
would  l)e  4 '8  metres,  and  by  an  indirect  method  it  was  found 
to  be  4-5  metres,  so  that  the  two  results  agn^ee  fairly  well. 
Taking  the  mean  of  these  as  the  true  value,  and  the  velocity  of 
light  as  the  velocity  of  propagation,  gives  as  the  vibration 
period  of  the  apparatus  r55  hundred-millionth  of  a  second, 
instead  of  I'i  hundred-millionth,  which  was  the  theoretically 
calculated  value. 

A  second  series  of  experiments  was  made  with  a  smaller 
apparatus,  and  though  the  measurements  could  not  be  made 
with  as  much  exactness  as  those  already  described,  the  results 
showed  clearly  that  the  position  of  the  nodes  depends  only  on 
the  dimensions  of  the  conductors,  and  not  on  the  material  of 
the  wall. 

Dr.  Hertz  states  that  after  some  practice  he  succeeded  in  ob- 
taining indications  of  reflection  from  each  of  the  walls.  He  was 
also  able  to  obtain  distinct  evidence  of  reflection  from  one  of 
the  iron  columns  in  the  room,  and  of  the  existence  of  electro- 
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dynamic  shadows  on  the  side  of  the  column  remote  from  the 
primary. 

In  the  preceding  experiments  the  secondary  conductor  was 
always  placed  between  the  wall  and  the  primary  conductor — 
that  is  to  say,  in  a  space  in  which  the  direct  and  reflected  rays 
were  travelling  in  opposite  directions,  and  gave  rise  to  station- 
ary waves  by  their  interference. 

He  next  placed  the  primary  conductor  between  the  wall  and 
the  secondary,  so  that  the  latter  was  in  a  space  in  which  the 
direct  and  reflected  waves  were  travelling  in  the  same  direction. 
This  would  necessarily  give  rise  to  a  resultant  wave,  the  inten- 
sity of  which  would  depend  on  the  difference  in  phase  of  the 
two  interfering  waves.  In  order  to  obtain  distinct  results  it  waa 
necessary  that  the  two  waves  should  be  of  approximately  equal 
intensities,  and  therefore  the  distance  of  the  primary  from  the 
wall  had  to  be  small  in  comparison  with  the  extent  of  the  latter, 
and  also  in  com{>ariBon  with  its  distance  from  the  secondary. 

To  fulfil  these  conditions  the  secondary  was  placed  at  a  dis- 
tance of  14  metres  from  the  reflecting  wall,  and,  therefore, 
about  1  metre  from  the  opposite  one,  with  its  plane  in  the  plane 
of  vibration,  and  its  air  space  directed  towards  the  nearest  wall, 
in  order  to  make  the  conditions  as  favourable  as  possible  for 
the  production  of  sparks.  The  primary  was  placed  parallel  to 
its  former  position,  and  at  a  perpendicular  distance  of  about 
30  centimetres  from  the  centre  of  the  reflecting  metallic  ]ilate. 
The  sparks  observed  in  the  secondary  were  then  very  feeble, 
and  the  air  space  was  increased  until  they  disappeared.  The 
primary  conductor  was  then  gradually  moved  away  from  the 
wall,  when  isolated  sparks  were  soon  observed  in  the  secondary,  i 
passing  into  a  continuous  stream  when  the  primary  was  between 
1  -5  and  2  metres  from  the  wall — that  is,  at  the  point  B.  This 
might  have  been  supposed  to  be  due  to  the  decrease  in  the 
distance  between  the  two  conductors,  except  that  as  the  primatfT 
conductor  was  moved  still  further  from  the  wall  the  sparking 
again  diminished,  and  disappeared  when  the  primary  was  at 
the  point  C.  After  {>assing  this  point  the  sparking  continually 
increased  as  the  primary  approached  nearer  to  the  secondary. 
Tliese  experiments  were  foimd  to  be  easy  to  repeat  with 
smaller  apparatus,  and  the  results  obtained  confirmed  the 
former  conclusion — that  the  position  of  the  nodes  depends  only 
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cn  the  dimenaionB  of  the  conductor,  and  not  on  the  material 
of  the  reflecting  wall. 

Dr.  Hertz  points  out  that  these  phenomena  are  exactly  ana- 
logous to  the  acoustical  eiperimeut  of  approaching  a  vibrating 
tuning-fork  to  a  wall,  when  the  sound  is  weakened  in  certain 
positions  and  strengthened  in  others,  and  also  to  the  optical 
phenomena  illustrated  in  Lloyd's  form  of  Fresnel's  mirror  experi- 
ments ;  and  as  these  are  accepted  as  arguments  tending  to  prove 
that  sound  and  light  are  due  to  vibration,  his  investigations  give 
a  strong  support  to  the  theory  that  the  propagation  of  electro- 
magnetic induction  also  takes  place  by  means  of  waves.  They 
therefore  afford  a  confirmation  of  the  Faraday-Maxwell  tlieory 
of  electrical  action.  He  points  out,  however,  that  Maxwell's,  in 
common  with  other  electrical  theories,  leads  to  the  conclusion 
that  electricity  travels  through  wires  with  the  velocity  of  light 
— a  conclusion  which  his  experiments  show  to  be  untrue.  He 
states  that  he  intends  to  make  this  contradiction  hetween  theory 
and  experiment  the  subject  of  further  investigation. 

§  12.  Further  Researches  on  Electro- Magnetic  Radiation. — 
When  once  the  conception  had  arisen  that  the  result  of  electrical 
oscillations  in  a  conductor  is  to  propagate  out  into  surrounding 
space  radiations  which  are  in  all  respects  of  the  same  nature 
as  liffht  except  in  that  they  cannot  affect  the  eye,  it  became 
evident  that  a  new  experimental  field  had  been  opened,  and  one 
in  which  it  would  be  possible  to  produce  the  electro-magnetic 
analogues  of  many  familiar  optical  phenomena. 

The  reflection,  refraction,  dispersion,  and  polarisation  of  liglit 
waves  are  well-known  optical  phenomena.  We  can  perform 
analogous  experiments  with  rays  of  dark  heat  which  differ  only 
from  light  rajrs  in  having  a  greater  wave-length,  and  in  being 
thereby  unable  to  affect  the  optic  nerve.  In  performing  these 
experiments  with  dark  heat  or  non-luminous  radiation  we  have 
to  make  use  of  the  thermopile  as  a  perceivtr  of  the  ray.  The 
electro-magnetic  radiation  scattered  from  a  conductor  in  which 
electric  oscillations  are  sot  up  differs  again  from  light  and  dark 
heat  in  having  a  still  larger  wave-length.  In  performing  cx|)eri- 
ments  with  electro-magnetic  radiation  we  have  seen  that  Dr. 
Hertz's  invention  of  the  electro-magnetic  resonator  puts  us  in 
possession  of  an  apparatus  which  is  the  exact  equivalent  of  a 
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thermopile,  or  the  human  eye,  as  a  ray  localiser.  The  expecta- 
tion that  the  electro-inagtietic  thcorj-  would  receive  conBrmation 
by  tlie  realisation  of  many  familiar  optical  experiments  with  the 
substitution  of  electro-Doagnetic  radiation  for  light  haa  not  been 
tli»a])pointed. 

lu  these  recent  elcctro-magneto-optic  experiments  of  Dr.  Hertz, 
the  source  of  radiation  is  a  divided  metallic  cylinder  about  one 
inch  in  diameter  and  twelve  inches  long,  This  is  divided  in 
halves,  and  the  two  parts  separated  by  a  small  distance.  They 
arc  resj)cctively  attached  to  the  ends  of  the  secondary  coil  of  a 
sninll  induction  coil.  When  the  coil  is  put  in  action,  electrical 
oscillations  are  set  up  in  these  cylinders  which  result  in  the 
outward  propagation  of  ethereal  undulations  of  about  two  feet 
in  wave-length  and  having  a  frequency  of  about  five  hundred 
million  a  second. 

In  order  to  see  these  waves,  Dr.  Hertz  employs  a  resonator 
consL-jting  of  a  metallic  circuit  having  a  small  spark  interval. 
With  these  simple  appliances  he  has  been  able  to  show  the  re- 
flection of  the  electro-magnetic  waves  from  plane  surfaces,  and 
the  concentration  of  radiation  by  parabolic  mirrors  of  sheet  zinc, 
repeating  in  fact  the  old  experiment  of  the  conjugate  mirrors. 
The  radiation  from  this  source  could,  he  found,  be  gathered  up 
by  one  jiarabolic  mirror,  reflected  to  a  second  and  concentrated 
again  to  a  focus.  Another  achievenieiit  was  the  refraction  of  the 
rays  by  a  great  prism  of  j>itch.  Placed  in  the  path  of  an  elec- 
tro-magnetic ray,  he  found  that  this  pitch  prism  refracted  it 
through  an  angle  of  22deg.,  and  that  the  material  had  a  refrac- 
tive index  of  1-7  for  these  long  waves.  Again,  it  was  found  that 
niotallic  sheets  were  opaque  to  this  radiation,  but  that  it  passed 
through  such  uon-conductore  as  dry  wood,  and  that  a  laboratory 
door,  although  opaque  to  light,  is  transparent  to  this  ultra-ultra 
I'ed  or  electro-mugiietic  radiation. 

Ingenuity  will  not  be  wanting  to  coni]>lcte  in  time  all  tho 
necessary  electro-magnetic  analogues,  and  to  build  up  on  im- 
pregnable body  of  proof  that  will  indicate  that  electro-magnetic 
radiation  and  what  we  commonly  call  light  are  one  in  essentia] 
nature,  although  differing  in  degree.  These  exjierimenta  are 
akin  to  the  acoustic  ones  in  which  air  waves,  too  short  to  be 
audible,  are  generated  ;  and  in  place  of  the  ear,  now  useless,  a 
sensitive  flame  is  employed  to  tind  or  indicate  the  waves,  and 
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experiments  analogouB  to  well-known  defraction  experiments  in 
light  can  be  performed. 

It  is  a  necessary  corollary  of  Maxwell's  electro-magnetic 
theory  of  light  that  good  conducting  bodies  should  be  opaque 
and  good  insulators  transparent.  As  a  matter  of  fact,  for  dis- 
turbances of  the  period  of  light  many  good  insulators,  such  as 
ebonite,  arc  opaque,  even  in  very  thin  sheets,  and  conversely 
gold,  silver,  and  platinum  are  semi-transparent  when  in  very 
thin  sheets.  It  must  be  borne  in  mind,  however,  that  the 
frequency  of  light  o-scillations  falls  between  400  and  700 
luilliou-million  oscillations  per  second,  or  are  of  the  order  of 
5xl0i<. 

We  cannot  by  any  of  Hertz's  methods  pi-oduce  electrical 
oscillations  so  rapid  as  this.  Hence,  since  conductivity  and 
insulating  power  of  materials  have  genomlly  been  determined 
with  reference  either  to  steady  currents  or  to  moderately 
great  oscillations,  we  cannot  institute  a  comparison  be- 
tween these  qualities  as  posses.sed  by  any  given  substance 
and  opacity  or  transparency  for  the  much  greater  frequency 
of  luminous  electro-magnetic  waves.  It  has  been  shown  that 
ebonite  is  very  transjiarent  to  long  waves  of  dark  heut,*  and 
hence  there  is  no  difficulty  in  understanding  that  it  is  trans- 
j>arent  to  the  longer  waves  produced  by  electrical  <  .scillatiouB 
set  up  in  moderately  small  conductors,  whilst  it  is  opaque  to 
the  very  short  ones  of  light.  Also  the  transparency  of  thin 
metallic  sheets  to  light  is  an  indication  of  imperfect  conducti- 
bility.  We  have  seen  that  an  infinitely  j)erfect  conductor  ia 
a  perfect  magnetic  screen,  and  accordingly  we  should  expect 
that  the  more  perfect  the  conductivity  of  a  metal  the  greater 
would  be  its  opacity  even  in  very  thin  films.  It  is  well  known 
that  cooling  copper  increases  its  conductivity.  Wroblewski  has 
shown  {ComptfB  Jiendus,\o\. CI.,  July,  1885,  p.  160)that  by  cool- 
ing copper  to  -  200*C.,  or  to  the  temperature  of  the  solidification 
of  nitragen,  its  conductivity  is  increased  to  about  nine  times  its 
value  at  O'C.  It  would  be  interesting  to  know  if  the  opacity 
of  a  very  thin  film  of  copper  is  increased  by  a  similar  cooling 
to  any  perceptible  extent.     With  resjiect  to  electrolytes  soma 


*  Spc  uoto  00  "  Tlie  Index  of  Refraction  of  Ebonite,"  by  Profa.  Ayrton 
and  Ferry,  Pnecalingt  of  the  Phyiical  SoeUti/,  Landvn,  Vol  IV.,  p.  5W. 
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interesting  experiments  have  been  made  by  Prof.  J.  J.  Thom- 
son.* In  these  experiments  electrical  oscillations  of  about  10* 
per  second  in  frequency  were  established  in  a  primary  circuit  by 
means  of  an  induction  coil.  These  alternating  currents  were 
caused  to  induce  secondary  oscillations  in  a  neighbouring 
parallel  circuit  of  appropriate  size.  The  secondary  circuit 
oscillations  were  rendered  visible  by  minute  Bj»ark8  at  a  break 
in  that  circuit.  The  interposition  of  a  thin  sheet  of  tinfoil  or 
of  ibe  thinnest  sheet  of  Dutch  metal  or  gold-leaf  supported  on 
glass  at  once  stopjwd  completely  the  secondary  sparks.  This 
is  a  very  interesting  confirmation  of  the  theory  of  magnetic 
screening  laid  down  on  p.  209  of  Chap.  IV.  We  have  seen 
that  for  moderately  rapid  alternations  the  conductivity  of  tin- 
foil is  not  sufficient  to  make  it  opaque  to  electro-magnetic  radia- 
tions, but  for  disturbances  of  a  frequency  equal  to  about  10* 
the  tinfoil  affords  a  perfect  screening,  or,  in  other  words,  is 
opaque. 

With  regard  to  the  gold-leaf,  Prof.  Thomson  remarks  that 
he  has  not  been  able  to  get  any  leaf  thin  enough  to  be  tnius- 
parent  to  oscillations  of  this  rate.  On  inserting  »  blieet  of 
ebonite  between  the  primary  and  secondary  circuit,  it  was 
found  to  produce  no  effect  on  the  sparking,  indicating  that 
ebonite,  although  opaque  to  ordinary  light,  is  transparent  to 
ether  disturbances  of  the  rate  here  employed.  A  thin  layer  of 
transparent  electrolyte  was  then  used  as  a  screen,  and  it  was 
found  that  whilst  a  very  thin  layer  produced  little  or  no  efiect, 
a  depth  of  three  to  four  millimetres  of  dilute  sulphuric  acid 
was  sufficient  to  stop  the  sparking.  Experiment  showed  that 
the  conductivity  of  various  electrolytic  solutions  was  about  the 
same  for  currents  reversed  1 20  times  a  second  as  for  currents 
reversed  100  million  times  a  second.  As,  however,  these  elec- 
trolytes are  transparent,  they  must,  according  to  the  electro- 
magnetic theory,  bo  insulators  for  currents  reversed  about 
10^'  times  per  second,  and  the  molecular  processes  on  which 
electrolytic  conduction  depends  must  occupy  a  time  between 
one-hundred  millionth  and  one-thousand  billionth  of  a  second. 


*  "  On  the  RcBisUDce  of  Electrolyiea  to  the  Paange  of  Rapidly  Altir- 
nating  Currenta,"  Proccedingi  of  tA«  Xoyal  Soeiely,  London,  Vol.  XLT., 
No.  276,  188a 
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Space  will  not  permit  further  reference  to  this  exceedingly 
promising  department  of  future  research  more  than  to  say  that 
if  the  electro-magpietic  theory  of  light  is  true  it  will  be  able 
to  furnish  an  electrical  explanation,  not  only  of  the  simpler 
optical  phenomena,  but  of  such  complex  phenomena  as  those 
«mbraced  in  the  sciences  of  spectroscopy  and  photography. 

§  13.  Propagation  of  Electro-Magnetic  Energy. — In  our 
exposition  of  the  various  electro-magnetic  phenomena  we  have 
directed  nttentiou  to  the  facts  which  make  it  evident  that  even 
in  the  simple  pheuomeuou  of  the  propagation  of  an  electric  cur- 
rent in  a  wire  we  must  divest  ourselves  of  the  idea  that  the 
eo-callcd  flow  of  current  is  analogous  to  the  movement  of  a 
material  fluid  in  a  pipe.  It  is  true  that  there  are  effects  in  the 
case  of  the  electric  current  which  correspond  to  the  inertia  and 
resistance  eflTects  in  the  water  flow  ;  but  the  progress  of  know- 
ledge has  indicated  that  what  we  are  in  the  habit  of  calling  the 
•electric  current  is  as  much  outside  the  wire  as  in  it,  and  that 
we  must  release  ourselves  from  the  trammels  of  any  ideas  wliich 
cause  us  to  concentrate  attention  exclusively  or  mainly  on  the 
action  t»  the  conductor.  Wo  arc  indebted  to  Prof.  Poynting 
for  an  enlargement  of  our  views  on  the  nature  of  electric  current 
propagation,  and  in  two  valuable  memoirs  these  matters  have 
been  discussed  by  him.* 

Ho  says : — A  space  containing  electric  currents  may  be  re- 
garded as  a  field  where  energy  is  transformed  at  certaiu  points 
into  the  electric  and  magnetic  kind  by  means  of  batteries,  dyna- 
mos, thermopiles,  &c.,  and  in  other  parts  of  the  field  this  energy 
is  being  again  tnmsformed  into  heat,  work  done  by  electro-mag- 
netic forces,  or  any  other  form  yielded  by  currents.  Formerly 
A  current  was  regarded  as  something  travelling  in  the  con- 
•ductor,  and  the  energy  which  appeared  at  any  part  of  the 
circuit  was  supposed  to  be  conveyed  thither  through  the  con- 
ductor by  the  cun-eut.     But  the  existence  of  induced  currents 


•  "  On  the  Tr»ngfer  of  Energy  in  the  Electro- Magnetic  Field,"  by  Prof. 
J.  H.  Poynting,  Phiiotophical  Traiuactioiu  of  the  Royal  Soeiety,  1884, 
Part  n.,  Vol.  CLXXV.,  p.  343.  Alw  "On  the  Connection  between  Electric 
Current  and  the  Electric  and  Magnetic  Inductions  in  the  Surrounding 
Field,"  by  Prof.  J.  H.  Poynting.  Phiiotophical  Trantattiont  of  the  Royal 
JSocitiy,  1885,  Part  II.,  Vol.  CLXXVI.,  p.  277. 
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and  electro-magnetic  actions  has  led  us  to  look  on  the  medium 
surrounding  the  conductor  as  playing  a  very  important  part 
in  the  development  of  the  phenomena.  If  we  believe  in 
the  continuity  of  the  motion  of  energy,  we  are  forced  to  con- 
clude that  the  surrounding  medium  is  capable  of  containing 
energy,  and  that  it  is  capable  of  being  transferred  from  point  to 
point.  We  are  thus  led  to  consider  the  problem — how  does  the 
energy  about  an  electric  current  pass  from  point  to  point,  by 
what  paths  does  it  travel,  and  according  to  what  laws  1  Let  us 
put  a  specific  case.  Sup{>oae  a  dynamo  at  one  s[)ot  generates 
an  electric  current,  which  is  made  to  operate  an  electric  motor 
at  a  distant  place.  We  have  hei'o  in  the  first  place  an  absorb- 
tion  of  energy  from  the  prime  motor  into  the  dynamo.  We 
find  the  whole  space  between  and  around  the  conducting  wires 
magnetised,  and  the  seat  of  electro-magnetic  energy.  We  hav» 
further  a  retransformation  of  energy  in  the  motor.  The  ques- 
tion which  presents  itself  for  solution  is  to  decide  how  ihe 
energy  taken  up  by  the  djTiamo  is  transmitted  to  the  motor,  by 
what  ])aths  it  travels,  and  according  to  what  laws.  Briefly 
stated,  the  tendency  of  recent  views  is  that  this  energy  is  con- 
veyed through  the  electro-magnetic  medium  or  ether,  and  that 
the  function  of  the  wire  is  to  localise  the  direction  or  concen- 
trate the  flow  in  a  particular  path,  and  to  afford  a  tink  or  place 
in  which  energy  can  be  dissipated.  A  consideration  of  the 
whole  [ihcnotnena  has  enabled  Prof.  Poynting  to  formulate  an 
important  law,  as  follows  : — At  any  point  in  the  ma^etic  field 
of  condiKtort  conveying  eurrentt  the  energy  move*  perpendievlarly 
to  the  plane  containing  the  lines  of  electric  force  and  the  linet  of 
magnetic  force,  and  the  amount  cro$nng  a  vnit  of  area  of  this 
plane  per  iecond  is  equal  to  ttie  product  of  the  intmsities  of  the 
two  forces  mxdtiplied  by  tlte  sine  of  t/te  angle  heticeen  them  ami 
divided  by  4jr.  If  E  denote  the  electric  force  or  force  on  a  very 
small  bo<ly  charged  with  a  unit  of  positive  electricity,  and  H 
denote  the  magnetic  force  or  force  on  a  small  free  unit  North 
Pole,  and  if  at  any  point  in  the  electro-magnetic  field  these 
forces  are  inclined  at  an  angle  B,  then  there  ia  a  flow  of  energy 
e  at  this  {>oint  in  a  direction  perpendicular  to  the  planes  of 
E  and  H,  and  equal  per  second  to  the  value  of 

E  H  sin  e 
4ir 
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The  full  proof  of  this  law  is  given  in  the  first  of  the  Papers 
mciitioiieil  iibove. 

Prof.  Pojnting  has  here  introduced  the  important  notion  of 
a  flow  of  energy.  We  may  remark  in  passing  that  this  notion 
does  no  violence  to  previous  notions  of  energy.  Energy,  like 
matter,  is  conserved — that  is,  it  is  unalterable  in  total  amount ; 
and  if  in  any  circumscribed  space  some  form  of  energj-  raakest 
its  appearance,  then  we  know  that  either  an  equal  quantity 
must  have  passed  into  that  space  from  outside,  or  that  an 
equivalent  quantity  of  some  other  form  already  in  the  enclosure 
must  have  been  transformed.  If  energy  disappears  at  one  {loint 
and  reappears  at  an  adjacent  point  in  equal  amount,  we  can 
with  perfect  propriety  speak  of  it  as  having  been  transferred 
from  one  point  to  the  other,  although  we  are  luiable  to  identify 
the  respective  portions  of  it  as  we  can  iu  the  case  of  the  move- 
ment of  matter.  Applying  this  view  to  the  simple  phenomena 
of  a  battery  producing  heat  in  a  conducting  wire,  the  notion  to 
be  grasped  is  that  the  potential  energy  of  the  chemical  com- 
binatious  in  the  battery  causes  energy  to  be  radiated  out  along 
certain  lines,  the  means  of  conveyance  being  the  electro-mag- 
netic medium ;  this  energy  flows  into  the  wire  at  all  points, 
and  is  there  re-transformed  into  heat  or  light.  A  simple  illus- 
tration of  Poynting's  law  is  to  consider  the  case  of  a  section  of 
a  straight  conductor  traversed,  as  we  usually  say,  by  a  current. 
Let  the  conductor  be  a  right  cylinder,  or  round  wire,  of  length 
/,  nulius  r,  and  let  E  be  the  electric  force  at  any  point  in  the 
wire,  and  H  the  magnetic  force  at  the  surface ;  also  let  V  be 
the  potential  difference  between  the  ends,  C  the  steady  cvirrent, 
and  R  the  total  ohniic  resistance.  Consider  the  energy  flowing 
in  on  this  section  of  the  wire  through  its  surface.     It  is  equal 

F  H 

j)er  second  to  the  area  of  the  surface  multiplied  by ,  or  to 

4jr 

2irriEH 


43- 
Now  2  IT  r  H  is  the  line  integral  of  the  magnetic  force  taken 
round  the  wire  following  the  circular  surface,  and  this,  as  pre- 
viously shown  (p.  354)  is  equal  to  4x0.  Also  we  have  the 
potential  difference  at  the  ends  of  the  cylinder  equal  to  the  hne 
integral  of  the  electric  force,  or  to  /  E.  Since,  then,  2  ir  r  H 
=  iTT  G  and  E  /  =  V,  we  get  by  substitution  in  the  value  of 
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the  energy  sent  per  seooud  into  the  section  of  the  wire,  vis., 

2  IT  r  Z  H  K 

-^ ,  the  equivalent  CV.     But  by  Ohm's  lawCR-Vj 

hence  the  energy  absorbed  per  second  by  the  conductor  is  C*  R, 
and  we  know  by  Joule's  law  that  this  is  the  measure  of  the 
energy  dissipated  per  second  in  the  wire  as  heat.  We  see, 
then,  that  the  energy  dissipated  in  each  section  of  the  con- 
ductor is  absorbed  into  it  from  the  dielectric,  and  the  rate  of 
this  supply  can  bo  calculated  by  Poynting's  law  for  each  ele- 
ment of  the  surface.  None  of  the  energy  of  a  current  travels 
along  the  wire,  but  it  enters  into  it  from  the  surrounding  non- 
conductor, and  as  soon  as  it  enters  it  begins  to  be  transformed 
into  heat,  the  amo\int  crossing  successive  layers  of  the  wire 
decreasing  till  by  the  time  the  centre  is  reached  where  there  is 
no  magnetic  force  it  has  all  been  transformed  into  heat.  In 
the  original  Paper  another  simple  case  treated  is  that  of  a  con- 
denser discharged  by  a  wire.  In  this  case,  before  the  discharge, 
we  know  that  the  energy  resides  in  the  dielectric  between  the 
plates.  If  the  plates  are  connected  by  an  external  wire,  aiccord- 
ing  to  these  views  the  energy  is  transferred  outwanls,  along 
the  electrostatic  equipotential  surfaces,  and  moves  on  to  the 
wire  and  is  there  converted  into  heat.  According  to  thia 
hypothesis,  we  must  suppose  the  lines  of  electrostatic  induction 
running  from  plate  to  plate  to  move  outwards  as  the  dielectric 
strain  lessens  and  whilst  still  keeping  their  ends  on  the  plates 
to  finally  converge  in  on  the  wire  and  be  there  broken  up  and 
their  energy  dissipated  as  heat.  At  the  same  time  the  wire 
acquires  transient  magnetic  qjialities.  This  means  that  some 
part  of  the  energy  of  the  expanding  linos  of  electrostatic  induc- 
tion is  converted  into  magnetic  energy.  The  magnetic  energy 
is  contained  in  ring-shaped  tubes  of  magnetic  force  which 
expand  out  from  between  the  plates  and  then  contract  in  upon 
some  other  part  of  the  circuit. 

The  whole  history  of  the  discharge  may  be  divided  into 
three  parts.  First,  a  time  when  the  energy  associated  with 
the  system  is  nearly  all  electrostatic  and  is  represented  by  the 
energy  of  the  lines  or  tubes  of  electrostatic  induction  running 
from  plate  to  plate  ;  second,  a  period  when  the  discharge  is  at 
its  maximum,  when  the  energy  exists  partly  as  energy  aaao- 
oiated  with  lines  of  electrostatic  induction  expanding  outwards, 
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and  partly  in  the  form  of  closed  rings  or  tubes  of  magnetic  foroa 
expanding  and  then  contracting  back  on  the  wire ;  and  then, 
lastly,  a  period  when  nearly  all  the  energy  has  been  absorbed 
or  buried  in  the  wire,  and  has  there  been  dissipated  in  the  form 
of  heat,  which  is  radiated  out  again  as  energy  of  dark  or 
luminous  radiation.  The  function  of  the  discharging  wire  is 
to  localise  the  place  of  dissipation,  and  also  to  localise  the 
place  where  the  magnetic  field  shall  be  most  intense,  and  all 
that  observation  is  able  to  tell  us  about  a  conductor  which  is 
conveying  that  which  we  call  an  electric  current  is  that  it 
is  a  place  where  heat  is  being  generated,  and  ue«r  which  there 
is  a  magnetic  field.  These  couceptions  lead  us  to  fresh  views 
of  very  familiar  phenomena.  Suppose  we  are  sending  a  current 
of  electricity  through  a  submarine  cable  by  a  battery,  say, 
with  zinc  to  earth,  and  suppose  the  sheath  is  everywhere  at 
sero  potential,  then  the  wire  will  be  everywhere  at  a  higher 
potential  than  the  sheath,  and  the  level  surfaces  will  pass  through 
the  insulating  material  to  the  points  where  they  cut  the  wire. 
The  energy  which  maintains  the  current  and  which  works  the 
needle  at  the  further  end  travels  through  the  insulating 
material,  the  core  serving  as  a  means  to  allow  the  energy  to 
get  into  motion  or  to  bo  continually  propagated.  This  energy 
sucked  up  by  the  cure  is,  however,  transformed  into  heat  and 
radiated  again  as  dark  heat.  If  we  adopt  the  electro-magnetic 
theory  of  light,  it  moves  out  again  still  as  electro-magnetic 
energy,  but  in  a  different  form,  with  a  definite  velocity  and 
intermittent  in  type.  We  have  then  in  the  case  of  the  electric 
light  tliis  curious  result — that  energy  moves  in  upon  the  arc  or 
filament  from  the  surrounding  medium,  there  to  be  converted 
into  a  form  in  which  it  is  sent  out  again,  and  through  which 
the  same  in  kind  is  able  to  aficct  our  senses. 

In  the  case  of  an  arc  or  glow-lamp  worked  by  an  alternating 
current,  we  have  still  further  the  result  that  the  energy  which 
moves  in  on  the  carbon  is  returned  again,  with  no  other  change 
than  that  of  a  shortened  wave-length,  and  the  carbon  filament 
performs  the  same  kind  of  change  on  the  electro-magnetic 
radiation  as  is  performed  when  we  heat  a  bit  of  platinum  foil 
to  vivid  incandescence  in  a  focus  of  dark  heat.  A  current 
through  a  seat  of  electromotive  force  is  therefore  a  place  of 
divergence  of  energy   from   the   conducting  circuit  into  the 
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medium,  and  this  energy  travels  away  and  is  converged  and 
transformed  by  the  rest  of  the  circuit.  From  this  aspect  the 
function  of  the  copper  conducting  wire  fades  into  insignificance 
in  interest  in  comparison  with  the  function  of  the  dielectric,  or 
rather  of  the  ether  contained  in  the  dielectric.  Wlien  we  see 
an  electric  tramcar,  or  motor,  or  lamp  worked  from  a  distant 
dynamo,  these  notions  invite  us  to  consider  the  whole  of  that 
energy,  even  if  it  be  thousands  of  horse-power  per  hour,  as  con- 
veyed through  the  ether  or  magnetic  medium,  and  the  con- 
ductor as  a  kind  of  exhaust  valve,  which  permits  energy  to  be 
(."outinually  supplied  to  the  dielectric. 

Consider,  for  instance,  the  simple  case  of  an  alternating 
current-dynamo  connected  to  an  incandescence  lamp  by  con- 
ducting leads.  We  have  in  this  case  a  closed  conducting  loop, 
consisting  partly  of  the  annature  wire,  partly  of  the  leads,  and 
lastly  of  the  lamp  filament.  The  action  of  the  dynamo  when 
at  work  consists  in  alternately  itiNcrting  into  and  withdrawing 
a  bundle  of  lines  of  magnetic  induction  from  a  jwrtion  of  this 
enclosed  area  or  loop.  The  insertion  of  these  lines  of  force 
causes  an  electro-magnetic  disturbance  which  travels  away 
through  the  enclosed  dielectric  in  the  foinm  of  sonic  strain  or 
displacement  in  its  most  generalised  sense.  In  reaching  the 
surface  of  the  enclosing  conductor  this  wave  begins  to  soak 
into  it,  the  electro-magnetic  energy  at  the  same  time  dissipating 
itself  in  it  in  the  form  of  heat.  By  a  suitable  arrangement  of 
the  resistances  and  surfaces  of  various  jwrtions  of  the  circuit, 
we  are  able  to  localise  the  principal  place  of  transformation, 
and  to  control  its  rate  so  as  to  compel  this  transformation  of 
energy  to  take  place  at  a  certain  rate  in  a  limited  portion  of  the 
conductor.  Energy  is  then  sent  out  thence  again  in  a  radiant 
form,  partly  in  the  form  of  ether  waves  capable  of  exciting  the 
retiua  of  the  eye,  but  very  largely  in  the  form  of  dark  heat. 
The  ether,  or  electro-magnetic  medium,  is,  therefore,  the  vehicle 
by  which  the  energy  is  carried  to  the  lamp,  and  conveyed  away 
from  it  in  an  altered  form,  and  whatever  be  the  translating 
device  employed,  the  ether  is  the  seat  of  the  hidden  operations, 
which  are  rejilly  the  fundamental  ones,  and  the  visible  appa- 
ratus only  the  contrivances  by  which  tiie  nature  of  the  energy 
transformation  is  determined  and  its  place  defined. 

Thcs«  views  are  the  outcome  of  that  half-cciitury  of  scientific 
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thought  which  dates  from  the  period  of  Faraday's  conception 
of  an  electro-magnetic  medium.  We  can  without  hesitation 
predict  that  the  ideas  which  have  thus  guided  to  so  much  dis- 
covery are  destined  yet  to  be  the  clue  to  conduct  to  further 
revelations  of  the  nature  of  the  unseen  mechanism  which  lies 
behind  the  apparent  operations  on,  or  behaviour  of,  the  bodies 
in  the  electro-magnetic  field  and  of  which  these  actions  are  the 
result.  If  the  nature  of  that  machinery,  as  yet  shrouded  in 
darkness,  should  prove  to  be  capable  of  more  entire  elucidation 
by  some  vortex  motion  theory,  not  only  explaining  the  struc- 
ture of  matter  itself,  but  the  inmost  actions  of  the  electro- 
magnetic medium,  then  the  sciences  of  electricity,  magnetism, 
optics,  electro-chemistry,  and  radiation  will  become  only  depart- 
ments of  one  embracing  science  of  hydrodynamics,  whilst  we 
shall  yet  find  ourselves  in  the  presence  of  still  more  surpassingly 
complex  puzzles  as  to  the  nature  of  Energy  itself  and  its  rela- 
tion to  the  physical  structure  of  the  electro-magnetic  medium. 
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